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Preface 


Our original purpose in writing this book was to provide a brief manual, perhaps 
more aptly called a guide book, that would cover the contents of a basic one-semester 
course in complex analysis as described in most university curricula. The result, 
however, has been a more extended text that does not fit into a semester course but is 
rather appropriate for a variety of advanced courses. It also contains some material 
that is not usually found in the textbook literature of complex variables. For this 
reason we hope it will prove to be a good complement to many of the references 
that are commonly used by both students and teachers. 

We wrote this book because we wanted to provide something new, not only in 
presentation but also in content, when compared with the long and still growing list 
of complex variable textbooks, many of which have become classics. The starting 
point was to frame complex analysis within the general framework of mathematical 
analysis. Although it is possible to present — as many texts do — the complex variable 
as an isolated branch of study in analysis, we have chosen a different option, namely 
to seek a maximum number of points of contact with other parts of analysis. This 
has resulted in the inclusion of some sections that are not common in other texts 
and a new formulation of some classical results. We highlight a few of them below. 

In Chapter 3 we give a real version of the theorems of Cauchy and Cauchy— 
Goursat. The result is a version of Green’s formula with very weak regularity 
assumptions, which serves also for classical theorems of vector calculus. In the 
same chapter, the presentation of Cauchy’s theorem in the context of vector analysis 
allows us to formulate an approach to the concept of a holomorphic function from a 
real variable viewpoint, in terms of fields that are simultaneously conservative and 
solenoidal. The concept of a harmonic function then naturally appears. 

Chapter 6 provides a homological version of Green’s formula that can be inter- 
preted as a Green’s formula with multiplicities. With the help of this formula and a 
standard process of regularization, a question by Ahlfors is answered affirmatively, 
about the possibility of modifying the proof of Cauchy’s theorem to cover also the 
case of any locally exact differential form. 

Chapter 7 systematically studies harmonic functions and the Laplace operator in 
the context of real variables in R”, with emphasis on the special case of dimension 
2 and the relation with holomorphic functions. The study includes in detail the 
properties of the Riesz potential of a measure and its importance in solving Poisson’s 
equation and the Dirichlet and Neumann non-homogeneous problems. 

Chapter 9 examines the relationship between Green’s function and conformal 
mapping, which allows one to prove Riemann’s theorem using the solution of the 
Dirichlet problem; we also present Koebe’s proof based on the properties of normal 
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families. The existence of solutions to the Dirichlet problem is proved by Perron’s 
method, which is generalizable to any dimension. 

In an analogous way to the Poisson equation, which is the inhomogeneous 
case of the Laplace equation, Chapter 10 deals with the inhomogeneous Cauchy— 
Riemann equations. The solution in the general case is obtained using the Runge 
approximation theorem and is applied to study the Dirichlet problem for the F) 
operator. 

Chapter 11 is devoted to the study of zero sets of holomorphic functions, and 
clearly shows the relationship between this topic and the Poisson equation. This 
allows us to analyze the distribution of zeros of a holomorphic function in terms of 
their growth. 

Finally, the link between real and complex variables also appears in Chapter 12 
with the complex Fourier transform or Laplace transform. We provide a proof of 
the Shannon—Whittaker theorem, well known in information theory, using methods 
in Chapter 10 on the decomposition of meromorphic functions in simple elements. 

To read this text, it is sufficient to have a good knowledge of the topology 
of the plane and the differential calculus for functions of several real variables. 
From there, the book is self-contained and gives rigorous proofs of all statements, 
including a few issues that tend in many books to be treated somewhat superficially. 
In this regard we emphasize the study, in Chapter 1, of plane domains with regular 
boundary, including a treatment of the orientation of the border. This study allows 
us to formulate a precise version of the classic theorems of complex analysis for 
domains with regular boundary, which are the most used in applications. However, 
in Chapter 6, we also give the homological version of the fundamental theorems 
along the line initiated by Ahlfors, which is more general and relates to topological 
properties of the domain. 

The length and structure of the text allows the reader to pursue a variety of paths 
through it, and to follow a route at different levels. For example, one can follow a 
basic course in complex variables with Chapters 1 and 2, Chapter 3, Sections 3.1 
to 3.5 and Chapters 4, 5 and 8, without the later Sections 8.8 and 8.9. Another 
possibility is to use, totally or partially, the contents of Chapters 9, 10, 11 and 12 
for an expanding course in complex variables. 

Given the initial goal of providing maximum interconnection with other parts 
of analysis, we have put great emphasis on the role of harmonic functions. We have 
devoted Chapter 7 to them, which is the longest chapter of the book and can be 
used as an introduction to potential theory. This chapter can be read independently 
knowing only the content of Chapter 3; on the other hand, Sections 7.7 to 7.12 
may require a level of maturity in mathematics a little higher than the preceding 
chapters. 

In general we have devoted much attention to the details of the proofs. However, 
in some sections of Chapters 7, 10, 11 and 12 the level of precision is lower than 
for most of the chapters and this can make reading them a little harder. 
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Each chapter is divided into sections, each section into subsections. All state- 
ments (theorems, propositions, lemmas and corollaries), and also examples, are 
numbered consecutively within each chapter, only observations are numbered sep- 
arately. The last section of each chapter contains statements of exercises. 

Needless to say, in preparing this book we benefited from the work and experi- 
ence of previous authors. We express our debt to Ahlfors [1], Burckel [3], Gamelin 
[7], and Saks—Zygmund [11]. We are grateful to Juan Jestis Donaire for his reading 
of the original, to Lluis Bruna and Miquel Dalmau who read various parts and to 
Mark Melnikov who provided us with some exercises. They all have made valuable 
suggestions. We also thank Ignacio Monreal for the translation into English of the 
Catalan original text. 

Finally, the book would not exist without the excellent typographical work of 
Raquel Hernandez, Maria Julia and Rosa Rodriguez. Our thanks to all of them. 
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Chapter 1 
Arithmetic and topology in the complex plane 


In this chapter the features of the complex plane are studied, attending to its field 
structure as well as its topological properties. Even though most of them are already 
known by students of Complex Analysis, a review of the arithmetic of complex num- 
bers and the topology of the complex plane is done, stressing the study of plane 
domains and regular boundaries. The benefits of complex notation in considering 
some questions on analytic geometry are also highlighted, such as orthogonal map- 
pings, that will be considered later. Furthermore, the branches of the argument 
and the notion of index of a plane curve are studied in detail. These questions, 
even though essentially topological, have great implications for the behavior of 
holomorphic functions. 


1.1 Arithmetic of complex numbers 


1.1.1 Arithmetic operations, modulus and argument 


The field of complex numbers C is the result of joining to the field of real numbers 
R an imaginary unit i such that i? = —1. Then the general expression of a complex 
number is z = x + iy, with x, y € R; x is called the real part of z, x = Rez, and 
y the imaginary part of z, y = Imz. Associating to z the point of the plane with 
coordinates (x, y), with respect to a fixed reference system, C is identified with R? 
and one may speak of the Argand—Gauss complex plane. The first coordinate axis 
is named the real axis and the second one the imaginary axis. 

The number Z = x — [y is called the conjugate of z; the mapping z > Z isa 
reflection with respect to the real axis. So one has the relations 


1 1 
Rez = ~=(z+2Z), Imz=—(z—-2Z). 
2 2i 


The sum of the complex numbers z = a + ib, w = c + id, that is, z+ w = 
(a +c)+i(b + d), may be visualized with the parallelogram law of the sum 
of vectors, identifying z with the vector that begins at the origin of the coordinate 
system and ends in z, and similarly for w (Figure 1.1). 

In order to visualize geometrically the product 


zw = (ac — bd) +i(ad + bc) 


one needs first to talk about the polar representation of complex numbers, so the 
modulus and the argument of a complex number are now introduced. 
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z+w 


Figure 1.1 


The modulus of z = x + iy is the distance to the origin of the point (x, y), 
|z| = af x2 4+ y2 = J/z- 2. The triangular inequality is easily checked: 


z+ w|< |z| + |v, 


which implies 


[z| — |w|| < |z+w, 


as well as the equalities 


|zw| = |z||wI, 
[2122 °++ Zn] = [2122] +++ |2nl, 


for Z,W,2Z1,...,Zn EC. 

With the sum and the product defined above, the complex plane C is a commu- 
tative field in which the inverse of a number z 4 O is z~! = + = neg 

Recall that, by definition, 27 is the length of the circumference with radius 1| 
(consequently a circle of radius r has length 27). The geometric definition of the 
trigonometric functions sine and cosine may be stated as follows: if one travels 
counterclockwise along the circle centered at the origin and with radius | a distance 
t > O starting at the point 1, one ends up in a point denoted by 1;; by definition, the 
real and the imaginary part of this point are, respectively, cost and sint; fort < 0 
one does the same, but clockwise (Figure 1.2). 

Thus, 1, = cost + i sinf, and the definition of 7 given above is equivalent 
to define 5 as the first positive zero of the cosine function. The sine and cosine 
functions are 27 periodic; moreover, the cosine is an odd function and the sine is 
even. From previous definitions all the well-known properties of these functions 


could be proved. In particular, these are functions infinitely differentiable with 
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Figure 1.2 


respect to the real variable ¢ such that (sint)’ = cost, (cost)’ = —sint. The 
addition formulae 


cos(t + s) = cost coss — sint sins, 


(1.1) 


sin(t + s) = sintcoss + costf sins 


may also be geometrically justified. Figure 1.3 is a proof of the second formula of 
(1.1). The equality 
lzls = lt+s, 


which is a consequence of the previous formulae, tells that the mapping 
t— 1, 


is a homomorphism from the additive group of the real numbers onto the multi- 
plicative group T of complex numbers of modulus 1, with kernel 27Z, where Z 
represents the ring of integers. In particular de Moivre’s formula holds: (cost + 
i sint)” = cos(nt)+i sin(nt). The classical double or triple angle formulae for the 
sine and cosine may be deduced from this one. For example, if 7 = 2, considering 
separately the real and the imaginary parts in both sides of de Moivre’s relation, 
one has 

cos 2t = cos’ t — sin? t; 

sin2t = 2sint cost. 
Doing the same for 1 = 3, it turns out that 

cos 3t = cos’ ¢ — 3cost sin” ts 


sin 3t = —sin?¢ + 3cos*f sint. 
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AC = MN =sin(t +5), 
AC = AB+ BC, 
AB = OB -sint = coss-sint, 


BC = BN -cost = sins cost. 


Figure 1.3 


Example 1.1. From the previous formulae and using that sin : =1,sinz = -1, 


etc. (which is a consequence of the definition of 2) we obtain the well-known 
trigonometric relations: 


_ 0 A . 1 0 
ain = 0s = >; sn-= =cos—; cos— = —=sin—. O 


Observe that if z is a complex number, z # 0, then z/|z| € T, which implies 
z/|z| = 1g with ¢ € R. 


Definition 1.2. The argument of z € C, z ¥ 0, denoted by arg z, is any number 
@ € R such that a = 1g. 


Sometimes the notation arg z is used to refer to the set of all the arguments of z. 
Note that if ¢ is an argument of z, then arg z = {6+ 27k, k € Z}. Formally, arg z 
is then an equivalence class of R/2z Z; informally, one says that arg z is determined 
except for an integer multiple of 27. This notation and equation (1.1) lead to 


1 
argzw =argz+argw, arg— =argzZ = —argz. 
Z 


By definition, the angle between z and w, where z,w # 0, or the angle that goes 
from z to w is arg w—argz = arg wZ = arg =e These are oriented angles; so then, 
the angle that goes from w to z, arg z — arg w is the opposite to the one between z 
and w. 


Definition 1.3. Among all the arguments of z €¢ C, z 4 0, the only one that belongs 
to the interval (—z, 1] is called the principal argument of z and is denoted by Arg z. 


Ifz = x+y withx > 0, then Arg z = arctan = (recall that the inverse tangent 
sin x 
COS X 


function, denoted by arctan, is the inverse of the function tanx = and it is 
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continuous and bijective from R to ( - mi Z)), In the other quadrants the principal 
argument is not arctan 2, If z = iy, y > 0, then Argz = 4; in the second 
quadrant, z = x + iy with x <0, y > 0, Argz = arctan ~ +a;ifz=x <0, 
then Arg z = zr; in the third quadrant, z = x +iy, x, y < 0, Argz = arctan ~ —1 
and finally, when z = iy, y < 0, itis Argz = meat 

The expression z = |z|1g, in terms of the modulus and an argument, is called 
the polar representation of z; one may also use the notation z = rg, where r = |z|. 
A notation based on the exponential function will be introduced later. Multiplica- 
tion by z may be now visualized easily as a transformation in the complex plane: 
multiplying by the positive number |z| is a dilation, and multiplying by 1g consists 
of a rotation of an angle @. 


1.1.2 Powers and n-th roots 


An important property of C is that it is an algebraically closed field. This means 
that every polynomial P of degree n and with complex coefficients has exactly n 
roots @1,Q@2,...,@,, and P factorizes as 


P(z) = A(z — ay) -++(Z — Qn), 


where A is a constant. This result is also called the Fundamental Theorem of 
Algebra; a proof of this will be presented later on. In particular, every complex 
number z # 0 has n distinct n-th roots, that is, there are exactly n solutions of the 
equation w” = z. Of course this can be proved directly using polar coordinates as 
follows. Writing z = |z|1g and w = |w|lgq, this equation is equivalent to 


|w|" Ino = IZ|1¢, 


which imposes |w|" = |z| and na = ¢ + 2k, k integer. Now one checks 
immediately that the solutions 


WE = lz" Lo 4 ony fork =0,1,2,...,.n-1 


are all different and that any other solution is one of these. Any of the n-th roots of z 


will be denoted by z7, Observe that the n-th roots of a complex number correspond 
to points located in the vertices of a regular polygon with n sides. 


Example 1.4. Calculating the cube roots of 7, one finds 
i=1 


> Wk = Ixy 2rg, k = 0, 1,2, 


which correspond to the points of the Figure 1.4 O 
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WI wo 
- wo = V3/2 + i/2, 
w, = —V3/2+i/2, 
w2 = —i. 
w2 
Figure 1.4 


The n-th roots of 1 are called the n-th roots of unity and they form a multiplicative 
group of order n. The number w = 12,/n is called the n-th primitive root, so that 
all the n-th roots of unity are 1 = w®,w,w?,...,w”~!. If x is a positive real 
number, its positive square root is denoted by ./x. Let us extend this notation. 
Considering the two square roots of z € C, z ¥ 0, the notation ./Z will designate 
the root either with positive real part or in the positive imaginary half-axis; in polar 


representation, 
Vz = V[2|Lage. 
2 


The function ./Z is called the principal branch of the square root. Similarly, the 
notation %/z is reserved for the determination of the n-th root that is in the sector 
== <Argw = 4. 


Example 1.5. Consider a polynomial of degree 2, P(z) = Az7+Bz+C,A#0. 
The equation P(z) = O may be written, completing squares, as (z + By" a 


2: 
Lies c. So the formula 


4A2 
—B+~v B? —4AC 
— 
2A 
holds for both solutions of P(z) = 0, with A, B, C complex numbers. O 


Powers with integer exponent have an unambiguous definition, 


n times 
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If the exponent g is rational and gq = =, then z4 is defined as z7 = (zi), This 
coincides with (z”)!/™ and does not depend on the expression of g. If z = rlg 
is the polar representation of z and q = = is the reduced form of q, z4 is the set 
formed by the m distinct numbers 


mia 
v |2| In gy p2an, k =0,...,m—1. 


Briefly, if 2 is the reduced form of q and z # 0, there are m distinct values of z?. 


If w is one of these values, then w 7 represents a set of n numbers, one of which is 
z; therefore, one has to be very careful with equations like 


(zm)n = Zi, 


which is not correct, because the left-hand side denotes a set of n complex numbers, 
while the term on the right-hand side is just one of these numbers. The definition 
of z” for any complex numbers z and w will be given later on. 


1.1.3 Field structure 


The plane R? is identified with C, so it has a field structure. However, it is well 
known that it is not an ordered field, as R is. 


Theorem 1.6. In the field C it is not possible to define a total order compatible 
with the sum and the multiplication operations. 


Proof. Let us suppose that there exists an order for the complex numbers such that 
the following properties hold: 1. Given two distinct points z, w, either z < w or 
w<z. 2.Ifz <w,thenz+h <w+hforallh. 3. If z,w > 0, then zw > 0 
(these three properties imply all the usual arithmetic rules). The number / is then 
positive or negative; let us suppose i > 0. Hence —1 = i” > 0, and summing 1, we 
obtain 0 > 1. On the other hand, since —1 > 0, we have that 1 = (—1)(—1) > 0. 
We conclude then that 0 > 1 and 1 > 0 at the same time, which is absurd. We may 
also arrive at a contradiction starting fromi < 0. O 


On the other hand, it is quite natural to inquire if R”, for n > 2, could have a 
field structure with C = R? as a subfield. The answer is negative and the situation 
is described in the following theorem: 


Theorem 1.7. No space R” with n > 2 has a commutative field structure which 
extends the field structure of C. In the space R* one may define a non-commutative 
field structure, the field of quaternions, which is an extension of C. One may also 
define in the space R® a non-associative field structure, the field of octonions, also 
an extension of C. 
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Proof. We will see that one cannot define any commutative field structure extension 
of C in R?, and then we will define the quaternions. Represent the vectors of R? as 
a+ bi + cj (that is, the vector (1, 0, 0) is identified with 1, i is the vector (0, 1, 0) 
and j is the vector (0,0, 1)), and suppose that there is a multiplication extending 
the one in C. Observe that any multiplication with these features is completely 
determined by stating the value of ij. Indeed, applying the associativity of the 
product, it turns out that 


~j=(2)j =ilij), 7? =—(ij)’. 


Hence, setting ij = a + bi + cj witha,b,c € R, we obtain 


—j=ai-—b+c(ij)=ai-—b4+c(a+bi+cj). 


Now, equating coefficients, one may gather that c? = —1, contradicting that c € R. 

The idea leading to the quaternions is that, even though it is not possible to define 
ij as an element of R, it could be possible if one had more space, for example, 
in R*. This is feasible if one gives up the requirement for the new product to be 
commutative. Setting & for the vector (0, 0,0, 1) and 


ij=—ji=k, kisz-ik=j, jk = kj =i, 


a a ea 


one may check that R* has (non-commutative) field structure. O 


1.2 Analytic geometry with complex terminology 


1.2.1 Lines and circles 


It is convenient to state the usual geometric or metric notions of R? in complex 
notation. For this purpose, the complex number z = x + iy and the point (x, y) of 
the plane, and also the vector from the origin to z, are identified. 

The Euclidian scalar product between z = a+ibandw =c+idisac+bd = 
Rezw. Hence Rezw/|z||w| is the cosine of the angle between z and w. Since 
iw is perpendicular to w, Imzw)/|z||w| = —Rezii/|z||w| = Reziw/|z||w| 
is the cosine of the angle between z and iw and also the sine of the angle between 
z and w. 

Make the change of variables x = z42 y= pad in the linear equation Ax + 
By +C = 0. It turns out that the general equation of a straight line is of type 
az+az+m = 0,witha € C,m € R. Varying m, one obtains all the perpendicular 
lines to a. In parametric form, the equation of the straight line passing through Z, 
and parallel to the direction z2, z2 4 Ois z(t) = 2} + tz2,t ER. 
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The general equation of a conic is P(x, y) = 0, where P is a polynomial of 
degree 2 with real coefficients: P(x, ¥) = Do p4)<o Gk, ah! ax € IR. Replacing 
x = (24+ 2)/2, y = (z —Z)/2i leads to an expression of type 


P(z)= 2 appa 2 


k+1<2 


where the quantities a; are complex numbers such that a , = a7. In general, a 
polynomial in z, Zz of degree n, 


P(z)= ye ay z*2', 


k+l<n 


takes real values if and only if a7,4 = Q%&.,1. This is obtained imposing the condition 
P(z) = P(z) and equating coefficients. Returning to the case n = 2, the general 
expression of the conics may be rewritten as 


Bz? + BZ? +n|z/? +az +azZ+m=0, 


with m,n € Randa, f € C. Fora circle of center w and radius r, the equation 
reads 
(z —a)(Z —@) —r? = |z/? —az-—az—r? + |a|? = 0. 


That is, the circles correspond to B = 0, 4 0 and 7 — |a|? < 0, in the equation 
of conics. 


1.2.2 Conformal and anticonformal linear mappings 


The plane R* = C is an R-vector space. Hence we can consider the mappings 
T: C — C which are R-linear, that is, the ones such that T(A,z + Aow) = 
A, T(z) +A2T(w) if A1,A2 € R, z,w € C. It is common to work with them using 
the matrix of T with respect to the basis (1,0) = 1, (0,1) =, 


a b 
aA > a,b,c,d ER, 


so that (x, y) > (ax + by,ex + dy), TQ) = (@,c) =a +ci, TW) = (4d) = 
b+id. Interms of z = x +iy, the expression is T(z) = ax +by+i(cx+dy) = 
az + BZ, witha = $(a +d-—ib+ic),Bp = $(a —d+ic+ib). This means 
that T(z) = az + BZ, where a, B € C are arbitrary, is the general expression of 
an R-linear mapping. It is immediate to prove that 


det T = ad — bc = |a|? — |BI’, 
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and hence T is invertible when |a| 4 |6|. In this case one can express the inverse 
mapping 7! in complex notation solving the system in z, 7, 


az+ pz=vw, 


pz+az=w, 


which gives z = T~!(w) = aeaee aw — Biv). 

On the other hand, C is also a (1-dimensional) C-vector space. So we can 
consider the mappings 7: C — C, which are C-linear, that is, the ones such that 
T (A121 +A2Z2) = ALT (21) +A2T (z2), where now A1,A2 € C. Obviously, in this 
case T is completely determined by w = T(1), because T(z) = az. Of course, 
C-linear mappings are also R-linear, characterized in this case by the condition 
B = Oif Tz = az + BZ. It is also easy to see that an R-linear mapping T is 
C-linear if and only if it commutes with the multiplication by i (a 90° rotation): 
T(iz) =iT(z). Analytically, if T(z) = az + BZ, the condition 


aiz + B(iz) = T(iz) =iT(z) =i(az + Bz) 
implies —6iZ = ifZ, for all z, and so 6B = 0. 


Definition 1.8. An R-linear and invertible mapping T from C to C is called confor- 
mal if it preserves the size and the orientation of angles, that is, if for any z, w € C 
the angle between Z, w is the same as the angle between Tz, Tw. Analytically, T 
is such that 

arg Tz —argTw =argz—argw, z,weC. 


Clearly this is the same as imposing that arg Tz — arg z = arg Tw — arg w, for 
all z, w. So, the function arg Tz — arg z is constant with respect to z when looking 
at its values in R/27Z. Since arg Tz = arg Tz — arg z, this means exactly that all 


the points fz z # 0, are in a fixed half-line that contains the origin. However, if 
Tz =az + £Z, in varying z ¥ 0 the quantity 


Tz Z 
Z Z 
covers the circle centered in a and with radius |6|. Hence it is clear that it only may 


be included in a ray if |6| = 0. Thus the following proposition is proved: 


Proposition 1.9. Let T be an invertible R-linear mapping from C to C. Then the 
following conditions are equivalent: 


a) T is conformal. 
b) T may be written as Tz = az, witha € C, that is, T is C-linear. 


c) T consists of a rotation of angle Arg a followed by a dilation by the factor |a|. 
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In terms of the matrix of T, the condition B = Ois equivalent tod—a = i(b+c), 
that is, a = d, b = —c. This reads either 


= 
c oa 

or Tz = az witha = a+ ic. Similarly, the mappings T(z) = BZ are exactly 

the ones which preserve the size of the angles but change the orientation. These 

are called either anticonformal or C-antilinear mappings, and their matrices are of 

type T = (¢ a). 

If one specifies either a conformal Tz = az or an anticonformal mapping 
Tz = BZ to preserve the distances, then |Tz| = |z]|, that is, either |a| = 1 or 
|8| = 1. It turns out that a? + c? = 1, which means that the matrix of T is an 
orthogonal matrix, that is, T~! = T’. 


Definition 1.10. It is said that the R-linear mapping T from C onto C distorts the 
distances in a constant factor m > Oif |Tz — Tw| = m|z — w, that is, if and only 
if |7z| = m|z| for any z. 


This is equivalent to the fact that Tz =a+t+ pz has constant modulus m, which 
may happen only if either a = 0 (and then m = |6}|), or if B = O (and then 
m = |a|). So the following has been proved: 


Proposition 1.11. An invertible R-linear mapping T from C onto C distorts the 
distances in a constant factor m if and only if it is either C-linear or C-antilinear. 
In the case m = | the mapping is a rotation or a rotation followed by a reflection. 


We have shown that the R-linear mappings from R? onto R? that preserve the size 
of angles are the C-linear and the C-antilinear ones. How do these transformations 
behave in the case of the space R”? The following result answers the question: 


Proposition 1.12. An invertible R-linear mapping T: R° — R” preserves the 
size of the angles if and only it may be written T = AO with O an orthogonal 
transformation and i > 0. 


Recall that a transformation is orthogonal if it is given in the canonical basis by 
a matrix O such that OO‘ = O'O =I, where O’ is the transpose matrix of O and 
I is the identity. We will use the notation |x| to denote the norm of the vector x of 
R” and (x, y) will be the scalar product of the vector x, y € R”. 


Proof. Preserving the size of the angles amounts to preserving the cosines of these 
angles, that is, 
(Tu,Tv) _ (u,v) 


= , UuveR”. 
|Tul|Tv| — ulfo| 
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If O is orthogonal, then it preserves both the scalar product and the norm; thus, if 
T =O then 


(Tu,Tv)  (A*Ou,Ov) (Ou,Ov) (u,v) 


|Tul|Tv|  A2/Oul[Ov|  |Oul|Ov| Juv] 


Conversely, let us suppose that T preserves the size of angles and let e), €2,..., en 
be the canonical basis of R”. Then the vectors Te;, Te2,..., Te, are pairwise 
orthogonal. Let O be the linear transformation defined by Oe; = + 13 since it 
maps an orthonormal basis into an orthonormal basis, then O is an orthogonal trans- 
formation. Besides O-!T = R is another invertible linear transformation which 
preserves angles and Re; = cjej,i = 1,...,n, where c; = |Te;|. Supposing now 
that 


(Ru, Rv) _ (u,v) 


|Ru||Rv| —|ulfv| 
with u = e; + e; and v = e;, one finds that 


(Cie; + Cjej) + Cjej 1 


(ce? pe?) Ve; ey cs 


Thus 2c? = ¢? + ce and therefore cj; = cj; = A. This means that R = AI, 
so then TJ = AO. Conformal transformations correspond to detO = +1, and 
anticonformal ones, to det O = —1. O 


Therefore the situation is the same as the 2-dimensional one, in the sense that 
angle-preserving linear transformations are orthogonal transformations followed by 
dilations, that is, are similarities. 


1.3 Topological notions. The compactified plane 


We will consider the complex plane C with the usual topology, that is, a basis of 
neighborhoods of each point a € C is the family of open discs, D(a,r) = {z € 
C: |z —a| <r}, forr > 0. We will also use the notation D,(a) for these discs, 
and C(a,r) or C,(a) will denote the corresponding boundary, that is, the circle 
centered at a with radius r. In general, JF will denote the topological boundary 
of the set FE. The disc D(0, 1) will be called the unit disc and will be represented 
by D. It is convenient, however, to embed the space C in a wider compact space, 
obtained by adding the point at infinity. 

We will denote by C* the compact space obtained by adding to C the point 
at infinity, oo. A basis of neighborhoods of o¢ consists of the complements of 
discs centered at the origin, {z: |z| > r} U {oo}. Consider a sequence of complex 
numbers (Z,) with limy—+o9 Zy = oo. This means that for every r > 0 one has 
|Z,| > r for n big enough, that is, |z,| — --oo when n — oo. Thus, an open set 
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in C* which contains oo has to contain the set {z: |z| > r} fora certainr > 0. 
For example, the half plane {z: Rez > a} has oo as a closure point and the set 
{z: Rez > 0} U {oo} is not an open set of C*. Any sequence (Z,) of points in C 
has a subsequence which converges to a point in C*; if the sequence is bounded, 
then it has a subsequence that converges to a point in C, and if it is unbounded, then 
there is a subsequence tending to oo. 

The stereographic projection sets a homeomorphism between the sphere S* = 
{(x,y,z) € R? : x? + y? +z? = 1}, except for the north pole, and the complex 
plane. If one considers C as the equator plane of S?, the point z of the plane is 
associated in S? to the intersection point P of S? and the ray that joins the north 
pole with z. Therefore, the compactified space C* is identified with S?, and the 
north pole with oo (Figure 1.5). Analytically it may be written as 


2 2 24 y2_] 
Pals x y REY 


; ; ifz=x-+iy. 
see a 


This is the reason why we will refer either to the extended complex plane C* or 
Riemann sphere S*. 


Figure 1.5 


We will often consider functions defined on subsets E of C, open in general, 
which take real or complex values. When speaking about, for example, continuous 
or differentiable functions, one is considering FE as a subset of the plane, with the 
usual distance, which in complex notation is nothing but d(z, w) = |z — w| for 
z,w € C. For example, the fact that a function f defined on E is continuous at 
a point z € EF means that for every ¢ > 0 there exists 6 > 0 such that w € E, 
|w —z| < 6 implies | f(w) — f(z)| < &; equivalently, for any sequence (Z,) of 
points of E with limit z, the image sequence (f(z,)) has limit f(z). We will denote 
by C(E) the set of continuous functions on FE. 
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More generally, we may consider continuous functions f: E — C*, where FE 
is a subset of C* and f also take values in C*. If oo € E the continuity in the point 
at infinity means that f(oo) = / € C* and lim)z|.0 f(z) = /. In other words: 
for all ¢ > O there exists r > O such that either | f(z) —/| < e if |z| > r, when 
14#oo,or|f(z)| > 1/e if |z| > 7, when / = oo. 

Thus, for example, every function defined on C* by a polynomial in the complex 
variable z, P(z) = dg + a1Z +---+ay2", witha; € C,i =1,...,n,z €C and 
P(co) = ©, is a continuous function on C* ifn > 1. Actually the continuity on 
C is evident, and for the point at infinity, the condition lim)z;=99 P(z) = oo isa 
consequence of the equality P(z) = 2"({¢+ $4; +-+:+an),z € C. However, the 
function defined by a polynomial in two real variables x, y is continuous on C but 
it may not be on C*. This fact may be seen taking, for example, P(x, y) = x+y. 

Throughout this book the notion of domain will appear often. A domain of the 
complex plane (sometimes called a region) is an open connected set in C. Besides 
domains, we will also consider arbitrary open or compact sets of C, so we must 
review properties of connectivity of these sets, as well as of their complements. 

Recall first that the connected components of a set A C C are the maximal 
connected subsets of A, and that A is the disjoint union of its components. Any 
connected component of A is closed in A, and therefore also closed in C if A is 
closed in C. The components of A are in general not open in A; if A is open 
in C then the connected components of A are open in C and, in particular, there 
are at most a countable quantity of them. When A is not open, there may be an 
uncountable quantity of connected components. An extreme example is the Cantor 
set, which is a perfect (all its points are accumulation points), uncountable and 
totally disconnected set. So the connected components of the Cantor set are each 
one of its points, which is an uncountable set, and they are not open in R. 

Therefore, if K is a compact set of C, the connected components of C \ K are 
connected open sets of C, that is, a countable quantity of domains of C. Every 
component C of C \ K satisfies the condition dC C K. Among all components of 
C \ K there is always one and only one unbounded component: it is the one which 
contains the points z ¢ K with |z| large enough. All the other possible components 
are bounded and, roughly speaking, they represent the “holes” of K. Ahole C of K 
is then a bounded domain of C \ K with dC Cc K, and there is a countable quantity 
of them. 

If U is an open set in C, then C \ U is closed and its connected components 
are closed sets in C; their quantity may be not countable. For example this is the 
case of U = C \ E, where E is the Cantor set. If U is an open set, the boundary 
of every connected component C of C \ U satisfies OIC C C,dAC NU = 9 
and dC Cc dU. When U is open, it is not possible to talk about the “unbounded 
component” of C\U. It could happen that C\ U either does not have any unbounded 
connected component (for example, if U = C \ K, K compact), or has more than 
one unbounded connected component (for example, if U is an unlimited band). 
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Therefore, the intuitive idea of a “hole” of U corresponds to the bounded connected 
components of C \ U, and they may even appear in an uncountable quantity, as 
seen. 

It is immediate to check that a set A C C has no bounded connected components 
if and only if A U {co} is connected. Then a compact set K C C (respectively an 
open set U Cc C) has no “holes” (bounded components of the complement in C) if 
and only if C* \ K (respectively, C* \ U) is connected. In the case of a compact 
set K, C* \ K connected is equivalent to C \ K connected. This is because the 
connected components of C* \ K coincide with the ones of C \ K, adding the point 
oo to the unbounded component. However, in the case of an open set U, distinct 
components of C \ U could be connected in C* when adding the point oo. For 
example, if U isa band, U = {z € C: a < Rez < b} witha,b € R, U does 
not have any hole, C \ U has two components (is not connected), but C* \ U is 
connected. 

By the above comments, it is more convenient in general to think about the 
complement of an open or a compact set of C with respect to the whole extended 
plane C*. 


Definition 1.13. A domain U of the complex plane is called simply connected if 
its complement with respect to the extended plane, C* \ U, is connected. 


Intuitively, simply connected means that the domain U does not have “holes”, 
that is, C \ U does not have bounded components because the only component of 
C* \ U contains oo. The term simply connected is also used for a compact set K 
of the plane such that C* \ K (or C \ K)) is connected. 

In the case of a domain with holes, it is appropriate to introduce a name for the 
domain according to its number of holes. 


Definition 1.14. A domain U of the complex plane is called n-connected or having 
connection degree n (n > 1) if C* \ U has n connected components. If it has 
infinite components one says that U has an infinite degree of connection. 


The case = 1 corresponds to the simply connected domains of Definition 1.13. 
In Figure 1.6 there is a bounded domain U with infinite degree of connection, 
obtained by eliminating from the unit disc the sequence of discs D, = D(1— 1 a 
n>2. 

Let us finish this section by showing that any open set of the plane may be 
covered by something called an exhaustive sequence of compact sets. 


Lemma 1.15. For any open set U in the plane, there exists a sequence of compact 
sets K, CU,n =1,2,... such that: 


a) Ky C Knai,n =1,2,..., and US, Kn =U. 
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b) For each compact set K C U there exists n € IN such that K C Ky. 


c) For each n € WN, every bounded component of C \ Ky contains at least a 
bounded component of C \ U. 


Proof. Define 
Kn = {2 €C: d(z,C \U) = 1} N DO,n). 


—n 
It is easy to check a) and b). To prove c), let C be a bounded component of 
C\ Kn = (C\D(0,n))U (Uweu P(w, 1/n)). Each set of this union is connected. 
So if one of them intersects C, it will be included in C by the maximality of C (the 
union of two connected sets with nonempty intersection is connected). Since C is 
bounded, then C cannot intersect C \ D(O, n) and also it is the union of some discs, 


C= 'e D(w;,1/n). 
wj¢U 


In particular, C intersects C \U, so there isa component F of C\U which intersects 
C. Consequently F is a connected subset of C \ U C C \ Ky which intersects C, 
that is, F CC. O 


The meaning of this lemma is that, although K, C U, and therefore C \ K,, is 
bigger than C \ U, Ky, does not have other holes than those of U (a component of 
C \ Ky may likely contain more than one component of C \ U). On the other hand, 
it is clear that any component of C \ U is contained in a component of C \ Ky, for 
all n (Figure 1.6). 


Figure 1.6 
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1.4.1 Curves and paths 


Continuous curves will be used rather often. A continuous curve, or just merely a 
curve, in a domain U will be a continuous mapping y: [a,b] > U, where [a, b] is 
an interval of R. It is also usual to say that y is an arc of a curve or, simply, an arc. 
In this context y* will denote the range of y; it is common to visualize a continuous 
curve as a continuous “thread” in U; but, in fact, y* may be a more general set. For 
example, it may be a whole square. 


Example 1.16. The continuous curves that fill up a square are called Peano curves. 
One of the first constructions of these curves was done by Hilbert. Itis the following: 
divide the unit square into four squares numbered consecutively. If one assumes 
that the mapping one is looking for has to transform the unit interval [0, 1] into the 
whole square, it is natural to impose that by breaking [0, 1] into four quarters, the 
mapping transforms each of these quarters in one of the squares 1, 2, 3, 4. Dividing 
again each square in 4, and each quarter of [0, 1] in 4 equal pieces, one may keep 
demanding that each 1/16 of [0, 1] is transformed in one of the 16 new squares. 
One keeps doing this process and enumerating the squares of each generation in 
such a way that, if one has two consecutive squares of the same generation m, the 
last and the first of the generation m + 1 of each one are also consecutive. Then 
each point ¢ € [0, 1] is the limit of the intervals of length 4~” containing it, and 
to each interval corresponds a square of the m-th generation, which has side length 
2~™. Associating the point t to the common point of all the squares that correspond 
to intervals converging to f, then it is not difficult to check the continuity of the 
obtained curve (Figure 1.7). O 


11 14 21 22 


12 13 24 23 


43 42 3l 32 


44 41 34 33 


Figure 1.7 
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The curve y: [a,b] — U is closed if y(b) = y(a), and simple (non-self- 
intersecting) if y(s) # y(t) for all s,t € (a,b), s # t. A simple curve is also 
called a Jordan curve or a Jordan arc. The curve is said to be differentiable if for 
any value of the parameter fg there exists the limit 


y'() = Yim Y= VE). (1.2) 
t>1o9 t —Io 
In terms of the components of y, y(t) = x(t) + iy(Z), this is equivalent to saying 
that the real functions x(t), y(¢) are differentiable at the point to, and then y’(to) = 
x'(to) + iy'(to). If y'(to) 4 0, this vector is tangent to the curve at the point y (to), 
that is, the line which contains the point y(t9) and with direction vector y’(to) is 
tangent to the curve. If y’(t) exists for all t and is continuous on [a, b], one will say 
that y is of class C!. Furthermore, a curve is regular if it is of class C! and has 
nonzero derivative in each point. If y’ exists and is continuous, except at a finite 
number of points, at any of which y has lateral derivatives, one will say either that 
y is piecewise of class C', or that y is a path. The concept of a piecewise regular 
curve has a similar meaning, so we will use also the term regular path. 
The rules for calculating derivatives of sums or products y(t) + o(t), y(t)-o(t) 
are the usual ones. For example, 


(y(t) -o(t))! =y'@)-o(t) +y@)-o'(t) (1.3) 


if y(t) and o(t) are differentiable. 

Let us study in more detail the example y(t) = 1; = cost +isint,¢t € R. 
When ft takes values on R, y(t) completes the unit circle T infinitely many times 
counterclockwise and 


y'(t) =—sint +icost =iy(t), 


which tells us that the tangent vector is the radial vector multiplied by 7, that is, 
90° rotated. At this point we will leave the notation 1, for the point cost + 7 sint, 
introducing the exponential function with a pure imaginary number in the exponent. 
Recall that the real Euler number e is characterized as the unique positive real 
number a > 0 that satisfies the property that the exponential function of basis a, 
t +» a’ coincides with its derivative; that is, (a’)’ = a’ if and only if a = e. 
This fact is equivalent to the classical definition of e as e = limp_,o(1 + h)!/". 
By means of usual differentiation rules, one has that (e")’ = u/(t)e" if u isa 
differentiable function of f; in particular, (e*’)’ = ae ifa € R. Since (1;)/ = ily, 
as seen above, the notation 1, is usually changed by e’’, because in this way the 
tule (1)! = il, is like the previous one with w = 7: (e’’)’ = ie!’. The equation 


e’ = 1, =cost +isint 
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is a definition of e? when z = it is a pure imaginary number. It is called Euler’s 
identity. The inverse of e’’ coincides with its conjugate and is e’’. With this 
notation, the trigonometric functions have the following formulation: 


e wi. 2 
cost = Ree’ = 5 +e"), 

1, 
sint = Ime’ = ae —e"), 


For the moment we know the definition of e? for z = x € R (from calculus of 
one real variable functions) and now the definition for z = if, a pure imaginary 
number. The definition of e7 for an arbitrary z € C will be given later on. 

The curves may be also given in polar coordinates. Considering two continuous 
functions R: [a,b] > Rt, ¢: [a,b] > R, then 


y(t) = Rit)e'® = R(t)(cos $(t) + i sin g(t) 


is a continuous curve in C \ {0}. If R(t), @(¢) are differentiable, it is immediate to 
check that y is a differentiable curve and that 


y(t) = R(t + RDG HePO = (RO) + ROG’). 


Later (Theorem 1.23) it will be proved that every continuous curve y(t),a <t <b 
which does not contain the origin may be written as y(t) = R(t)e??™. 


Example 1.17. If R(¢) is an increasing positive function with lim;_,_.. R(t) = 0, 
lim;-++o0 R(t) = +00, then 


y(t) = R(t)e™ 


describes a spiral which expands as it rotates counterclockwise, and we have y(t) = 
R’(t)e"? + iR(t)e™ = (R’(t) + iR(t))e"’ (Figure 1.8). 


Figure 1.8 
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It is important not to confuse y with y*, because y includes y* and the way 
it is travelled. For example, y\(t) = e?7"', y2(t) = e2tit” 0 <4 < 1 both 
describe the unit circle, but with different speeds. This example is a particular 
case of change of parametrization. In general, (uw), u € [c,d] is obtained from 
y(t), t € [a,b] by means of a change of parametrization if the new parameter 
u and the original parameter ¢ are linked by a relation t = ®(u), where ® is a 
homeomorphism from [c, d] onto [a, b] and (uv) = y(®(uv)). Observe that in this 
case [* = y*. Any homeomorphism between intervals is either strictly increasing 
or strictly decreasing; this fact classifies the parametrizations of y* into two classes, 
each one associated intuitively to forward or backward direction. An orientation 
of y* consists in the selection of one of these two classes. A parametrization y(t), 
0 < ¢ < 1 and the parametrization y(t) = y(1 —ft), 0 < t < 1, define opposite 
orientations. 

As discussed above, y* may be quite arbitrary and, in particular, it could be a 
square. If the curve y is piecewise C', the set y* has a more particular structure. 
Indeed, take a neighborhood of any point to for which the derivative exists and does 
not vanish. Here we can apply the implicit function theorem and the set y* is, in 
the neighborhood of y(to), of the form {(u,v) : v = 0}, where wu, v are certain 
local coordinates. In this case y* is a “thread” (Figure 1.9), agreeing with intuition. 
Consequently, in this case the set y* has planar measure zero (see Proposition 1.35). 


y (to) 


Figure 1.9 


1.4.2 Length and arc parameter 


We now review the notion of length of acurve y(t),a < t < b. Considera polygonal 
curve P inscribed in y and determined by the points y (fo), y(t1), y(t2),---, V(tn), 
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with a = to < ty <--- <t, =D. Then its length is 


n-1 n-1 
L(P) = Do lyG+) — v@) = SVG G4) — xG))? + OG4) — y@)?. 
i=0 i=0 (1.4) 
The length of y is defined by 


L(y) = sup{L(P): P is an inscribed polygonal curve in y}. 


If L(y) < +00 one says that y is rectifiable. When y is piecewise C!, applying 
the mean value theorem in every difference of (1.4), one finds that 


n-1 
L(P) = >> V@'G))? + O' GD)? Gai — fi), (1.5) 
i=0 
where the points £;, n; are intermediate between t; and t;41. Adding points to the 
polygonal curve, and taking limits in (1.5), we obtain 


b 
L(y) = / I @lae. 


This integral is well defined because by hypothesis [a, b] is decomposed in intervals 
where y’ is continuous. The integrand, ds = |y’(t)|dt, is the element of arc 
length of y. Obviously, the element of arc length is invariant under changes of 
parametrization, whether it is orientation preserving or not. Indeed, if f = ®(w) 
and ['(u) = y(®(w)), one has that 


[P’(u)| du = |y'(®(u))||©'(w)| du = |y"(@)| dt = ds. 


Given a path y, denoting by s(t) the length of the arc of the curve between y(a) 
and y(t), 


s) = / yl dx, 


one gets s’(t) = |y’(t)| > 0; sot — s(t) is a strictly increasing bijection U 
from [a,b] onto [0, L], where L is the total length of y. Considering the inverse 
bijection ® = W~!, one may take s as a new parameter, '(s) = y(®(s)); since 
the length between ['(0) and I'(s) is s, then |[’’(s)| = 1. This fact may also be 
checked observing that $4 = (a)° = |y/(t)|"! and that I'’(s) = y/(¢)- 4£. This 
parametrization is called arc length parametrization. 

A particular case of a regular curve is the graph of a real-valued function ¢ of 
a real variable x € [a,b], with continuous derivative, y(x) = (x, (x)); in this 


case y’(x) = (1, ¢’(x)), |y’(x)| = V1+ ¢7%(x) and the formula for the length 


becomes ‘ 
Ly) = f vi¥ eae. 
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1.4.3 Integration with respect to arc length 


If y: [a,b] + C is a piecewise C! curve and h is a continuous real-valued function 
over y*, one may define the integral of h with respect to arc length ds, if hds, as 


b 
/ has / h(y(t))ly' Ol at. 
y a 


This integral is well defined; in fact, it is the limit of the Riemann sums 


n—-1 
YS hy) ly Ga) — vi). 
1=0 


where fo < ft) <--: < t, is a partition of [a, D]. 
Once again this notion does not depend on a change of parametrization, whether 
it is orientation preserving or not. 


Example 1.18. Consider the curve y(t) = (¢, cht) = (¢, $(e’ +e~')),0<t <1. 
The tangent vector is (1, sh) = (1, $(e’ —e~)) which has modulus ¥ 1 + sh*t = 


cht and ds = cht dt. The length is fe chtdt =shl = 3(e-e7}). If h(x, y) = 
xy, one has that 


1 1 
1 
[ra=| h(t.cht)oht dt = | t(ch i)? dt = 53 + 2sh2—ch2). O 
Y 0 0 


1.5 Branches of the argument. Index of a closed curve with 
respect to a point 


1.5.1 Branches of the argument 
Recall that to any complex number z ¥ 0 is associated the set arg z of its arguments. 


Definition 1.19. If 0 ¢ E C C, a continuous branch (or, briefly, a branch) of the 
argument in F' is a continuous mapping 


g: E—>R 
such that g(z) € argz ifz € E. 


This way g chooses continuously one of the possible arguments of each z € E. 
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Example 1.20. The principal argument, Arg, is not a branch of the argument in 
C \ {0} because at a negative real point a is not continuous, since 


lim Arg(a+iy) =z =Arga, 
y—0, y>0 


lim Arg(a+iy) =—nz. 
y—0, y<0 


However, the function Arg is continuous at all the other points, and so it is a 
continuous branch of the argument in C \ R~, which takes values on (—z, 77). O 


Observe that if g and / are two continuous branches of the argument in F,, then 
(g—h)/2z is acontinuous function on E which takes integer values; consequently, 
if E is connected, it is a constant function. Hence all the existing continuous 
branches of the argument in a connected set differ one by one in a constant which 
is an entire multiple of 27. InC \ R-, Argz + 2ak, k € Z are all the possible 
branches of the argument. 

Sometimes there are no branches of the argument over a set EF. For example, in 
C \ {0} there are none of them. Indeed, suppose that g is a branch of the argument. 
Then, as seen above, g(z) = Arg(z) + 27k forak € Zin C \ R-, and g could 
not be continuous on the negative real points. 

If L is a ray starting at the origin, say L = {z: Argz = a}, a € (—z,z], in 
C \ L there are branches of the argument given analytically by 


Arg(z-e?*—-) 9 +a+2nk, k eZ. 


Similarly one talks about branches of the n-th root in a set E which does not 
contain zero. For example, a branch of the square root is a continuous mapping 
h: E — C such that h(z)? = z,z € E. If hy, h2 are two branches of the square 
root, then (jt)? = |, and so, if E& is connected either hy = hz or hy = —hyo. 
Observe that if g is a branch of the argument in E, then h(z) = /|z|e’®/? is a 
branch of the square root. 

More generally, the branches of the argument or the branches of the roots of 
nonzero continuous functions f: E — C are defined as follows: A branch of 
the argument of f: E — C \ {0} is a continuous function g: E — R such that 
g(z) € arg f(z), if z € E; a branch of the n-th root of f: E > C \ {O} isa 
continuous function f on FE such that h” = f. If there is a branch of the argument 
of f, say g, it is clear that there is also a branch of the n-th root, just by writing 
h = |f|'/"e!8/", However, there may exist a branch of a root of a function f but 
not a branch of the argument of f, as shown by the following example. 


Example 1.21. Consider w = f(z) = 27-1 = (z+1)(z-1l)inE = C\[-1, +1]; 
when z describes the circle centered at 0 with radius 2 (z = 2e1? 0 < 0 < 2m), 
z? — | describes twice the circle centered at —1 with radius 4 so that any branch 
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of the argument will have along this curve a variation of 477, so it is discontinuous. 
Instead, the principal branch of ./w gives a branch of mp . In relation to this 
example see Exercise 11 of Section 1.7. O 


In the definition of branch of the argument of a function f given above, it is 
supposed that the domain of f was a part of C, but one may give the same definition 
when f is defined on any metric or topological connected space X. Even though 
the interest will be specially in the case that X is either an interval of the real line 
or a domain of the plane, we give a more general definition. 


Definition 1.22. Let X be a connected space and f: X — C \ {0} a continuous 
function. A continuous branch (or, briefly, a branch) of the argument of f is 
a continuous mapping 4: X — R such that h(x) € arg f(x), for any x € X. 
Equivalently, f(x) = | f(x)|e"™, x € X. 


Observe that taking ¥ = FE C C \ {0}, f(z) = 2, in the previous definition 
one gets the concept of a branch of the argument given in Definition 1.19. 

Two possible branches of the argument of f differ on a function that takes values 
that are entire multiples of 277. Since X is connected, it must be a constant multiple 
of 27. 

If there is a continuous branch g(w) of the argument of the variable w € EF in 
the image set E = f(X), then h = go f is a branch of the argument of f. This 
condition holds in a neighborhood of each point x € X, taking, for example, the 
preimage of the disc D( f(x), | f(x)|) by f. 

Consider the case of a continuous curve y: [a,b] — C which does not contain 
zero, y(t) # 0. If we want to write y(¢) in polar coordinates, 


v(t) = Re’, 


there is no other option for the term R(t) than R(t) = |y(t)| = x(t)? + y(t)?, 


if y(t) = x(t) + iy(f) and R(t) is continuous. However, there are infinitely many 
options for @(¢) and it is not evident that there exists a continuous selection of #(f). 
Nevertheless it is true: clearly the function #(f) is just a branch of the argument of 
y, in the sense of Definition 1.22. 


Theorem 1.23. Jf y: [a,b] — C is a continuous curve which does not contain 

the origin, then there exists a branch of the argument of y. Denoting it by $, then 

o(t) + 20k, k € Z is the general expression of all the branches of the argument of 

y. If y is differentiable at a point t € [a, b| then also the function ¢ is differentiable, 
'g¢) =Im YO 

and $'(t) = Im 0)" 

Proof. Consider a partition a = to < ty < tz < +++ < t, = b of [a,b] such that 

y([ti-1, ti]) is inside a disc D; which does not contain zero; this is possible due to 

the continuity of y and the compactness of [a, b]. If g; is a branch of arg z in D;, 
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then ¢; = gj ° y is a branch of arg y(t) in [t;-1, 4]. At the point ¢; one has two 
arguments of y(t;), which are ¢;(¢;) and ¢;+1(t;), that differ in a multiple of 27; 
adding to ¢j+, this entire multiple of 27, we get by iteration a global branch @. 
Let us check now that if y is differentiable at a point rf, then also the function ¢ 
is differentiable in t and ¢’(t) = Im ro. Suppose without loss of generality that 
y(t) is in the half plane {z : Rez > 0}. Then, in a neighborhood of t, @(t) differs 


from the principal branch of Arg y(t) by a constant and has the same derivative. If 
y(t) = (x(t), y(t), x(t) > O, then 


t 
Arg y(t) = arctan y@) 
x(t) 
and by differentiating we get that d Arve) = Im ot O 


It is important to stress that continuity is required in the parameter ¢. It has been 
proved that a branch of the argument of y always exists, even though no branch of 
arg Z may exist on y*. 


Example 1.24. The curve y(t) = e!’, 0 < t < 2m, has a branch of the argument 
h(t) = t, but on y* = T there is no branch of arg z. O 


If @ is a branch of the argument of y, the quantity (b)—@(a) does not depend on 
@, because two branches differ by aconstant. This is called variation of the argument 
along y and it is represented by A, arg. In the case of piecewise differentiable 
curves, the fundamental theorem of calculus gives 


y(t) 
dt, 
y(t) ; 


b 
A, arg = im 
a 
because $(b) — d(a) = ies o'(t) dt, and now Theorem 1.23 may be applied. 


1.5.2 Index of a closed curve 


Let y: [a, b] > C beaclosed curve that does not contain the origin and @: [a, b] > 
R a branch of the argument along y. Then ¢(a) and $(b) are arguments of the same 
point, and so #(b)— (a) = Ay, arg is an entire multiple of 27. Hence the following 
definition makes sense: 


Definition 1.25. If y is a closed curve that does not pass through the origin, then 
the integer x A, arg is called the index of y with respect to the origin, or also the 
winding number of y around the origin. It is denoted by Ind(y, 0). 


In the case that the closed curve y is piecewise of class C!, the number Ind(y, 0) 
may be calculated in the following way: If y(t) = R(t)e"?, R(t) = |y(t)], 
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then y'(t) = (R'(t) + iRO)G (Ne and y'()/yt) = (RO + i$’); so 
Re on a an , which is the derivative of log R(t) = log |y(t)|, and it turns out 
t 


tha 


yO) Ys VD > y(t), _, Iv 
[? for ia min i! i [im O° ye 


Thus, for a piecewise C! closed curve y: [a,b] > C \ {0}, one has 


1 b / 
y'(t) 9g 


Ind(y, 0 
CD Qni a Yt) 


Roughly speaking, Ind(y, 0) is the number of rotations one would do by tracking 
visually from the origin a particle moving over the trajectory y(t). This quantity is 
invariant under changes of parametrization which preserves orientation and changes 
the sign with non-orientation preserving changes of parametrizations. 


Definition 1.26. Let y be an arbitrary closed curve and z ¢ y*. The index of y 
with respect to z, denoted by Ind(y, z), is defined as Ind(y — z, 0). 


In the case of a piecewise C! closed curve y parameterized by [a, b], one has 


ee oe ee 
Indy. 2) = 5 | 7 a (1.6) 


As a function of z, the index is a continuous function in the complement of y*. This 
fact, in the case of a piecewise C ' curve, which are the ones studied here, may be 
proved by using the integral expression (1.6). The proof in the case of a continuous 
closed curve is proposed as an exercise (see Exercise 13 of Section 1.7). 

If y: [a,b] > C is aclosed curve, one knows that the complement of y* in the 
plane, C \ y*, has just one unbounded connected component and a countable set 
of bounded connected components. It is important to note the following property: 


The index Ind(y, z) as a function of z is constant on each of the con- 
nected components of C \ y* and has value zero in the unbounded 
component. 


Indeed, Ind(y, z) is a continuous function on each component and only takes 
integer values, so it must be constant. The assertion about the unbounded compo- 
nent is clear intuitively and it may be justified also analytically by observing the 
following: Moving the point z one may suppose that there exists a disc D such that 
z ¢ D and y* C D. Then one may take on D a branch of the argument of w — z 
which, composed with y, will give a branch of the argument of y(t) — z, which 
clearly will take the same value fort = a andt = b. 
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Example 1.27. a) If one considers a circle centered at the origin with radius R and 
travelled m times, 
y(t)=Re'™, O<t<2n 


(with m integer) and z € C, due to the argument above it turns out that: 
If |z| > R, Ind(y, z) = 0. 
If |z| < R, Ind(y, z) = Ind(y, 0) and 


1 20 miReimt 
Ind(y.0) = > fo dt =m. 


If |z| = R, Ind(y, Z) is not defined. 
b) Consider now that y is the edge of a square travelled in a direct sense of ori- 
entation (counterclockwise) and z is an interior point of the square. It is intuitively 
clear that Ind(y, z) = 1. This may be checked also with the method we will now 
describe for the calculation of an index. An analytic proof of this fact using (1.6) is 
a bit long and it is proposed as an exercise (see Exercise 12 of Section 1.7). O 


When calculating the index of a closed curve y with respect to a point z ¢ y*, 
aside from the integral formula (1.6) valid for C! curves, there is a very useful 
geometric method that is easy to apply. The method is the following: 

Consider an arbitrary ray starting at z. One may prove that if y is rectifiable, 
almost all these rays intersect y(t), t € [a, b] a finite number of times. Here “almost 
all” is in the sense of the Lebesgue measure, considered on a circle centered at z, 
over which one takes the direction of each ray. Fix one of these rays, say L, and 
let t1,t2,...,tn € [a, b] be the values of the parameter ¢ for which y(t) € L. Now 
associate to each t; for 7 = 1,...,m a number o; equal to +1 according to the 
following rule: 


oj =+1 if y crosses L at the point y(¢;) in a direct sense, 
oj; =—1 ify crosses L at the point y(¢;) in an inverse sense. 


Then the equation 


n 
Ind(y,z) = ) > 9; (1.7) 
j=l 

holds. It is said that y crosses L in a direct sense if it does it in the direction 
of increasing arguments, and in an inverse sense if it does it in the direction of 
decreasing arguments, assuming that the origin is placed at the point z (Figure 1.10). 
The justification of (1.7) is intuitively clear. A rigorous proof is much more subtle 
and will not be given here. 


Example 1.28. See Figure 1.11. O 
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Figure 1.10 


Ind(y, 21) = 2; 
Ind(y, 22) = 1; 
Ind(y, 23) = 0; 
Ind(y, 24) = 2; 
Ind(y, 25) = —l. 


Figure 1.11 


1.6 Domains with regular boundary 


If U isa domain of the plane, the topological boundary of U, dU, may be unusually 
complicated. For this reason, in the study of function theory it is often convenient 
to consider domains with regular boundary. The most natural idea is to assume that 
the boundary of U is composed by one or several closed curves. In this context the 
Jordan curve theorem, which we recall here, is relevant (see [6], p. 261). 


Theorem 1.29. If y is a closed Jordan curve, then the open set C \ y* has two 
connected components, a bounded one and an unbounded one. The bounded com- 
ponent is simply connected and y* is the topological boundary of each one of the 
components. Moreover, Ind(y, Z) is 0 if z is in the unbounded component and is 
either | or —1 if z belongs to the bounded component. 
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The bounded component of C \ y* is called the interior of y, Int(y), and the 
unbounded one is the exterior of y, Ext(y). 

Motivated by this theorem, a Jordan domain will be a domain that is the bounded 
connected component of the complement of a closed Jordan curve. Thus, the 
boundary of a Jordan domain is a closed Jordan curve. The following statement 
asserts that this property of the boundary characterizes Jordan domains. Its proof 
is proposed as an exercise. 


Proposition 1.30. If U is a bounded domain of the plane such that 0U is a closed 
Jordan curve, then U is a Jordan domain. 


More generally, one can consider domains whose boundary is a 1-dimensional 
manifold. Recall that a 1-dimensional manifold or 1-manifold is a separable metric 
space M which may be covered by a family of open sets of MW such that each of them 
is homeomorphic to the unit interval (0, 1). It is clear that a closed Jordan curve, 
which is homeomorphic to the unit circle T, is a 1-manifold. If one considers a 
bounded domain U, its boundary dU is a compact set which may not be connected. 
If we assume now that dU is a 1-manifold, then any connected component of dU 
is also a 1-manifold which, moreover, is connected and compact. It turns out that 
each one of these components must be a closed Jordan curve. This is due to the 
following well-known fact (see [5], p. 127). 


Theorem 1.31. Any compact connected 1-manifold is homeomorphic to T and is 
therefore a closed Jordan curve. 


So a Jordan domain is exactly a bounded domain of the complex plane whose 
boundary is a connected 1-manifold. 

Another way for requiring a bounded domain U to have a regular boundary is 
supposing that the compact set U is a submanifold of R? with boundary. Recall 
that this means that every point zg € 0U has an open neighborhood V (zo) of C so 
that there is a homeomorphism ¢,, : V(zo) — D, from V(zo) onto the unit disc D, 
such that (see Figure 1.12) 


a) Gz)(V(zo) NOU) = {z € D: Imz = Of," 


(1.8) 
b) ¢z,(V(zo) NU) = {z € D: Imz > O}. 


It is clear that if U is a submanifold with boundary, then dU is a 1-manifold. 
This hypothesis restricts the number of components of dU: 


Proposition 1.32. If U is a bounded domain such that U is a submanifold of R? 
with boundary, then 0U has a finite number of connected components. 


The proof is proposed as an exercise. Summarizing, it turns out that if U is a 
bounded domain and U is a submanifold with boundary, then the boundary of U 
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ry 


V(zo) 20 


Figure 1.12 


Figure 1.13 


is formed by a finite number of closed Jordan curves (Figure 1.13). It is worth 
mentioning that the opposite of this fact is also true, and one has the following 
result: 


Proposition 1.33. [f U is a bounded domain of the plane, then its boundary is the 
union of a finite number of pairwise disjoint closed Jordan curves if and only if U 
is a submanifold of R* with boundary. 


In order to prove it one has to show that if y is a closed Jordan curve, then 
both the interior of y, with the curve y itself, and the exterior of y, with the curve 
itself, are submanifolds with boundary in R?. This is a consequence of the fact 
that every homeomorphism between a Jordan curve and T may be extended to a 
homeomorphism from C onto C (theorem of SchGenflies: see [5], p. 153). 

So far all our considerations have been topological, in the sense that no differ- 
entiability condition, neither on the curves nor on the homeomorphisms, has been 
required. But all the equivalences stated remain true if one substitutes Jordan curve 
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by regular Jordan curve, 1-manifold by C! regular 1-manifold, and submanifold 
with boundary by submanifold with regular boundary. So one takes as a basic 
definition the following. 


Definition 1.34. A bounded domain U of the plane is called a domain with regular 
boundary (respectively with piecewise regular boundary) if the boundary of U is 
composed by a finite number of pairwise disjoint regular closed Jordan curves 
(respectively piecewise regular). 


Consider that U is a bounded domain such that U is a submanifold of R? with 
regular boundary. Then the homeomorphism @,, : V(zo) — D between a neigh- 
borhood of Zo € OU and the unit disc D which satisfies (1.8) is a diffeomorphism 
between V(Zo) and D. A consequence of this fact is that the closed Jordan curves 
which compose dU are regular and so U is a domain with regular boundary in the 
sense of the Definition 1.34. The converse may be directly proved by using the 
inverse function theorem. 


Proposition 1.35. Let y(t), 0 < t < 1 bea regular closed Jordan curve and 
Zo = y(to), O < to < 1. Then there exists a neighborhood V(Zo) of the point Zo, 
a disc D3(to) centered at (to, 0) and a diffeomorphism @ from D5(Zo) onto V(Zo) 
such that 


a) g(t,0) = y(t) for |t — tol < 6, 

b) Jo(to,0) > 0. 
Now writing D = Ds(to) N{z: Imz > 0}, Ds = Ds(to) N{z : Imz < 0}, and 
V*(zo) = g(D3s), V~ (Zo) = g(D;), then either Vt (zo) C Int(y), V~ (Zo) C 
Ext(y) or V* (zo) C Ext(y), V~ (zo) C Int(y) hold (Figure 1.14). 


Ext(y) 
Q V(zo) a 


4 i a 


Figure 1.14 


Here Jz denotes the Jacobian determinant of the mapping ¢. 
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Proof. Let x(t), y(t) be the components of y, that is, y(t) = (x(t), y(t)). Since y 
is regular, y’(to) 4 0 and one may assume, for example, that x’ (to) 4 0. Define on 
aneighborhood of the point (fo, 0) the function ¢ by either g(t, s) = (x(t), v(t)+s) 
if x'(to) > 0 or g(t, s) = (x(t), y(t) — 5) if x'(to) < 0, so that Jy (to, 0) > 0. 

By the inverse function theorem ¢ is a diffeomorphism of class C! from a 
neighborhood of (f9,0), say Ds(to), onto a neighborhood of g(fo,0) = Zo, say 
V(Zo), and g(t,0) = y(t), if |t — to] < 6. So the points of V(zo) \ y* are 
distributed into two open connected sets denoted by V+ (zo) and V~ (zo), which 
are precisely y(D3) and y(D; ). 

Since V+ and V~ must be each one contained in one connected component of 
C \ y*, the statement is proved. O 


Corollary 1.36. A bounded domain U of the plane is a domain with regular (re- 
spectively piecewise regular) boundary if and only if U is a submanifold of R? 
with regular (respectively piecewise regular) boundary. 


Let us study ina little more detail the structure of a domain with regular boundary. 


Proposition 1.37. Let U be a bounded domain of the plane with regular (or piece- 
wise regular) boundary. Then dU = yf UyzU-+-Uyy, where yi, i =1,2,...,N 
are pairwise disjoint regular (or piecewise regular) closed Jordan curves such that: 


a) y; C Int(y1), Int(y) C Int(y1), i = 2,3,..., N. 
b) Int(y2), Int(y3),..., Int(yw) are pairwise disjoint. 
c) U = Int(y1) \ (Int(y2) U--- U Int(yy)). 


Proof. We already know that dU is composed by a finite number of pairwise disjoint 
regular closed Jordan curves. Suppose now that y;, y; denote a pair of these curves. 
Then the proposition is a direct consequence of the following observations: 

1) y* C Int(y;) > Int(y;) C Int(y;). 

Indeed, the unbounded component of C \ y* does not meet y;*, so it must be 
contained in a component of C \ y;* which is nothing but the unbounded component; 
finally take complements. 

2) Int(yz) N Int(y;) = 9 > U C Ext(y;) N Ext(y;) (Figure 1.15). 

Obviously, if U was such that U C Int(y;), it could not be y C dU, and 
analogously for U C Int(y;). 

3) y; C Int(y;) > U C Int(y;) \ Int(y). 

Indeed we know that Int(y;) C Int(y;). It is clear that U C Int(y;) because 
y; C OU and it cannot be U C Int(y;) because Vj cou. 

From these considerations and from the fact that U is bounded, we can deduce 
that there is a Jordan curve and just one of dU which contains U in its interior. 
Denoting this curve by y;, and y2,..., yy the remainder, it is easy to see that 
conditions a), b), c) hold. O 
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Figure 1.15 


Let us finish this section by making some comments about the orientation of the 
boundary of a domain with regular boundary. Also let us give a precise definition 
of what is meant by orienting the boundary in the positive sense. 

Suppose that U is a bounded domain with regular boundary (or piecewise reg- 
ular) so that, according to Proposition 1.37, the boundary of U is composed by 
the closed Jordan curves y}*, y3,..., Yjy- Consider each of these curves separately 
(Figure 1.16). For example, fix y;(t), 0 < t < 1, and for each value fp of the 
parameter consider the point 79 = y,(to) and a diffeomorphism ¢ like the one in 
Proposition 1.35. Thus either V+ (zo) C U or V~ (zo) C U. In the first case one 


Figure 1.16 


chooses the orientation of y/* given by the parametrization y;(¢), and in the second 
one, the opposite orientation given by the parametrization y,(1—1t),0 <t < 1 
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(see page 20). Similarly one may give an orientation to the curves y2,..., yy. 
The senses of direction when travelling over these curves, y/', y3,..., Yj, defined 
this way, give an orientation to dU in the positive sense (roughly speaking, the 
domain U remains at the left when travelling on). If T is the vector field of tan- 
gent vectors to dU given by this orientation (that is, the set of vectors y/(t) or 
—y/(1—1) fort € [0,1], i = 1,2,...,N), the vector field N = —iT, which 
satisfies det(N, T) > 0, is called normal exterior field in U. 

If y is a closed Jordan curve, by Theorem 1.29 either Ind(y,z) = 1, for all 
z € Int(y) or Ind(y,z) = —1, for all z € Int(y). In the first case we say that 
y is positively oriented, and in the second one that it is negatively oriented. Now 
it is natural to ask what is the relation between the orientation of dU in the pos- 
itive sense and the orientation of the Jordan curves yj, y2,..., yn, considered in 
Proposition 1.37, in the spirit of the present discussion. The answer depends on the 
following lemma: 


Lemma 1.38. Let y be a piecewise regular closed Jordan curve, and U = Int(y) 
the Jordan domain defined by y. Then the positive orientation of y in the sense that 


Ind(y,z) =1, zeEU, 
coincides with the orientation of dU in the positive sense. 


Proof. Suppose that y is oriented in the positive sense and let us show that there 
exists a point z; € U with Ind(y, z,) = 1. Let V be a neighborhood of a certain 
point of y, such as in Proposition 1.35 (with Jg > 0), such that V+ Cc U and 
V~- Cc Ext(y). Take z,; € V*,2z2 € V~; we know that Ind(y, z2) = 0, Ind(y, 21) = 
+1 and we want to see that Ind(y, z1) = 1. Break the curve y into two pieces: 
yi =y* OV and yS = y* \ yf. According to the notation of Subsection 1.5.1, 
denote by A, arg(a) the variation of the argument along y(t) —a, where a is a fixed 
point. Then by the definition of index, 


Ay arg(z1) = Ay, arg(z1) + Ay, arg(z1) = +1, 


Ay arg(z2) = Ay, arg(z2) + Ay, arg(z2) = 0. 


Hence, due to the fact that y has the orientation induced by the positive one of U, 
it is clear that 


A,, arg(z1) > 0, Ay, arg(z2) < 0 


and so A,, arg(z2) > 0. 

Finally, as Ay, arg(a) is a continuous function of a, | Ay, arg(z1)— Ay, arg(z2)| 
is as small as wanted if z; and Z2 are very close. Therefore one may achieve that 
Ay, arg(Z1) > 0, and so it is Ay arg(z;) > 0, that is, Ind(y, 21) = 1. O 
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Consider now the decomposition dU = y{Uy3U---Uy ,, under the conditions 
of Proposition 1.37. Since U C Int(y1) but U C Ext(y;), i = 2,..., N, it turns 
out from Lemma 1.38, and from its proof, that if dU is positively oriented then y; 
is also positively oriented and y2,..., yw are negatively oriented, that is, 


Ind(yi,z)=1 ~~ if z € Int(1); 
(1.9) 
Ind(y;,z) =—1 ifzeInt(y;), i =2,...,N. 


For this reason, from now on we will call positive orientation of the boundary of 
a domain U with regular or piecewise regular boundary the one corresponding to 
the orientations given by (1.9) for the Jordan curves which form 0U. With the 
preceding hypothesis, if one writes, by definition, 


n 
Ind(dU, z) = Y= Ind(yi, 2), zeC\au, 
i=1 
one obtains the following characterization of the points of U: 
U = {z€C\ dU : Ind(dU, z) = 1}, 


C\U ={ze€C\ au: Ind(au, z) = 0}. 


1.7 Exercises 


1. Let 21,...,2Zy be some points of the complex plane with |z;| = 1 fori = 
1,2,...,.N and z; +---+zy = 0. Show that: 

a) If N = 3, the three points must be the vertices of an equilateral triangle. 

b) If N = 4, the four points must be located pairwise diametrally opposite. 


c) If N = 5, there are infinitely many different solutions from the ones 
composed by three points forming an equilateral triangle plus two dia- 
metrically opposite points. 


2. Show that there are some complex numbers z which fulfill the equality 


|z —a| + |z—5| = |e 


’ 


with a,b,c € C given, if and only if ja — b| < |c|. In this case calculate 
the maximum and the minimum value of |z| when z belongs to this set of 
numbers, and also the points where these values are reached. 
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. Find the value of the sums 


n-1 jk n-1 jk 
Ds sin (= 2x) and x cos (Z 2) 
J=0 j=0 


when n is a natural number and & is an integer not divisible by n. 


. Prove that the transformation z > w defined for z € C by w = az, with 


a = |ale?, is the symmetry with respect to the line which passes through 
the origin and has slope tg(@/2), followed by a dilation. 


. Find the relation between the coefficients of the equation z7 +az7+bz+c = 


0 so that the three solutions form an equilateral triangle. 


. Given three complex numbers u, w, z, consider the numbers p = u + yw + 


y2z andt =u+y?w-+ yz, where y = e?'7/3, 
a) How do p, t transform if a translation, a rotation centered at the origin 
or a dilation is applied to u, z, w? 
Show that if the numbers p/t and p’/t’ associated to the points u, w, z 
and u’, w’, z’, are equal, then the triangles wwz and u’w’z’ are similar. 
b) Characterize the triangles uwz for which p = 0 and t = 0. 


. Let 21, Z2, 23 be three different points of the complex plane and R the radius 


of the circle that contains these points. Show the equality 


1 1 
god 


— (26(2) — Z0(1)) (Zo) — Zo) 


where o ranges over the group of permutations of the set {1, 2, 3}. 


. Find all the continuous homomorphisms from the additive group of R to the 


multiplicative group T. 


. Show that if the mapping ®: C — C satisfies |®(z) — ®(w)| = mlz — uw, 


with m > 0, for any pair of points z, w € C, then ®(z) = aw + T(z) with 
T an R-linear mapping and a € C. Thus ® is either a conformal or an 
anticonformal mapping followed by a translation. 


If z,w € C*, denote by d(z, w) the Euclidian distance in R? between the 
corresponding points to Zz, w by the stereographic projection onto the sphere 
S?. Show the following formulae: 


2|z — w| 


~ Va+eD0 + we) 


PO ifzeC. 


V1 |z|? 


d(z, w) fz,weC, 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 
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Show that if there is a branch of ./Z in an open set U of the plane withO ¢ U, 
there is also a branch of arg z. 


If y is the boundary of a square ranged counterclockwise and z a point inside 
the square, show analytically that Ind(y, z) = 1. 


Show that if y is a closed curve, then Ind(y, z) is a continuous function from 
z on each connected component of C \ y*. 


Let y(t), y2(t) be two closed curves parameterized in [a,b] which do not 
pass through the origin such that 


In@—-rOl<|ln@l), +t € [4,4]. 
Prove that Ind(y;, 0) = Ind(y2, 0). 


Let yy (t),a <t <b,n =1,2,... be a sequence of closed curves and y(t), 
a <t <b, another closed curve such that y,(t) ——~> y(t) uniformly on 
n—-oo 


[a, b]. Show that if z is a point that does not belong to y, then 
Ind(y, z) = Ind(/n, z) 
for n => no, No big enough. 


Give an example of a closed curve y such that Ind(y, z) is a function of z 
which is not bounded when z € C \ y*. 


Let y(t), a < t < b be aclosed curve with finite length. Show that there is 
a sequence of closed polygonal curves P,(t),a <t <b,n =1,2,... such 
that: 


a) Py(t) a y(t) uniformly on [a, 5]. 
b) L(Pn) 7 L(y). 
c) lim, Ind(Pn,z) = Ind(y, z) ifz ¢ C\ (y* UU, P*). 


Let y(t), 0 < t < 2m beaC! closed curve such that y* C T, Ind(y,0) =n 
and L(y) = 2z|n| for an integer n. Prove that if g(t),0 < ft < 27, isa 
branch of arg y’(t), then g(t) is a monotonic function on the interval [0, 27], 
that is, y describes |n| times T forward or backward. 


Give an example of a closed Jordan curve y, with L(y) = +00. 


Let y(t), witha < t < b, be aregular curve, that is, a curve of class C! with 
y(t) 4 0,a <t <b. Show that: 
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a) There exist constants m, 4 > 0 and 6 > 0 such that 


m|t —s| <|y(@)—y(s)| < wlt—s| ift,s € [a,b] and |t—s| <6. 


b) There exists a constant K > 0 such that 


/ ly dt < Kr 
{t: |y(@t)—z|<r} 


forz € C andr > 0. 


21. A bounded domain of the plane with regular boundary which is simply con- 
nected is a Jordan domain. Is this statement true for every simply connected 
bounded domain? 


22. Let U be an open set of the plane such that C* \ U is connected. Show that 
each connected component of U is a simply connected domain. 


23. Let gy: [a,b] — R be a function with continuous derivative. Show that the 
subgraph-type domain 


U={(x,y), a<x<b,0<y<(x)} 


is a simply connected domain with piecewise regular boundary. 


Chapter 2 
Functions of a complex variable 


The aim of this chapter is to introduce the concept of function of a complex vari- 
able and to describe the most common ones, such as exponential, logarithmic and 
trigonometric functions. In doing so, we will extend differential calculus to the 
complex context. The most important way to define new functions of one complex 
variable is by means of power series. This is the reason why complex power series 
are studied in detail, stressing the fact that the natural domain of power series, even 
real ones, is in the complex plane. 

The extension of the notion of derivative to functions of a complex variable 
leads to the concept of a holomorphic function, which is considered both from an 
analytic and a geometric point of view. Power series define holomorphic functions; 
but in fact there is a much deeper connection between holomorphic functions and 
power series because, as one will see in Chapter 4, any holomorphic function is 
locally the sum of a power series. 

The study of functions locally expressed as a sum of a power series, called 
analytic functions, is then equivalent to the study of holomorphic functions. The 
last sections of this chapter are devoted to the study of both real and complex analytic 
functions. 


2.1 Real variable polynomials, complex variable polynomials, 
rational functions 


Usually, complex-valued functions f: U — C defined on a domain U in the 
complex plane will be considered. They may be represented as f = u +iv, where 
u = Re f,v = Im ff are real-valued functions defined on U. 

The simplest functions are the polynomials of the complex variable z, P(z) = 
do + a1Z + doz? +--+ + ayz”, with a; € C, which are functions defined on the 
whole complex plane C. The number n is called the degree of P and is denoted by 
deg(P). Recall that due to the fundamental theorem of algebra we can write 


P(Z) = an(z — @1)(Z — @2) +++ (Z — Qn), 


where the points a; are the zeros of P, counting multiplicities. It is important to 
distinguish these polynomials from polynomials with two real variables x and y. 
It is clear that if one has a polynomial P(z) and replaces z by z = x + iy, then 
one obtains a polynomial P(x, y) with variables x, y and complex coefficients; one 
may also write P(z) = P(x, y) +iP2(x, y) with P;, Pz real-valued polynomials; 
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for example, 
z? = (x +iy)* =x? —y? + i2xy. 

But not every polynomial in x, y with complex coefficients (or equivalently every 
polynomial P; + iP2 with P;, P2 real-valued) is a polynomial in z; for example, 
x? + y? is not. In fact, one will see below that any polynomial that only takes real 
values cannot be a polynomial in z. 

How may one recognize if a polynomial P(x, y) is, in fact, a polynomial P(z) 
in z? This question may be solved algebraically, finding P(z) directly: itis enough 
to express x, y in terms of z, Z, 


a 


i ay 
substitute these variables in the polynomial P(x, y), and check that there is no term 
in Z. Another answer for this question is the following: 
Let y(t) = x(t) + iy(¢) be a complex function of the real variable t. In (1.2) 
we have already defined y’(t), the derivative of this function, as 
_ vt th)—yv@) 
‘(t) = lim —H— 
y= en h 
in the points where this limit exists. In this case it reads y’(t) = x'(t) +iy’(t). The 
formal properties of the derivative y’(t) are the same as in the case of real-valued 
functions. Hence, for example, if m € IN then 


(yt) = my(t)”"y'(0) 


which is a consequence of equality (1.3). Then it follows that if P(z) = YS ayz! 
is a polynomial in z, one has that 


[Py @)! =O do lay@y'. 
1 


1 


If now, as natural, one denotes by P’(z) the polynomial )°, / a,z'—!, one has the 


following rule: 

[Poy] = y'P'(y). 
It turns out that the polynomials in z are the only ones which have this property. 
Actually, suppose that P(x, y) = >> kj Ui af y/ has the property 


[Poy]! =y'Q(y). 
for some polynomial Q and for all differentiable functions y(t). Taking y(t) parallel 
to the real axis, y(t) = ¢t + ib, b € R, one has that oP = Q. Taking y(f) parallel 
to the imaginary axis, y(t) = a+ it,a € R, one has r = iQ. Then, 

OP OP 


SS pe 2.1 
dy ae ah 
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thatis, jaz,; = i(k+1)ax41,;—-1. Introducing the numbers by, ; = k!j !ax,; (-i)/, 
the previous equation means that bg41,;-1 = bx,;, that is, by iteration, that bx, ; 
just depend on the value of k + j = /. Hence, by,; = bx+;,9. One then has 
kK jlax,; = (kK + f)lax+;,0i7, that is, 


k+j)., 
ans = ( ; \Paeaio 


and so P(z) = >), Gye Consequently, one has shown analytically that the 
relation [P o y]' = y’Q(y) for a polynomial Q and for any y(t) holds if and only 
if P is a polynomial in z, and in this case OQ = P’. 

The rational functions are those of type 
_ PZ) 

Q(z)’ 
where P, Q are polynomials in z. Simplifying the possible reducible common 
factors, one may suppose that P, Q have no common zeros; in this case, the 
function R is not defined in the set Z(Q) of the zeros of Q, which are also called 
poles of R. Hence, R is acontinuous function on C \ Z(Q). Every rational function 
R has a unique decomposition as a sum of a polynomial (which only appears in the 


case that the degree of P is greater than or equal to the degree of Q) and simple 
fractions, that is, of the kind 


R(z) 


a 
(z—a)k’ 

where a € Z(Q), a is aconstant and k is less than or equal to the multiplicity of 

a as a zero of Q. This result may be proved in a purely algebraic way, but we will 

also give an analytic proof later on (see Theorem 5.13). 

Observe that any rational function, R = P/Q, defines a continuous function 
from C* to C* taking R(a) = co whena isapole of R and R(co) = coifdeg(P) > 
deg(Q), R(oo) = lim)z|-+o0 R(z) otherwise (this will be zero if deg(Q) > deg(P) 
and the ratio of the leading coefficients if they are equal). 


2.2 Complex exponential functions, logarithms and powers. 
Trigonometric functions 
2.2.1 The exponential function 


The exponential function of a real variable, e*, is familiar from calculus. The 
exponential function when the exponent is a pure imaginary number, e’”, has been 
defined in Subsection 1.4.1, as 


e’” =cosy +isiny. (2.2) 
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The natural extension to any complex exponent is the following: 


Definition 2.1. For z = x +iy, the exponential function of z with basis e is defined 
as 


e*? =e*(cosy +isiny). 


Using the formulae (1.1) for the sine and cosine of a sum, one may check 
immediately the following rule: 


e =e’-e”, ifz,weC. 


This relation is the fundamental property of the exponential function. In particular, 
one has that e-* = 1/e? and e* $ 0, for all z ¢ C. The equation e? = 1 has 
infinite solutions: z = 27ki, k € Z. The exponential function is 27ri-periodic: 
e2t2mki — 97 & € Z. Furthermore, |e?| = e®°7, Imz € arge” and e? = e” if 
and only if z — w is an entire multiple of 277. 

The exponential map is bijective from the strip B = {z : —m < Imz < z} 
to C \ {0} and so it is also injective in all horizontal strips of width less than 27. 
The horizontal line y = yo is transformed by the exponential function into the 
infinite open ray starting at the origin and making an angle yo with the real axis. 
The vertical line x = Xo is transformed into the circle centered at the origin and 
with radius e*° (Figure 2.1). 


A ex 

F 7 > 

i(yo + 2m) SN 
QP 

oe 
iyo > 
0 xo XO 
Figure 2.1 


A line y = mx with slope m # 0 is transformed into the curve with parametric 
equation x — e* -e’”*, which is a spiral (Figure 2.2). 
2.2.2 Logarithms 
As important as the exponential function is its inverse, the logarithm function. 


Definition 2.2. For z ¢ C, z ¥ 0, the logarithm of z, log z, is any complex number 
w such that e” = z. 


2.2. Complex exponential functions, logarithms and powers. Trigonometric functions 43 


> 
> 


© 


m>0O 


Figure 2.2 


The real exponential function is a bijection from R onto RT, and so only the 
positive real numbers have a real logarithm. This defines the (natural) logarithm 
function Log: Rt — R, inverse of the exponential function. In the complex case, 
solving the equation e” = z, equivalent to e®°¥e'™” = |z\e!*87, it is seen that 
all the logarithms have the same real part, Log |z|, and that its imaginary part is an 
argument of z, 


log z = Log |z| + i arg z. 
Hence two logarithms of z differ in an entire multiple of 277. 


Definition 2.3. Among all the logarithms of z, the one defined by Arg z is called 
the principal logarithm and it is denoted by Log z, 


Logz = Log |z| + i Argz. 


When Z is a positive real number, this logarithm coincides with the natural 
logarithm. Hence Log is a complex function defined in C \ {0} and, as in the case 
of the principal argument function, it is discontinuous on the negative half of the 
real axis. The rule 

logzw = logz + log w 


is valid if interpreted as equality between sets. But the rule Log zw = Log z+Log w 
is not; for example, for z = w = —1—i onehas Log z = Log w = Log J2- 32 ij, 
while for zw = 27 one has Log zw = Log2 + ak 

As done in the case of the argument, one will speak about continuous branches 
of the logarithm. 


Definition 2.4. A continuous branch of the logarithm in a connected set E C C, 
not containing zero, is a continuous function g on E such that e&@) = z,ifz € E. 
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More generally, if f: E — C is a function defined on any set E and f(z) 4 0 for 
z € E, then a continuous branch of log f is a continuous function g defined on F 
such that e&@) = f(z),z € E. 


The equivalence between continuous branches of the logarithm and continuous 
branches of the argument is obvious, since the argument is the imaginary part of 
the logarithm and the real part is completely determined. For example, Log is a 
continuous branch of the logarithm in the complement of non-positive numbers. 
In the complement of any infinite ray, and in particular, in any disc not containing 
zero, there are continuous branches of the logarithm. In Theorem 1.23 the case of 
curves has been examined, that is, when F is an interval. Also, as a consequence 
of Theorem 1.23 there is a continuous branch h(t) of the logarithm of y(f) for all 
continuous curves avoiding the origin. Moreover if y is differentiable, then h is 
also differentiable and h’(t) = y’(t)/y(t). 


2.2.3 Complex powers 
Definition 2.5. Given z, w € C,z 4 0, we define z” as the set of complex numbers 


w w logz 


a =e where log z is any logarithm of z. (2.3) 


When log z is the principal branch, e“ '°2? is called the principal branch of z”. In 


general, if f: E — C is a function defined on a connected set E with f(z) 4 0, 
z € E,andw € C, acontinuous branch of f” is acontinuous function g: E > C 
such that g(z) € [f(z)]”,z € E. 


Clearly if there is a continuous branch h of log f, then g(z) = e¥*® isa 
continuous branch of f”. Since two logarithms of z differ on an entire multiple of 
271, two possible values of z” differ on a factor e2kniw k & Z and have, then, the 
same modulus, which is |z|", if w is a real number. If w is an integer m, all these 
factors are 1. In this case the set of powers is reduced either to the unique value 
z™ — z---z (m times) ifm > 0, or z™ = z7!.--z7-! ifm < 0. If w is rational 
with irreducible expression oe then Definition 2.5 coincides with the one given in 
Subsection 1.1.2 and z”/” is a finite set of m numbers. If w is irrational, then 


w= ew Log |z| . iw Argz erkriw k eZ, 


which is a dense sequence of points in the circle centered at 0 with radius |z|”. If 
w = it is pure imaginary, one has 


v= eit Log|z! . et Argz .@ t2ka keZ. 


Example 2.6. 1” is the set of complex numbers e2tikw k € Z, andif w = it, 
this set is formed by the real numbers e~27"*, k € Z. O 
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Observe that, in general, one has logz” = w logz + 27 Zi, understood as an 
equality of sets. Arithmetic rules such as 


iz’)? = 707 (2.4) 
must be properly interpreted. The left-hand side term is w”, with a = z; hence, 


(2) = en loga = en (w logz+2nZi) _ enw logz+2anZi 


From here it is deduced that the set (z”)” contains the set z””, and they are the 
same only if 7 is an integer. Only if w, 7 are both integers, (2.4) is a valid equality 
for numbers. Applying it in other cases may lead to absurd conclusions. For 
example: assume z # 0; then z = e” for a certain w; let 7 = w/2mi. Then 
Se" = 6 a (ey =i = 11) 


2.2.4 Trigonometric functions 


From Euler’s identity (2.2) it follows that 


eix ae ex ei = e ix 
cos x = —————,__ sinx = —————_ 
2 2i 
So the extension of these functions to the complex field is naturally defined by 
eZ ae eZ : eZ = eZ 
cosz = —— sinz = ¥ , zeEC. (2.5) 
i 


It easily follows that cos z, sin z are 27r-periodic, that is, cos(z + 27k) = cos z and 
sin(z + 27k) = sinz,k € Z. It is also immediate to check 


cos(z + w) = cosz cos w — sinz sinw, 
Zz,weC, (2.6) 


sin(z + w) = sinz cos w + cosz sinw, 


as well as the fundamental relation 


2 


cos?z+sin*?z=1, zeC. 


Unlike the real case, the functions sinz, cosz are not bounded functions. For 
2 —x x 
example, cosix = ete — oo when x > oo. 


2.2.5 Hyperbolic functions 


In a similar way we can also consider the hyperbolic functions of a complex vari- 
able z, defined by 


Zz =z Zz =Z. 
e*+e e7 —e 
Ne shz = ———-,_ z EC. 
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These functions are linked to trigonometric functions by the relations 
chz=cosiz, shz=-—isiniz, zeéEC, (2.7) 

and satisfy the equality ch? z — sh? z = 1. The addition formulae 


ch(z + w) = chz-chw+shz-shw, 
Zz,weC, 


sh(z + w) = shz-chw-+chz-shw, 


are also valid. Applying addition formulae (2.6) to cos z = cos(x +iy) and keeping 
in mind the relations (2.7), one has that 


Recos(x + iy) =cosx-chy, Imcos(x +iy) = —sinx-shy, 
Resin(x +iy) =sinx-chy, Imsin(x +iy) =cosx-shy. 
Now one may calculate | cos z| and | sin z|. Writing always z = x + iy it turns out 


that | cos z|? = (cos x ch y)? + (sinx sh y)* = ch? y — sin? x(ch? y — sh? y) = 
ch? y — sin? x. That is, 


|cosz| = yeh? y = sin? x = cos? x + sh? y, 


and analogously, 


| sin z| = sh? y + sin? x = ch? y — cos? x. 

From these equalities we get the estimates 

|sh y| <|cosz| < chy, 

|sh y| < |sinz| < chy, 
which show that | cos z|,| sin z| — co when |y| — oo, that is, when one travels 
away from the real axis. One may also deduce that the growth of | cos z|, | sin z| is 
faster than the one of | sh y| and slower than the one of | ch y]. 
2.3 Power series 
A very important way of defining new functions is using power series of the complex 


variable z. The natural domain of definition of power series, including the ones of 
areal variable, is in the complex plane, as will be seen. 
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2.3.1 Series of complex numbers 


The series °°? 9 Zn with general term z, € C is said to be convergent with sum S 
if the partial sums yy Zn have limit S, when N — oo. If Zn = Xn + ivy and 
S = A+/iB, this is equivalent to the fact that the series of real numbers )* Xp, 
>>» Yn are convergent with sums A, B, respectively. 

The series 5 Z, is said to be absolutely convergent if the series of modulus 
>- |Zn| converges; once again this is equivalent to the series of real and imaginary 
parts being absolutely convergent. 

Example 2.7. Consider the series )-?_, a Its real part is }° ee 
ternating series whose general term has modulus decreasing to zero, whence con- 
vergent; the modulus of the general term is comparable to 1. and so the real part 
is not absolutely convergent. The imaginary part is }~ 


an al- 


1 . -* 
reas with positive general 


term comparable to on and so absolutely convergent. Then, the complex series is 
convergent, but not absolutely convergent. O 


The following result dealing with the different ways of summing a series will 
be used later on. 


Proposition 2.8. a) A series of complex terms is absolutely convergent with sum S 
if and only if all its rearrangements are convergent with the same sum S. 


b) An absolutely convergent series may be summed in blocks arbitrarily. 


The meaning of this proposition is that if one has a countable family {Zz}, 
a € A such that, in a certain order, their moduli have finite sum, then this family 
has a well-defined sum )°y¢4 Za, independently of the ordering used (it is said to 
be a summable family). Furthermore, one may calculate the sum using arbitrary 
blocks; that is, if A is the disjoint union of the sets Aj, i € J, then )>o¢4 Za = 


diel paneer Za: 


Proof. In parta) it will be only shown that if }~ z, is absolutely convergent with sum 
S, then any rearrangement is also absolutely convergent with the same sum. The 
converse for real series may be found in [10], p. 76, and follows for complex series 
separating real and imaginary parts. Let )* w, be a rearrangement of the series 
>= Zn, Supposed absolutely convergent with sum S, and write S, = yy Zk, In = 
r= We. If Sm contains all the terms of 7, then )°2_, |we| < VL, |ZK| < 
bara lZn| < +00, so )° Wy is also absolutely convergent. Now, given e > 0, 
choose n € NN in such a way that 


co 


S—S,| < Ze| <€. 
| 
k=n+1 
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If 7,, contains all the terms of S, and r > m, one has 
|T; —Sp| <e 
and finally, 
|S — T,| < |S — Sal +|Sn—-T,|<2e ifr > m, 


that is, > wy, = S. 

For part b), start observing that, since the complete series }° <4 Za is absolutely 
convergent, itis clear that each block } "44, Za is also absolutely convergent. Write 
now Si = )igea, Za if i € J; the series ee 7 Si 1s also absolutely convergent 
because if the indexes of J are rearranged in some way, say 11,i2,...,in,... and 
one takes a finite sum, then 


< DO eal +--+ SO |zal < 90 |zu| < +00. 


n 


| Six 


k=1 acA;, acd;, acA 
Order now the indexes of A in the sequence {@1,@2,...,@n,...}, and given e > 0, 
choose WN such that 
De Hay | <¢. 
n>N 
Now one can find a finite set of indexes i, i2,...,i,, of J such that {a@1,...,ay}C 


Aj, U-++U Ages Then for any r > ro one has 


Di ae ae Oe — Zan = Si, cha ge) to » Zen 
n n<N 
+ | ‘a Zan — dita < 2e. 
n<N 
This means that )iye4 20 = Die Si = Vier Diwed, Za: O 


To illustrate how to apply these properties consider now the double series 
enmeN Zn,m. The numbers {Zn,m} may be thought as the entries of an infinite 
matrix, with 1 representing the index for rows and m for columns. One possibility 
is to sum the terms of the matrix first by rows, paw Zn,m, and after that, to sum up 
the results obtained, 5°, >°,,, Zn,- Alternatively, one may sum first by columns and 
then sum up the results. In general both are not equal, that is, the identity 


yO aan = yy Fain (2.8) 


2.3. Power series 49 


is not true; it could happen that one term makes sense but not the other one, or even 
that both make sense but have different values. For example, taking Zp, = 1 if 
n=m+1, Zam = —lifn = m—1 and Zmpn = 0 in other cases, it turns out 
that ro, oy Znym = —1 but P| Dy Zmn = 1. From Proposition 2.8 it 
follows that if either }°, >0,, |Zn,m| OF dom Don |Zn,m| is finite, then both members 
of (2.8) make sense and are equal. This statement is, in fact, Fubini’s theorem for 
series. As an application of this result the multiplication of series of complex terms 
will be studied now: 


Proposition 2.9. Suppose that )°,, dy and )°,, bn are absolutely convergent with 


respective sums A and B. Then the series )°, cx, where cp = ee AnDg_n, is 
absolutely convergent with sum AB. 


Proof. Obviously ¥¢x ck] S Yn |4n|lbml = Quy lanl)Qlm |Pml) < 00, so 
the series )* cx is absolutely convergent. This shows also that the double series 
an anbm is summable (absolutely convergent); summing first in m and then in 
n we get AB, and grouping a,b, in blocks defined by n + m = k, k fixed, we 


get D> cg. O 


The series }°;, cx of the previous proposition is called Cauchy’s product of the 
series >, dn and >>, bn. 


2.3.2 Function series 


We will need uniform convergence criteria for function series }°,, fn(p), where the 
functions f, are defined on an arbitrary set X. Recall that the concept of uniform 
convergence is the one that guarantees the continuity of the sum in the case that a 
topology is defined on X and that each function f;, is continuous on X. 


Theorem 2.10 (Weierstrass M-test). If | fn(p)| < My, for all p € X,n > 1 and 
yen Mn < +00, then the series >*,, fn(p) is uniformly convergent on X. 


Proof. We can check that Cauchy’s uniform convergence criterion is satisfied. In- 
deed, if m > n then for a fixed ¢ > 0, 


AD] < Vik < OMe <e 
n n k=n 


for n big enough, because )* M, < +00. O 


For example, with this criterion one can see that the series )*°°_9 a” cos(b" 2x) 
with a,b € Rand 0O < a < 1 is uniformly convergent on R, and so it defines a 
continuous function on the real line. Weierstrass used the previous series with b an 
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odd integer and ab > 1 + 37/2 to give an example of a continuous function on R, 
not differentiable at any point. 

Abel’s summation by parts formula is needed to establish a couple of conver- 
gence criteria. 


Lemma 2.11. Let (ay), (bn) be two sequences of complex numbers and write 
An = 41 +2 +++++ yn. Then 


So abe = Anbnsi — De Ax (bp41 — 5x), ne. (2.9) 
k=1 k=1 


Proof. Setting Ao = 0, one has 


n 


> abe = DA — Ani )be 
k=1 


k=1 


L] 


n n-1 n 
= 0 Agbk - y Agbesi = > Ax (be — be41) + Anbnsi- 
k=1 k=l k=1 


Abel’s summation by parts formula is the discrete version of integration by parts 
formula. It may be better seen writing it in terms of A, and by, as in the previous 
proof, that is, 


Yo (Ak = Ag-1)be = Anbngi — > Ae beri — be): 
k=1 k=1 


This equality corresponds to the formula 


b b b 
A'(x)b(x) dx = A(x)b(x)| = / A(x)b' (x) dx, 


if we consider the sequences (Ax — Ag—1) and (bg+1 — bx) as the derivatives of 
the sequences (A;) and (b;), respectively. 


Theorem 2.12 (Dirichlet’s test). Consider a function series )°,, fn(P)&n(p) where 
the functions f,(p) are complex-valued and the functions gy(p) are real-valued 
for p € X,n > 1. Denote by Fy(p) = YR~, fe(p) the n-th partial sum of 
Y- fn(p) and suppose that there is a constant M > 0 such that |Fn(p)| < M, 
forn > 1,p € X. Suppose also that the sequence (gy(p)) is monotonically 
decreasing, £n(P) = Sn+1(p), p € X, n = 1 and that converges uniformly to zero 
on X. Then the series )°, fn(P)Zn(p) is uniformly convergent on X. 
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Proof. Fix ¢ > 0. By (2.9), ifm < m, one has 


m m m k 
Y felP)se(P) = (YO felv)) 8m41(P)-DO (Y2 felP)) (Bev (P)-8e(v) 
k=n k=n k 


=n =n 
(2.10) 
and this expression has its modulus dominated by 
m 
2M gm+i(p) + 2M Y— (ge(p) — ge+i(p)) = 2M Bn(p) 
k=n 
and then is smaller than ¢, for any p € X, if n is big enough. O 


Example 2.13. Summing up a geometric sequence and applying the expression of 
sin x from (2.5) it turns out immediately that 

n i, . 
yee Be le = sin(nx /2) _eiat1x/2 

1—e!* sin(x /2) : 


k=1 


Now taking 0 < 6 < z, it follows that 


n 
ps = | 
k=1 


< 
~ |sin(x/2)| — sind/2 


ifd<x<2n—-6. 


Choosing f, = e’”* and gy = + Dirichlet’s test guarantees that the series 


o 5 
inx 
e 


n 
n=1 


converges uniformly on [5,27 — 6], for any 5 > 0, 5 < a. Observe that the 
Weierstrass M -test cannot be applied, since |e'”*| = 1 and )> + = +00. O 


Theorem 2.14 (Abel’s test). Consider a function series )°, fn(P)&n(p) where 
the functions fn(p) and gn(p) are complex-valued, and suppose that >~,, fn(P) 
is uniformly convergent on X and that there is a number M >= 0 such that, for 
peXx, 


|gi(P)l + >) lgn(p) — Sn4i(p)| < M. 


n>1 
Then the series )°,, fn(P)&n(p) converges uniformly on X. 


Proof. Given €¢ > 0, one has par fk (p)| < e,if m > n are big enough, for 
p € X. Now the modulus of (2.10) is bounded by 


m 
elgm+i(p)| + € >> |ge(p) — ge+i(p)| < 2eM, 
k=n 
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because |ge(p)| < M, for all £ € N, p € X, as may be seen by writing g¢(p) = 
g1(p) + 5s (¢m+1(P) — &m(p)) and taking absolute value. o 


The hypothesis on the sequence (g,) in Abel’s test is satisfied when it is a 
monotone uniformly bounded sequence of real-valued functions on X. 

Clearly, when X is a point, the previous tests become tests for convergence of 
numerical series. For example, the result according to which an alternating series 
of type )>,,(—1)"an, with a, \, 0 is convergent, may be seen as a consequence 
of Dirichlet’s test. More generally, if (/,) is a decreasing sequence of functions 
with uniform limit 0 on X, then the alternating series }°,,(—1)” fn(p) converges 
uniformly on X. 


2.3.3 Domain of convergence of a power series 
A specially important type of function series are the power series. 


Definition 2.15. A power series centered at a point a € C is a function series of 
the form 


+00 
Soe —a)", cy, €C. 
n=0 


So, a power series is a function series )0,, fn(z) with fu(z) = cn”(z — a)" a 
monomial of degree n, and the series may be seen as an “infinite degree polynomial”. 
For each value of z € C one has a complex number series. Beyond formal aspects, 
the interesting feature is how to find the domain of convergence of the power series, 


E= {z € C: the series }°, Cn(z — a)” is convergent}, 


and the properties of the function f defined on E by f(z) = >°,, cn(z — a)”. So, 
z € E if the sequence of partial sums eae Cn(z — a)" is convergent in C. Only 
in particular cases may the partial sums be calculated explicitly and the set E may 
be obtained from the definition. For example, for the geometric series centered at 
the origin, )°,, 2”, one has 


= l-z 
So 2" = ——— ifz 41, 
z 


and if z = 1, the sumis N + 1. Hence, the series is convergent if and only if z+! 

is convergent, that is, if |z| < 1. So, E = D and the value of the sum is 1/(1 — z). 
Some information about the structure of E is given in the following theorem. 

Recall that the upper limit p of a sequence (x,) of real numbers is defined as 


p= inf SUPK>n Xk = lim SUPK>n Xk 
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where p = +00 if the sequence is not bounded from above. We will write p = 
lim sup, Xn. When it is finite, p is the unique number with the two following 
properties: 

1) For each ¢ > 0, infinitely many terms x, of the sequence are greater than 
pe. 

2) For each ¢ > 0, all the terms of the sequence after one of them are smaller 
than p + ¢. 

It turns out that p is the maximum of the set of cluster points of the sequence (x,), 
that is, in the set of the numbers m < +00 for which there is a partial sequence (xx,, ) 
convergent to m, when ky, — oo. If the sequence (x,) is convergent tom < +00, 
then p = m; if the sequence is the finite union of convergent subsequences, p is the 
biggest of the respective limits. 


Theorem 2.16. If >°,, ¢n(z — a)” is a power series and one writes R = ; where 


p = lim sup,, cali (interpreting that R = Oif p = +oo and R = +o0 if p = 0), 
then the series converges uniformly on compact sets of the open disc D(a, R), 
converges absolutely at each point z € D(a, R) and diverges out the closed disc 
D(a, R). Hence, D(a,R) C E C D(a,R) and the interior of the domain of 
convergence E is D(a, R). 


Proof. If |z —a| > R, then |z — a|~! < p, and by property 1) of the upper limit, 

there are infinitely many terms lal which are greater than |z — a|~!. That is, 

there are infinitely many values of 1 such that |c,(z — a)”| > 1; so the sequence 

(Cn(z — a)”) cannot be convergent to zero and z ¢ E. Let us show now that the 

series converges uniformly on every closed disc D(a,r), r < R: if |z —a| <r, 

then |c,(z — a)”| < |c,|r” = Mp, and by property 2) of the upper limit one has 
1 


4 1 . 
Mi! = |cn|7r <r’ < 1 foranumber 7’ and a certain value of n. Then, by the root 
test, the series ba My, is convergent and the Weierstrass M-test assures uniform 
convergence of the power series on D(a, r). O 


The number R is called the radius of convergence of the power series, and 
D(a, R) is the disc of convergence (Figure 2.3). The equality z = lim sup, |Cn |i 
is called Hadamard’s formula. 

In the expression of R, cy is by definition the coefficient of (z — a)”; hence, 
for example, the series )-,, z*™ has cy = 1 if n is even and c, = 0 if n is odd, 


i 1 : : 1 : : 
lim, |c,|" does not exist and lim sup, |c,|" = 1, so the radius of convergence is 
1. In general, observe that if a power series )°,, Cnz” has radius of convergence 
R and one does the change z = wk , the obtained series, bye Cn wk ” has radius of 


1 
convergence Rx, Remark also that 


II 


R = sup {r > 0: 5°, en(z — a)" converges for z € D(a,r)} 


(2.11) 


II 


sup ir > 0: >, |cnlr® < oo}. 
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Figure 2.3 


The following fact for sequences (X%7), Xn > O, is often useful: if there exists 
L = lm a < +00, then also lim a = L. This implies the equality R = 
lim, aot provided that this limit exists. 

It is worth mentioning that, in general, the convergence of the power series is not 
uniform on the whole disc D(a, R). For example, the geometric series }* z” does 
not converge uniformly on D because otherwise it would define a bounded function 
on D, which is not the case. The disc D(a, R) is the biggest open set where the 
series is convergent. In this disc, the series defines a function f(z) = )° cn(z—a)”; 
obviously f is continuous at every point z of the open disc D(a, R), since the 
convergence is uniform on every closed disc with radius r < R. It is not possible 


to give a more precise result about the domain of convergence EF of a power series. 


Example 2.17. The geometric series }},, z” has radius of convergence | and domain 
zt 


of convergence E = D; the series }°,,., 75 


also has radius of convergence | and 


. m . n 
converges uniformly on D by Weierstrass’ test, because ES < + and 7, + < 
+oo. Hence, in this case E = D. O 


These are the two extremal cases; in general, the domain of convergence E 
consists of the open disc D(a, R) and a subset of the circle C(a, R). 


Example 2.18. The series ee z, which has radius of convergence 1, gives the 
harmonic series at the point z = 1, and hence is divergent, while at z = —1 it gives 
an alternating convergent series. We will now prove that at any other point z 4 1 
of modulus | it is convergent; indeed, this series converges uniformly on compact 
sets of type K = {z: |z| < 1, |z —1| = e}, e > O, as it may be seen applying 
Dirichlet’s test with f,(z) = 2", gn(zZ) = 1 Actually, if z € K, then the partial 
sums )7*_, 2” = (1—2%*+1)/(1 — z) are bounded by 2, and on the other hand 
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it is clear that g, \, 0 uniformly (it converges to zero and does not depend on z). 
In particular, this series defines a continuous function on D \ {1}, which will be 
determined below. O 


2.3.4 Operations with power series 


As for polynomials, one may perform some operations with power series: if 
yon Cn(Z—a)”, >, dn(Z—a)” are two power series, the sum is }°,, (Cn t+dn)(z—a)”, 
while the product, as for polynomials, is the series }°,, en(z — a)”, where the coef- 


ficients e, are 
n 
en = > Ckdn—k 
k=0 


that is, Cauchy’s product computed for each z € C. For example, the product of 
the series )°,, 2”z", )-,, 3”z” has the coefficients 


n n k n+1 
2 1— (2/3 
en = y gk 3n—-k = 3” y (5) — 3” ee = gntl a gust 
k=0 3 


If one has two power series }°, Cn(z —a”), >°,, dn(z —a)” both centered at the 
point a with respective radius of convergence R,, Roz, it is clear using (2.11) that 
the sum of the two series has radius of convergence, at least, R = min(R,, R2) 
and, obviously, it defines a function which is the sum of the functions defined by 
each series. A similar statement is true for the product. If |z — a| < R, both series 
are absolutely convergent at z so Cauchy’s product is, by Proposition 2.9. Hence, 
the product series has convergence radius greater than or equal to |z — a|; since z 
is an arbitrary number with |z —a| < R, one obtains that the radius of convergence 
of the product is also, at least, R = min(Rj, R2). 


Example 2.19. Cauchy’s product of the geometric series eo z” by itself has 
n+ 1 as coefficient of z”, and then 


Yat per = (4). O 


n 


Another important operation with power series is complex differentiation, which 
will be treated below. 


2.3.5 The exponential function as a complex power series 


Recall (by Definition 2.1) that e? = e*(cos y + i sin y) if z = x +iy. Hence, the 
function z +> e” extends to the whole plane C the exponential function x +> e* of 
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the real variable x. Now it will be seen that e7 is also, for any z € C, the sum of 
the power series 


co 
zn 


nt 
n=0 


First of all, it is clear that the radius of convergence of this power series is +00, 


since 
(n+ 1)! 


n! 


=n+1—> +0. 


zn 
nn!° 


For the time being, let us denote its sum by E(z) = >> 
tion 2.9, it turns out that 


Applying Proposi- 


gl w™ 
1 (z _ 
“La Sant = = E(z+w). 
n+m= 


In particular, E(z) = E(x)E(iy) = e* E(iy) if z = x + iy, and it remains to 
check that E(iy) = cos y +i sin y. Now, in the expression 


iny” 
E(iy)=)0 a 
—~ n! 


the even terms, n = 2k, give rise to the real part of E(iy), and the odd terms, 
n = 2k + 1, give rise to the imaginary part. Consequently, 


Re E(iy) = xe api = 8) 
: yo ; 
Im E(iy) = BG ——— Qk +)! = siny, 


and finally 
oo gh 
E(z) = »~S= =e*(cosy +isiny) =e’, zeéC, 
0 
as had been stated. 
From definitions (2.5) the development in power series of the complex trigono- 
metric functions follows: 


z2n z2ntl 


cos Zz = xe y" Gn!’ sinz = Le Nera Dr 
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2.3.6 Convergence at the boundary 


Let )°,,9 Cn(Z — a)” be a power series with radius of convergence R. Denote by 
S the set of points z such that |z —a| = R and the power series converges at z, that 
is, S = FE C(a, R). If S is non-empty and m > 1 is a real number, consider the 
set 
Sm = {z: |zZ-—a| < R, d(z, S) < m(R—-|z—-al)}, 

where d(z, S) is the distance from z to S. If S has only a point w, the set S,, has, 
in a neighborhood of w, the shape of an angle with vertex w and measure strictly 
smaller than z, depending on m, called a Stolz angle (Figure 2.4). 


Sin 


Figure 2.4 


For a general S, Sm is the union of all Stolz angles with vertex at the points 
of S. 


Theorem 2.20 (Abel). With the previous notations, suppose that S is non-empty 
and that the series )),, Cn(Z —a)” converges uniformly on S. Then the convergence 
of the series is also uniform on the set Sm, for all m > 1. In particular, the sum 
function is continuous on Sj, and one has 
lim Cy(z—a)" = Cr(w—a)”", wes. 
_ dim. » n(Z 4) » n(w —a) 

Proof. The proof is done only in the case S is a point w; without loss of generality, 
one may suppose a = 0, R = | and w = 1. Apply Abel’s test (Theorem 2.14) 
taking fn(Z) = cn, gn(z) = 2”. By hypothesis, the series )/,, cn is convergent so 
that trivially }°,, fr converges uniformly (on any set). Let us check now that the 


condition on |g,| is satisfied on S,, = {Z: |z| < 1,|z—1] < m( — |z])}; actually, 
one has 
1-2z| 
1 PS 1+|l—-z aha <1l+m. O 
+> | |=1+ [1-21 0 Iz! eg 


n>0 n>0 
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If f(z) = >0,cn(2 — a)” and w € S, the previous theorem says that 
limz+y f(z) = f(w), if z approaches to w inside S,,. In particular, this is true if 
z tends to w radially, that is, lim;+1 f(rw) = f(w). If w is interior to S, that is, 
if there is an arc centered at w contained in S, then f is continuous at w (since a 
whole neighborhood of w contained in D(a, R) is inside S,,). In particular, if § is 
the whole circle C(a, R), f is continuous on the whole closed disc. 

Abel’s Theorem gives amethod for summing series when applied in the following 
way. Suppose that )~ c, is a convergent numerical series and we want to compute 
its sum; consider the power series )* c,z”. Since it converges for z = 1, this series 
has radius of convergence R > 1 and one has 


lim ” Cyr” =p Cnh- 
r>1,r<1 


In the case that R > 1 this is true because the sum function is continuous on the 
open disc of convergence, and if R = 1, it is guaranteed by Abel’s Theorem. The 
problem of computing >> cy has become the problem of evaluating }> cnr” and then 
computing a limit. At first glance we have made it more complicated. However, the 
point is the fact that it could be much easier to compute > c,z” for |z| < 1, using 
the resources of complex differentiation, which will be shown later, and general 
operations with power series, instead of computing )~ c,. Observe, however, that 
there may exist lim-.1 }> cnr” even when )~ cy is not convergent. For example, 
if Cc, = (—1)” we have 


re) 1 | 
‘ hs ae _t 
de 2 =i ler 
n= 


Example 2.21. The series eer =" is convergent because it is an alternating 
series with the absolute value of its general term decreasing to zero. Consider the 
power series )~ ce: in Example 2.34, using complex differentiation, it will be 
proved that its sum is — Log(1 + z) when |z| < 1. Now, by Abel’s Theorem, one 


has 


—1)" —1)" 
5S ) = tim yo ) r” = — lim Log(1 +r) = —Log2. 
n r—>1 


r>1 n 
n>1 n>1 


Ata point z 4 —1, |z| = 1, the series }> ci" z” is also convergent according to 
Dirichlet’s test, because 


ro (ler 2 


n 
-1f24| = | < : 
pa ) 1+2z ~ |l+z| 
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Hence, Abel’s Theorem gives 


x a =—Log(1+z), |zZj)=1,z4-1. 


n=1 


That is, if 9 € [0,27], 0 # m andz = e!? we obtain the formulae 


1)” 0 
cS wees = —Log|1 + z| = —Log ¥2+ 2cos9, 


(= vw sinnO _ ABA tay Sasi tees” 


For the particular value 9 = ae (z = i), the second formula becomes the equality 


m 


— (-1)™ 
onei 4 


O 


2.4 Differentiation of functions of a complex variable 


For a better knowledge of the properties of functions of a complex variable, one 
needs to extend differential calculus to the complex field. This is done next. 


2.4.1 Holomorphic functions 


Definition 2.22. Let U be an open set in the plane and f a complex function defined 
on U anda € U. One says that f is C-differentiable at the point a if there exists 
the limit 


fy COTO gg CeO TO 


z>a,zeU Z= a h->0 


= f"(a). 


The complex number f’(a) is called the (complex) derivative of f at the point a. 


The definition is, then, analogous to the case of functions of a real variable and 
J ‘(a) has the same meaning: it measures the variation of f in a neighborhood 
of the point a. It is worth mentioning, however, that now the increment h takes 
complex values. In other words, the fact that f is C-differentiable at a means that 
there is a complex number a@ such that the increments f(a + h) — f(a) may be 
approximated to the first order by wh, that is, 


flat+h)—- f@ =ah+o(h), jim om = 0. (2.12) 
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In particular, it turns out that if f is C-differentiable at the point a, f is continuous 
at a. 


Definition 2.23. If the function f is defined on the open set U and it is C-differ- 
entiable at all points of U, it is said that f is holomorphic on U. We will denote 
by H(U) the set of all holomorphic functions on U. The functions which are 
holomorphic on the whole complex plane are called entire functions. 


If f ¢ H(U), then we define on U the (complex) derivative function of f, 
denoted by f’, with value f’(z) at each point z € U. For example, if n is natural, 
then the function f(z) = z” is C-differentiable at any point a, with derivative 
f'(a) = na"! because 


Zz? —q" 
= Zl pn 2 4 pM 3g2 4. 4 gh 2 4 gh! 


Z—a 


has limit na”~! when z — a. The function f(z) = Z is not C-differentiable at 
any point because 


f@)-f@ _z2-a_|h 
at ne tT ae a 
and if z approaches a horizontally, that is, z = a +h,h € R, then the quotient has 
value 1, while if z approaches a vertically, that is, z = a + ih, h € R, then the 
previous quotient takes the value —1. In the case of the function f(z) = |z|?, the 


incremental quotient is 


OSE ENA ae ie 

i =a+a Roe 
If h is real-valued, its limit when h > 0 is a +a, and a —a if h is pure imaginary; 
if f is C-differentiable at the point a, these values must coincide and consequently 
a = 0. Since at a = 0 the previous limit vanishes when h — 0, one may conclude 
that the function is C-differentiable only at the point a = 0. 

This example shows the difference between the real and the complex cases. In 
the complex case, setting the existence of the limit which defines the derivative is 
something really restrictive, since there are infinitely many ways of approaching 
a: by horizontal, vertical or sloping lines, along a spiral or any curve which ends 
at a. This will induce holomorphic functions on a domain to behave much better 
than their real analogues, functions of a real variable which are differentiable on a 
certain interval. 


Example 2.24. The exponential function e? is holomorphic and coincides with its 
derivative. This is immediate from the definition, since 


z+h Zz h 

. e —e . er) 
lim ————— = e” lim 

h>0 h>0 


=e’, 
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It is an entire function which extends the real exponential function to the whole 
plane. Considering the definitions (2.5) and the fact that the usual rules of derivatives 
are also valid in the complex case, it turns out that the functions sin Zz, cos z are also 
entire functions, and (sin z)’ = cos z, (cos z)’ = —sinz. O 


Compare now the definition of C-differentiable function with the one of dif- 
ferentiable function, considering f: U — R? as a function of two real variables. 
Recall that f is differentiable at the point a if there is an R-linear mapping from 
R* to R? — the differential df(a) — such that 


flath)— f(a) =df(@ah+o(h), aheR?~C. 


Comparing with (2.12), it turns out that f is C-differentiable at a if and only 
if it is differentiable in the real sense and the differential df(a) is of the form 
df(a)(h) = ah witha € C. But, as seen in Proposition 1.9, the R-linear mappings 
from R? to R? which are of this type are exactly the C-linear ones. Hence, the first 
part of the following theorem is proved: 


Theorem 2.25. The function f, defined on a neighborhood of the point a € C, is 
C-differentiable at a if and only if it is differentiable at a and the differential df (a) 
is C-linear. If f =u +iv with u and v real-valued and f is differentiable at the 
point a, then f is C-differentiable at a if and only if the following equations hold 
at this point: 

Ux = Vy, 

oe (2.13) 
Uy = —Vx. 


The equations (2.13), in which the notation vu, = gu Uy = mu, Ux = ou and 


Vy = - is used, are called Cauchy—Riemann equations. 
Proof. It has been shown, after Proposition 1.9, that a matrix A = (aj;)j,;=1,2 is 
the matrix of a C-linear mapping, that is, a mapping of type h > ah, a e€ C, if 
and only if 

411 = 422, 

412 = —421, 


and then it is@ = a1; +id21. In the case of the mapping df (a), with f = u+iv, 
its matrix is the Jacobian matrix of f, that is, a1) = Ux, d21 = Vx, G12 = Uy, 
a22 = Vy. 0 


A different way to deduce Cauchy—Riemann equations is the following one: the 
limit of the incremental quotient must be f’(a) for all directions. If the increment 


h is real, the limit 
km LE t= L@ 
im 
h->0 h 


62 Chapter 2. Functions of a complex variable 


is of (a) = ux(a) + iv,(a), while if the increment h is pure imaginary, h = iy, it 


PL flativy-f@ __, af 
im : =] 
y—>0 iy oy 


(a) = —i(uy(a) + ivy(a)). 


Equating now real and imaginary parts, Cauchy—Riemann equations may be de- 
duced. Observe that we have also shown that if f is C-differentiable at a, then 


0 0 
f"(a) = us(a) + ive(a) = (a) = “i 


This way, if Jy is the Jacobian matrix of /, it turns out that 


det(Jy(a)) = ux(a)? + vx(a)? = | f'(@)?’. 


Looking again at the example of the function f(z) = |z|? = x? + y?, one has 
that f is differentiable at any point, but Cauchy—Riemann equations give 2x = 0, 
2y = 0, and so they hold only at the origin. 

Note that if f is holomorphic on a domain U and f’(z) = 0, for all z € U, 
then f must be constant on U because / is differentiable with df(z) = 0,z € U. 
This fact is the basis of the following statement: 


Proposition 2.26. Ifa real function f is C-differentiable at a point a, then df (a) = 
0, and so every real holomorphic function on a domain is constant. Every holo- 
morphic function f = u +iv ona domain is completely determined by its real 
part, except for an additive pure imaginary constant. 


Proof. If v = 0, the Cauchy—Riemann equations imply ux(a) = vy(a) = 0, 
Uy(a) = —vx(a) = 0, and then df(a) = 0. q 


The second assertion of the previous proposition means exactly that if f 
u+iv,g = u-+iw are holomorphic functions on a domain with the same real 
part, then f = g+ic, withc ER. 

As a corollary of Theorem 2.25, it turns out that if f = u + iv has partial 
derivatives ux, Uy, Ux, Vy on a neighborhood of the point a which are continuous at 
a (so that f is differentiable at a) and Cauchy—Riemann equations hold at a, then 
f is C-differentiable at a. 


2.4.2 Holomorphic functions and conformality 


We begin this paragraph with a review of the geometric meaning of the differential 
of a differentiable mapping f: U — R” onan open set U Cc R",n > 2. Recall 
that the differential of f at the point a, df (a), satisfies 


km Lat) —f@—-d@@ _ 


0. 
0 [h| 
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Ify: J — U, where / is an interval of R, is a differentiable curve (with tangent at all 
points) which contains a, write a = y(0), the composition f o y is a differentiable 
curve which contains f(y(0)) = f(a); its tangent vector at this point is 


dt |, 


“4 
(foy=) ot (1) Hi) _ = Fa"). 
= i=1 = 


That is, df(a) is a mapping that makes a correspondence between each tangent 
vector to a curve at the point a and the tangent vector to the image curve at the point 


f(a). 


Definition 2.27. A differentiable mapping f: U — hk” is conformal at the point 
a € U if df (a) is invertible and preserves oriented angles. 


This means that the linear mapping df (a) is conformal in the sense of Defini- 
tion 1.8 (extended to R”). Bearing in mind the geometric meaning of df(a), the 
fact that f is conformal at a means that if two curves yj, y2 intersect at a with an 
angle a, then the image curves f oy,, f oy intersect at f(a) also with an angle a 
(Figure 2.5), understanding that the angle between two curves at a common point 
is the angle between their tangents at this point. 


tS (v2) 
"1 fa 


Figure 2.5 


In the case n = 2, Proposition 1.9 tells us that f is conformal at a if and only 
if it is C-differentiable at a and f’(a) 4 0. So if the curve y has tangent vector 
y'(0) € C ata = y(0), the tangent vector of f oy at f(a) is 


(foy)(0) = f'(a)-y'(), 


obtained from y’(0) multiplying by f’(a) = | f’(a)|- e?°, that is, rotating an angle 
@ and making a dilation of factor | f’(a)|. If all tangent vectors rotate similarly, 
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then oriented angles are clearly preserved. Analytically, for two curves y;, v2, the 
equality 
(f° v1) OF © v2)'O) = | f' (a)? yr, ) - 73(0) 


represents the invariance of angles. 


Example 2.28. Consider the transformation f(z) = e7; since f’(z) = e7 # 0, 
f is conformal at any point. The horizontal line y = yo is mapped onto the ray 
x b> e*e!¥, the vertical line x = x9 onto the circle centered at 0 and with radius 
e*, Horizontal and vertical lines meet at right angles, as do their images. A line 
with slope m, y = mx, which meets horizontal lines at an angle ~w = arctanm, 
becomes the curve x +> e*e!”*, which is a spiral (Figure 2.6). At a point P = 
e*eimx — f((1 + im)x), the spiral has tangent (1 + im)e*e’”*, which meets the 


ray starting at the origin and also containing P at an angle a. O 
x 
ee 
a 
P 
sy a 


Figure 2.6 


The mappings that preserve the size of the angles but change their orientation 
are called anticonformal mappings. 

According to Proposition 1.12, one may say now that if f: U — R” is differ- 
entiable on the open set U of R”, then f is conformal or anticonformal on U if 
and only if for each x € U, one has df(x) = A(x) O(x) with O(x) an orthogonal 
matrix and A(x) > 0. Taking determinants it turns out that 


det(J¢(x)) = det df(x) = A(x)" det O(x) = 4A(x)” 


and so, automatically, A(x) = |det Jy (x)|1/". 

Besides linear transformations T of type AO, with O an orthogonal transfor- 
mation, the main examples of conformal and anticonformal mappings on R” are 
the inversions with respect to spheres, which will be discussed in Chapter 8 in the 
case of the plane. In dimension n = 2, it has been seen that any transformation 
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given by a holomorphic function, for example e”, cos z, sinz,... is conformal. 
So there are a huge quantity of conformal transformations if n = 2, beyond linear 
transformations, inversions and their compositions. However, if n > 2, there are 
only these ones. 


Theorem 2.29 (Liouville). If U is a domain in R" with n > 3 and the function 
f: U = R® is C! and preserves the size of the angles, then f is the restriction to 
U of a transformation from k" into itself which consists of a finite composition of 
orthogonal transformations, translations, dilations and inversions. 


This is a theorem difficult to prove. For a function f with more regularity, for 
example if f has third-order continuous partial derivatives, one may find a proof 
in [2], p. 105. 


2.4.3 Complex differentiation and antidifferentiation rules 


Using only the definition of derivative, as in the case of a function of a real variable, 
it is easy to check that the usual rules of differentiation of sums, products and 
quotients hold. Hence, if f, g have complex derivatives at the point a, also the 
functions f + g, fg and the quotient f/g, when g(a) # 0, are C-differentiable 
functions, and one has 


(f+s'@=f'@+8'), 
(fg) (a) = f'(a)g(a) + fag’ (a), 


(£) @ _ f@s@ - f@s'@ 
g g(a)? 


The chain rule also holds: (fog)'(a) = f'(g(a))g’(a), when g is C-differentiable 
ata and f is also C-differentiable at g(a). Observe that the chain rule may be also 
deduced from the general chain rule for differentiable functions in the real sense, 
because the composition of linear mappings which consist of multiplying by g(a) 
and f’(g(a)) is the mapping consisting of multiplying by f’(g(a))g’(a). 

Hence, every polynomial P(z) = co + ¢1Z + Coz” +++: + Cyz” of the variable 
z is an entire function and P’(z) = cy + 2c9z +++» +neyz"—'!. Every rational 
function of the variable z, R(z) = P(z)/Q(z) is holomorphic at all the points 
which are not zeros of O (supposing the expression of R is irreducible). 

Moreover, as in the real case, it may be proved that if f is C-differentiable 
at the point a, bijective on a neighborhood of a, with f—~! continuous at the point 
f(a) and f’(a) # 0, then the inverse function f~! is C-differentiable at f(a) with 
derivative Fw (later on it will be proved that if f is bijective on a neighborhood 
of a, automatically f’(a) 4 0). In particular, it turns out that if g is a continuous 
branch of the logarithm on a neighborhood of the point b, then g is C-differentiable 
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at b and its derivative is g’(b) = i. The proof for this case is the following: if 
a = g(b), z is close to b, and w = g(z), one has that b = e*, z = e” and the 
incremental quotient my be written as 


sZ)—sh) _ 1 


Wipa? 
z—b ene 
w-a 


which has limit = = i when z > b(w > a). 

Locally, every branch of the logarithm of a function f which does not vanish on 
an open set U (see Definition 2.4) may be obtained by composing f witha branch of 
the logarithm in the image of f. Consequently, one may deduce from the previous 
rule and the chain rule that if f is holomorphic and non-vanishing on U and there 
exists a branch A of the logarithm of f, then h is also holomorphic on U and has 
derivative h’ = £. Similarly, every branch g of a power f% is also holomorphic 


and has derivative g’ = af’g/f (that is dangerous to write as wf’ f%~!). 

As in real differential calculus, we can consider also the notion of antiderivative 
or complex primitive. If h is a continuous function defined on an open set U, 
a holomorphic antiderivative or holomorphic primitive of h is any holomorphic 
function f on U such that f’(z) = h(z) if z € U. This relation will be studied 
in detail later on; in particular, it will be proved that only holomorphic functions 
may have holomorphic primitives (that is, if h = f’ with f holomorphic, then 
h is holomorphic). Meanwhile we just state some derivation/antiderivation rules 
between elementary functions. Evidently, the first relations one has to point out are 


f'(z) =0 ifandonlyif f(z) =c, c constant, 
f'(®)=e'(2) ifandonlyif f(z) =g(z)+c, c constant, 


if the equalities hold for any point z of a domain in the plane. This means that if h 
has a holomorphic primitive on U, f, f(z) +c is the general expression of all the 
holomorphic primitives of on U. 

The expression 


[rdz=fore 


will denote the general holomorphic primitive of 4 without specifying the domain. 
The reason for the integral notation if will be explained in the next sections. Hence, 
one may write 


n lle n+1y n 
Zz" dz= +o SS (2) =(n4+ 12", 
n 


[eane +c <= (ey =e’, 
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[sinzaz =-—cosz+c, [coszaz =sinz+c, etc. 
Each differentiation rule may be rewritten as an antidifferentiation rule. The 


differentiation rule of the product is equivalent to the antidifferentiation by parts 
formula 


[ feaz=sfe- f fe'az. 
For example, 
[voezaz = zLogz - [ 2(og2y dz=zLogz—z+e. 
The change of variable formula 
[ pode =e =swy = | flewye'w)dw 


corresponds to the chain rule. For example, 


1 1 
[ wer? dw =@ =u) = f Sede = 50° te=-e” +e. 


2.4.4 The operators 9 and 3 


In Section 2.1 we asked how one may recognize if a polynomial in the variables 
x, y, with complex coefficients, is a polynomial in z. One may use now Cauchy— 
Riemann equations to answer this question. First let us introduce the differential 
operators 0 = # and @ = # defined by 


0 ( ad 6 O ) 0 ( 0 a) ) 
= 1 = | ; 
dz 2\ax dy)’ be 2\ax ‘ay 
which may be applied to any function f with partial derivatives of first order. 
Observe that df = Of if f is real. Writing dx, dy in terms of dz = dx +i dy and 


dz = dx —i dy, these operators are the coefficients of dz and dz in the differential 
of a function 


df = ar 7 + az, dz 
an equality which may . eee i substitution of dx = $(dz +dz),dy = 
(dz —dz)indf = of dx +o L dy. . is easy to check that, conversely, the 


operators of partial ditrereatintion 2 ax and 2 yy are expressed in terms of 0 and a by 


means of 
0 r) 0 0 0 _ 0 


— | a 1 


82’ ay Oz. dz 


68 Chapter 2. Functions of a complex variable 


The main reason why these operators are defined is that Cauchy—Riemann equations 
may be condensed in a unique equation (with complex coefficients), which is 


of 
Oz 


This may be checked immediately because writing f = u + iv and supposing f 
differentiable, the equations (2.13) are equivalent to 


= 0. (2.14) 


Hence the function f, supposed differentiable, is C-differentiable at the point a if 
and only if it satisfies af (a) = 0, and then f’(a) = a (a). 

The formalism obtained using these operators is as if z, Z were another coor- 
dinate system. Then holomorphic functions are the ones which do not depend on 
Z and, in this case, their complex derivatives are the derivatives with respect to z. 
Hence, for example, if one makes a composition of two differentiable functions 
F(z), g(w) (not necessarily holomorphic) and puts h = go f, it turns out that 


dh __dgdf , ag af dh _ dgdf , dgaf 

dz dwdz dm dz’ 02 dwdz dw OF" 
When f and g are both holomorphic, these equations become clearly the chain rule 
h'(z) = f'(z)g'(w). If y(t) is a differentiable curve and taking h(t) = f(y(t)) 
with f differentiable, the chain rule may be expressed as 


0 0 — 
ni = Lowy + Lowy. 


In particular, h’(t) = f’(y(t))y’(t) if f is holomorphic. Now one has: 
Theorem 2.30. Given a polynomial P(x, y) the following are equivalent: 
a) P isa polynomial in z. 
b) P is an entire function. 
c) The equation ar = 0 holds on C. 


Proof. \t is sufficient to comment on the implication c) = a). Consider the aux- 
iliary polynomial Q(z, w) of two formal variables z, w defined by O(z,w) = 
P(? 4 , 45%). Observe that the change w = Z gives the 5 aaa of P in terms 
of z, Z. By the chain rule, one has 80 =1(% +i y= = 4 | If c) holds, then Q 
does not depend on w, and so P is a polynomial in z. O 


Observe that Cauchy—Riemann equations for P have already appeared in (2.1). 
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2.5 Analytic functions of a complex variable 


2.5.1 Differentiation of power series 


Consider a power series )°,, Cn(z — a)” centered at the point a € C and radius of 
convergence R > 0. The disc D(a, R) is the biggest open set on which the series 
is convergent, and the function f(z) = )°,, ¢n(z — a)” is a continuous function 
on this disc. We will show that f(z) is holomorphic on the disc D(a, R) and that 
J’ (Z) is also the sum of a power series, namely of the derivative power series of 
yon Cn(Z — a)”, which is obtained by differentiating each of its terms, that is, 


>i nen (z —a)"!. 
n 


Observe that this derivative series has also radius of convergence equal to R, because 


lim sup(n|cp|)!/" = lim sup |c,|!/”, 
a n 


since lim, n!/” = 1. 


Theorem 2.31. [fthe power series )~,, Cn(zZ—a)" has radius of convergence R > 0, 
then the function f(z) = >>, ¢n(z — a)" is holomorphic on D(a, R) and has 
derivative f'(z) = Y-, NCn(z —a)""! in this disc. 


Proof. Fix z € D(a, R). Given ¢ > 0, one has to show that 


fw) f) -Snate-o a 


has modulus smaller than ¢ for w close enough to z. Taking N (to be chosen later), 


break f(z) = Sny(z)+ Ry (z) = a =o Cn(Z—@)" + >) 5 Cn(Z —a)” and write 
the expression (2.15) as the sum of three terms, I + II + II, 


(eyw=* Sn (Zz) Yona (z—a)"" )- > nen (— ath 4 Av (w) = Rye) 


oe n>N ae 
The last term, III, is 


Y= cn((w—a)”* + (wa)? (z—a) +++ + (w—a) (za)? + (z—a)""'). 


n>N 


If |z —a| < p < R and supposing also that |w — a| < p, one obtains that 
[IH| < ony nlenlo"; pace this sum is the tail of a convergent series, one may 
choose N such that |[II| < 5 (whether w is close to Z or not; it is enough that 
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|w —a| < p). One may assume also that N is big enough so that |II| < £, because 
it is also the tail of a convergent series. 

Finally, one may get |I| < { for w close enough to z, because this is simply the 
derivative of a polynomial. O 


Applying iteratively Theorem 2.31, one gets that in fact f is indefinitely holo- 
morphic, that is, has complex derivatives of any order on the open disc D(a, R). 
Denoting by f) the n-th complex derivative of f and taking z = a in the ex- 
pression of f )(z) obtained by differentiating 1 times, term by term, the series 
> ¢n(z — a)", it turns out that f(a) = ncn. A fortiori, the development of f 
in power series is 


(n) 
fey= DE Me-a", e-al <r, 
n>0 : 


which is, formally, equal to the Taylor series. Hence the following statement is 
proved. 


Proposition 2.32. Let f: D(a, R) > C. If there exists a power series 


[o.) 
3 Cn(z—a)", 
n=0 


convergent on this disc, such that 
[oe 
f(Z= Yo enlz —a)", |z-al<R, 
n=0 


then this series is unique. Indeed, f is indefinitely holomorphic and the coefficients 
Cn are determined by f by means of the relations 


f(a) 


n! 


j= W=.0, 1; 2,025.5 

If the hypothesis of Proposition 2.32 holds, it is said that f has a power series 
expansion on the disc D(a, R), with respect to the center a. Proposition 2.32 means 
that given an equality of power series the coefficients can be identified, as in the 
case of polynomials: if the equality 


co +. e1(z —a@) + e2(z — a)? +++ + en(z —a)" ++ 
= dy + di(z —a) + dx(z—a)? +--+ + dy(z—a)" ++ 


holds for z in a neighborhood of the point a, then cy = dy, forn = 0,1,2,.... 
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If f has a power series expansion, f(z) = )°,, Cn(z — a)", this holds also for 
f’ and f'(z) = 002, nen(z —a)""!. In the converse sense, if f is holomorphic 
on D(a, R) and f’ has a power series expansion, 


f'@ = >i dn@—a)y", |z-al|<R, 
n=0 


then f may be represented as 


[o,2) 


dn 
f(2) = f(@4 are aft! |z-al<R. 


n=0 


Actually, the right-hand term of this equality defines a holomorphic function g on 
D(a, R) (because the series }~ oe (z — a)"*! has the same convergence radius 
as }* d,(z — a)”) which has the same derivative as f, g’ = f’, and that satisfies 
g(a) = f(a); consequently, g(z) = f(z), if z € D(a, R). 

Differentiating or antidifferentiating power series, one may compute the sum of 
some power Series or even find the power series expansion of certain functions. 


Example 2.33. The series )~,,.,27z” has radius of convergence | and we want to 
compute its sum. It may be done by using the sum of the geometric series )¢ 2”, 
which is s+. and noting that 


ae = Yiaa —1)+n)z” 


n>1 n>1 

= 2?) n(n—1)z"? 42> n2" 

n>2 n>1 

1 Mt 1 ¥ 

-#(5) +55) 

1-z 1-z 
es z — 2(1+2) 
~ C=2  G=2" G23" 


Similarly one could compute the sum of the series )* P(n)z” in the case that P(n) 
is a polynomial in the variable n. O 


Example 2.34. The function Log(1 — z) that, as already known, is well defined if 
1 — z is not a real negative number, that is, if z is not real and greater than or equal 
to 1, has a power series expansion in a neighborhood of the origin. Its derivative is 
—1/(1 — z), which has series expansion — )°,,.9 2” for |z| < 1 and, then, it turns 


out that 
n+l 


Zz zn 
Log(1 —z) = p Dc te a |z| < 1. 


n=O n>1 


(Figure 2.7). O 
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Figure 2.7 


n=1 n(n+1) 
the closed unit disc D. If f(z) is the sum of this series, one has that 


Example 2.35. Consider now the power series }-°° - which converges on 


[o,2) n 


fO=L— <1. 


n=1 


Bearing in mind Example 2.34 we have f’(z) = — Log(1 — z). Calculate now the 
antiderivatives of — Log(1 — z), integrating by parts, 


— f Log 2)d2 = f Logwdw (w= 1-2) 
= wLogw-—w+c 
= (l—z)Log(l—z)+2z+c. 
Then, f(z) = (1 — z)Log(1 —z) + z +c. Taking z = 0 we obtain c = 0 and so 
HI 


yo = -2Logl- +2, [Z/<1. (2.16) 
n(n + 1) 


n=1 


By Abel’s Theorem (Theorem 2.20), since the series is convergent at every point z 
such that |z| = 1, writing z = e”®, one has that 


ad ein+16 ; . : 
>. —— = lim[(1 — re?®) Log(1 — re!®) + re?9]. 
re n(n + 1) r>1 

If z 1, this limit is (1 — z) Log(1 — z) +- z. Ifz = 1, 1 —r)Log(l —r) > 0 
when r — 1 and the limit is 1. Hence, equality (2.16) holds ie IZ = <1,z 7 1. If 


2= litgives 4 a@ED = 1, which is evident, since O 


aaty = ae 
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2.5.2 Analytic functions 
The idea of power series expansion is the basis for the notion of an analytic function. 


Definition 2.36. A function f: U — C, defined on an open set U of the plane, is 
said to be analytic on U if, locally, it has a power series expansion, that is, for each 
point a € U there is a disc D(a,5) C U, & > 0, and a power series }°7° 9 Cnz” 
such that f(z) = )°--.9 cn(z — a)” if z € D(a, 68). 


Observe that both the radius 6 and the series )7,, cnz” may depend on the 
point a. By Theorem 2.31 an analytic function on U is indefinitely holomorphic 
and each of its derivatives f (n) n = 1,2,..., is also analytic on U. Later on 
(Theorem 4.9) it will be shown that, conversely, any holomorphic function on an 
open set U is analytic on U and, then, indefinitely holomorphic. In Definition 2.36, 
the disc D(a, 5) may be arbitrarily small, but it will be proved that the power series 
expansion holds in the biggest disc centered at a and inside U, which has radius 
6(a) = dist(a,C \ U). 


Example 2.37. A rational function R = P/Q is an analytic function on U = 
C \ Z(Q), where Z(Q) is the set of the poles of R (the zeros of Q). Actually, R 
is the finite sum of a polynomial in z and simple fractions of type a - (z — b)~*, 
where b is one of the poles of R, k € IN anda is a constant. A proof of this fact 
may be found in Theorem 5.13. Hence, it is enough to expand (z — b)-* around a 
pointa ¢ Z(Q). Putr = |a —b| > 0. If |z —a| <r, using the geometric series 
we can write 


1 _ 1 _ 1 _ (z—a)" 
z—-b z—-a-(b-a) (#4-1)(b-a) © DL Gna 


n=0 


Differentiating successively this expansion and using Theorem 2.31, we obtain, for 
k > 1, that 


1 _ k = n \(z—a)y"-* 
game OL" )eaarm 


n=0 
CO 
n+k (z —a)” 
=e"). ae cease 
k—1)(b-a)" 
n=0 
If b,,..., by are the poles of R, the expansion of R around a will hold in the 
disc with radius 6(a) = min{|a — b;|, j = 1,...,M}, the distance from a to 
C\U=Z(Q). O 


Sometimes it is advisable, in order to expand in power series a certain function, 
to compute first the power series expansion of its derivative. 
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Example 2.38. The function f(z) = eet —z) is analyticon U = C \ [l, +00). 
To see this, first consider f’(z) = Zz a the power series expansion around 0 of 
which is known. Around any point a, a € [1, +00), one has 


— : -- Lae lz—al<[l—al. (17 


a)ntl 


In the disc D(a, |1 — a]) there exist as many branches of log(1 — z) as branches of 
log w in D(1 — a, |1 — |); any of these branches, g, will have an expansion that 
will be determined by integrating (2.17): 


[oe] 


1 (-a)"t!  (@—a)" 
g(z) = g(a) dX n+1(1—ay'tl g(a) — 2 n(1—a)" 


Consider the branch g which has at a the value Log(1 — a). Then 


g(z) = Log(1 — a) Se |z—a| < |l—al. 


Write now 6(a) = dist(a, [1, +-co]); observe that 6(a) = |1 — al, if Rea < 1 and 
6(a) = |Ima| < 
log(1 — z) a D(a, 6(a)) which coincide at a and so they are equal and 


_ — (z—a)" 
Log(1 — z) = Log(1 — a) dX nay’ 


|z —a| < 6(a), 


that is, Log(1 — z) may be expanded as a power series around a. Observe that, when 
Rea > 1, the series which gives the expansion of Log(1 — z) in |z — a| < 6(a) 
converges on a bigger disc, the one centered at a with radius |1 — a]. If |z — ls < 
|1—al, the series — 5°°°_, “4— ay converges to the sum Log i — 4) = Log + 


n=1 n(i—a 

(Example 2.34 changing z by 7 7). But Log(1 — a) + Log + = 2 is not always equal 
to Log(1 — z) if Rea > 1; for. example, ifa = 2+ i, z = 2+ «i, one has 
1-z l-ei 1+ei _ U+e)+ile 1) 


= _ : ‘ee _x 
ing = irs = TH 5 , which has principal argument close to —7. 


Since Arg(1 — a) = 3 , the imaginary part of Log(1 — a) + Log i is close to 
—z. However, the imaginary part of Log(1 — z), Arg(1 — z) = Arg(—1 — 7), is 
near —z only if ¢ > 0, because for € < 0 it is close to mz (Figure 2.8). O 


Fora polynomial in z, P(z) = eH Cn(z—a)”, itis a trivial algebraic fact that P 
is also a polynomial in (z —b), for b € C; simply write (z-—a)” = (z—b+b-—a)" 
and use Newton’s binomial theorem. There are no matters on convergence because 
the sum is finite. However, if one has a power series f(z) = )-7°.9 n(z — a)” 
with radius of convergence R > 0 and b € D(a, R), it is not immediate to prove 
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> 


Z=2+6i,e<0 
d(a) < |l-a| 


Figure 2.8 


that f has a power series expansion in a neighborhood of b, that is, that f may be 
expressed as f(z) = >°,, dn(z — 5)” around the point b. In other words it is not 
evident that the sum of the power series f(z) = )°,, ¢n(z — a)", z € D(a, R), is 
an analytic function on D(a, R), the disc of convergence of the series. This result 
holds and is the content of the following statement. 


Theorem 2.39. If f(z) = )---.9¢n(z — a)" on D(a, R) and b € D(a, R), the 
series pee LO — b)” has radius of convergence greater than or equal to 
R—|a—b| and 


[o.@) 


(ph 
fe = Oe oy vi2s3| = R163: 


n=0 


Proof. First note that 


fPw=>0 Oe pam(d =a)”, (2.18) 
m=0 ; 
(n) = (n+m)! a 
IF )| < dent mllb — a (2.19) 
m=0 . 


(the power series of f is absolutely convergent on D(a, R)). Choose r such that 
|b —a| <r < R. Then, using (2.19) and summing up by blocks (Proposition 2.8), 
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it turns out that 


[o,e) 
FM) (n +m)! 
|| - lb - ab" s pa; nT len-tm|lb —al"(r — |b al)” 
=O n min! 
oo 0° 
(n +m)! = k 
= Died YY Ae - ale —b— aly" =D lealr* < +00. 
k=0 m+n=k k=0 


This shows that the Taylor series of f centered at b has radius of convergence 
greater than or equal to r — |b — a]; since r is arbitrarily close to R, this radius is 
greater than or equal to R—|b—a|. Take now a point z such that |z—b| < r—|b—a| 
with r < R. The same computation just done shows that the double series 


Yen oH — ay(e — By" 


converges absolutely and, by Proposition 2.8, the terms of the series may be grouped 
arbitrarily to compute the sum. Making groups form + n = k, as before, we get 
yy 0 CkK(Z — ajk = F(z), while summing up first in m and using (2.18) we get 


the series )°_, aol by". O 


This theorem is also a consequence of the result which says that every holomor- 
phic function on an open set U is analytic on U (Theorem 4.9). 


2.6 Real analytic functions and their complex extension 


The concept of power series and the associated notions (domain of convergence, 
operations with power series, etc.) may be set out in the context of one real variable 
motivated, in this case, by approximation by Taylor polynomials. Recall first that 
a function of one or several real variables is called a C” function, 1 < r < +00, 
on a domain if it has there continuous r-th order partial derivatives. 

If f isa C% function on an open interval J C R anda € J, Taylor’s formula 
reads 


N ¢k) 
fo = HOG - a + Rv) 


k) 
k=0 


where Ry (x) = o(|x —a|%), for x — a, is the remainder term of order N. When 
f is CN*!, there are explicit expressions of Ry (x), as Lagrange’s formula, 


(N+1) 
le o i a" eae 


2.6. Real analytic functions and their complex extension 77 


with & intermediate between a and x. The crux of the matter is that f(x) may 
be approximated by the Taylor polynomial ue £ ie) (a) (x — a)” and that the 
remainder, Ry (x), becomes small as N increases. Naturally, for f a C° function 
one may ask if Ry (x) > 0 when N —> on, that is, if the following equality holds: 


fO 0 rk) 
f(x) = fim vs Oe —ayt= > PO Gage (2.20) 


k! 
k=0 


This leads to consider power series in one real variable x, = Cn(x — a)". For 
these series, definitions and statements of Subsections 2.3.3 and 2.3.4 hold, and 
also the corresponding version of Theorem 2.31. This means that for the series 
>on Cn(x — a)” a radius of convergence R is defined so that the series converges on 
the interval {x: |x—a| < R} and there it defines afunction f(x) = )0,, ¢n(x—a)”, 
which has infinite derivatives with respect to the real variable x. Moreover one must 
have cy = = ["@ wo) , and then, the only way of expressing f(x) as a sum of a power 
series is by means of its Taylor series (2.20). 

If the function f is defined on an open interval J C R, it is said that f is a real 
analytic function on I if the version of Definition 2.36 for a real variable holds. 
This means that for each point a € J there exists a (a) > O such that (2.20) holds 
in the interval {x: |x — a| < 6(a)}. In particular, if f is analytic on J, f is C™ 
on I. 

In calculus, using Lagrange’s formula for the remainder Ry (x), the following 
equalities are proved: 


These expansions hold on the whole real line R. But the Taylor series of a function 
f is not always convergent for every real number, even when f is C™® on R. For 
example, the equality 


xn x2ntl 2n 
“nl” 


sinx = Le 1)” On + Qn +b cosx = xe 1)? = Omi" 


— -Ye 1)"x 2n 


holds only for |x| < 1, even though the function ; +3 isC™ on R. 

All these considerations may be, as said, confined to the context of real variables. 
But, associating an interval of convergence (a — R,a + R) to a real power series 
5 Cn(x — a)”, with a € R, cy € R, is an unnecessary limitation. Actually, 
what has been established by now ensures that if pear Cn(x — a)" converges for 
|x —a| < R, then the complex series )-7°_9 Cn(z — a)” converges for z € D(a, R). 
This means that the natural domain of definition of power series are the discs, not the 
intervals. The same way, the natural domain of definition of real analytic functions 


78 Chapter 2. Functions of a complex variable 


are not the intervals J C R, but the symmetric domains U Cc C with respect to 
the real axis. A precise statement of this fact will be given in Theorem 4.28. This 
natural extension of real analytic functions to a complex domain has already been 
treated in some examples. Indeed, the complex extension of the real exponential 
function e* = )°>° x ; has been defined as 
oO Ln 
7=e*(cosy+isiny) = 


nt 
0 


if z = x + iy (Subsection 2.3.5). Similarly, for the trigonometric functions, one 
has 


eiZ 4 eZ oo (—1)"z2" 
cos Z = ——_——. = ———; 
2 (2n)! 
0 
fe z2ntl 
sin Z = ————_— = —1)” 
-y ) Qn +1)! +1)! 
which are analytic functions on C, by Theorem 2.39. 
Let us start now, for example, from a rational function R(x) = Ae where 


P and Q are polynomials in x so that R(x) is analytic on R \ Zo(Q), where 
Zo(Q) are the real zeros of O(x). Then its complex extension is the rational 
function R(z) = ne which is analytic on C \ Z(Q) where Z(Q) is the set of all 
(complex) zeros of Q in which P(z) has a zero of smaller order than the one of Q 
(or does not have any zero). 

Furthermore, the complex point of view is useful for a better understanding of 
some features which may not be completely explained from the real analysis point 
of view. For example, consider the two expansions 


1 oe) 
wart oe and ma ra ae -Ye ie ae 


which hold if |x| < 1. In the first case the fact that the domain of convergence is 
(—1, 1) may not be surprising here because the function, which has a singularity at 
x = 1, is only defined on the open set U = R \ {1}, and the radius of convergence 
is the distance from zero to US = {1}. Instead, in the second case, the function is 
defined on the whole line R but its expansion holds only on (—1, 1). Now, thinking 
about it in terms of complex extension —L,, it is better understood: there are 
singularities at the points z = +i, the distance of which to 0 is 1. This explains that 
here the radius of convergence is 1. With this complex point of view other questions 
are also clarified. For example, in which intervals does the power series expansion 
) 
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a and with radius 1 + a”, which is the distance from a to the poles +i of the 
function 7 me 
The last example consists of the function 
_ 1 
(1+ x7)(4 = 2?)' 


f(x) 


which is real analytic on the interval J = (—2, 2), but has a power series expansion 
around 0 convergent only on (—1, 1), and not on the whole interval J. This last one 
is the biggest interval centered at 0 contained in the domain J where the function 
is analytic. The reduction is due, once again, to the complex singularities of the 
factor —L,. 

The sense of all these comments is that analyticity is genuinely a concept of com- 
plex variable theory. In the setting of real variables, the notions of R-differentiable 
function, of indefinitely R-differentiable function and real analytic function are 
different. There are R-differentiable functions which are not indefinitely R-differ- 
entiable, for example |x|x, and there are C® functions which are not real analytic, 
for example 


ex? ity £0, 


ae ‘ if x =0. 


Instead, in the case of a complex variable, it will be seen in Chapter 4 that the 
three correspondent concepts, C-differentiable (holomorphic) function, indefinitely 
holomorphic function and complex analytic function, are exactly the same. Due 
to an abuse of language, when talking about functions of a complex variable, one 
often refers to analytic functions, and similarly when talking about the complex 
extensions of a function f(x), defined for real values of the variable x, one refers 
to the extensions F(z) (that is, F(z) = f(x) if z = x € R) which are analytic. 
Extending a function f(x) toa function F(z) without this requirement of analyticity 
is trivial, just by taking 
F(x + iy) = f(x). 

Moreover, there are countless different ways of extending f; for example, one may 
also use F(x + iy) = f(x) +iG(y) with G(0) = 0. However, if f(x) is real 
analytic the extension of f to a complex analytic function is unique. 

There is still another notion of analytic function, which is the one of analytic 
function of two real variables. A complex- or real-valued function f defined on an 
open set U C R? & C is called an analytic function of two real variables on U if 
for any point 79 = (Xo, yo) € U there exists a disc D(zo,r) C U and a double 
power series ) oy m_ CnzmX”" y™ such that 


[oe] 


FY) = YS cnm(x— x0)" — yo)” if W& — x0)? + & — yo)? <r. 


n,m=0 
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Once more, in this case f is C® and the expansion, which is unique, must be its 
Taylor series for functions in two variables, that is, 


1 gntm ta 
C. = TT aay \*0> Yo): 
mm nim! axmaym ( Yo) 
Clearly, if f is analytic in the variable z = x + iy, then it is also analytic in the 
variables x, y. However, in the same way that not every polynomial in x, y is a 
polynomial in z, the converse is not true. For example, TEE? is an analytic 
function of x, y on the whole plane, and is not analytic in z on any open set in C 
(since being a non-constant real-valued function, it cannot be holomorphic on any 
domain, according to Proposition 2.26). 


2.7 Exercises 


1. Prove that the equality limp —..(1+ 7)” = e” holds for any complex number 
Z, using the identity: 


n n 
1 —1\z? 
(1+=) =14+7+) (1--)-(-2 )=. 
n = n n p! 


2. Show that the function cos z maps the strip B = {z: 0 < Rez < z} onto the 
domain U = C \ {x € R: |x| = 1} conformally and injectively. Express its 
inverse function in terms of the logarithmic function. 


3. Show that the complex numbers z # 0 such that z? takes only real values are 
all contained in a countable set of lines which are parallel to the imaginary 
axis, and that there are infinitely many numbers with this property on each 
line. 


4. If y(t) = re*,0 <t < 2x,r > 0, and hy(z) = Log|z — w|, show the 
equality 
/ hyds = 2mr Log(max(r, |w])). 
y 
5. Let f be the holomorphic function defined on the unit disc D by f(z) = 


z2n-l 


peer Snzr: Show that f is injective on D and f(D) = {z ¢ C: -m/4 < 


Imz < 7/4}. 


6. Compute, for t € [—z, z], the sum of the following series: 


[o.e) * 
sinnt 
a) ) : 
n 
n=1 
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CO 
cosnt 
b —1)" : 
px ree 


7. Given a,b,c € R consider P(z) = ax* + 2bxy + cy? where z = x + iy. 
Determine the conditions that a, b, c must fulfill so that there exists an entire 
function f satisfying P(z) = Re f(z), z € C. Find all the entire functions 
which satisfy it. 


8. Let f(z) = >¢,, ¢nz” be the sum of a power series with radius of convergence 
R > Oand f’(0) = c; 4 0. Prove the equality 


[f(2) — fw)| = jz — wl | Soca + 2 Pw bt ew? + wh 


n=1 


for all z,w € D(0, R) and, consequently, that f is injective on the disc 
D(0,r) if0 <r < R, and that the following inequality holds: 


[oe] 


a n|ca|r™) < Jey]. 


n=2 


9. Let f(z) = >¢,, Cnz” be the sum of a power series with radius of convergence 
R>Oand0 <r < R. Show: 


a) 
1 20 ; 
| iftret) dt = Ienl?r?”. 


2a Jo 


Use this equality to deduce that a bounded holomorphic function on the 
whole plane must be constant (Liouville’s Theorem). 


b) 
1 
aff @Paxdy = Salen? r 
W JJ D(0,r) Fa 


where z = x + iy. If in addition f is injective, then the previous 
expression is the area of f(D(0,r)). 


10. Find the expression of Cauchy—Riemann equations in polar coordinates. 


11. If f(z) = Do, nz”, |Z| < Rand 0 <r < R, let L(r) be the length of the 
image curve by f of the circle {re’’ : 0 < t < 27}. Show the inequality 


L(r) > 2nr|c\|. 
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12. 


13. 


14. 


15. 


16. 


17. 
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Let f(z) = >¢,, nz” with radius of convergence R > 1 and z = x + iy. 
Prove: 


a) 


I | (2)? dx dy ee ae 
b) 


[[rertaray = ee 


a) Show that the function arctan z = tan~! z with tanz = cosy has a holo- 
morphic branch on the unit disc and find all its holomorphic branches. 


b) Find the power series expansion around the origin of the function 


f(z) = zarctan z — Log v1 + 2? 


and its radius of convergence; here arctan indicates a branch of tan7!, 
and also the principal branch of the square root is taken. 


c) Study the behavior of the series in b) at the boundary of its disc of 
convergence, and explain the relation between the sum of this series and 


the function f. Compute )~_, oe 


For each a € D define fa(z) = 54. Show that f, is one-to-one on D, 


holomorphic on a neighborhood of D and satisfies f,(D) = D, f,(D) = D 
and f; | = f-a, on D. 


If f(z) = >0,, ¢nz” for |z| < R, show that, for0 <r < R, 


M 
Icn| < us) n=0,1,2,... 
rn 
where M(r) = sup{|f(z)|: |z| = r} (Cauchy’s inequalities). 


Deduce from these inequalities that in the case R = +00 one has that 
Yen [en|r” < 2M(2r) for all r > 0. 


Show that the function f(z) = /|xy|, z = x + iy, satisfies the Cauchy— 
Riemann equations at the origin but is not C-differentiable at this point. 


Show that if P is a polynomial, then the zeros of the derivative P’ are all in 
the convex hull of the set of zeros of P. As a hint prove that if all the zeros 
of P are ina half plane, then the zeros of P’ are also in the same half plane. 


18. 


19. 


20. 


21. 


22. 
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For any a € C the function f(z) = (1 + z)® has a holomorphic branch on 
D such that f(0) = 1. Show that, for this branch, the equality 


[oe] 


fo=>- (R\e. Iz} <1 


n=0 
holds and study the behavior of the series when |z| = 1. 


Let f(z) = )°>° cnz” be the sum of a power series with radius of convergence 
R > Oand suppose that there isak € NN anda function g defined on D(0, R*) 
such that f(z) = g(z*) if |z| < R. Prove that the function g is the sum of 
a power series with radius of convergence R¥ and that c, = O if n is nota 
multiple of k. 


Consider the polynomial P(z) = 1 — yoy nz” with aj1,...,ay € R 
1 


and suppose that the function f(z) = P@ has as power series expansion 


f(Z) = 9 Cnz” around the origin. Show that the coefficients c, satisfy 
the relations cg = 1,cy, = eae ajCn—; ifn = 1, understanding that c, = 0 
ifk <0. 

Show now that, defining the sequence (cy) recursively by means of the pre- 
vious relations starting from @;,...,a@y € R, there exists a constant M > 0 
such that |cn| < M”, forn > 0. Consequently the power series )°,, ¢nZ” 
has a radius of convergence R > 0 and defines a function f(z) on the disc 
D(0, R). Check now that f(z)-P(z) = 1 and that R = min(|6,|,...,|Bwl), 
where 61,..., Bn are the zeros of the polynomial P. 


Show that the power series }°,, a has radius of convergence equal to 1 and 


that it converges uniformly on the closed disc D. Show now that the sum 
F(Z) of this series satisfies the equation 


1 
f'(@) =—~Log(1—z),  |z| <1. 
Zz 
Deduce from here that on the domain U = {z: |z| < 1, |z—1| < 1} one has 


f(z) + fd -—z) =c —Logz- Log(1 — z) 


with c = eS ai Use the previous equation to compute the value of 


oo 1 
Dnt n22n° 


Let f,g € H((D) have the power series expansions f(z) = )°?2, cnz” 
and g(z) = )°°°., dnz” for |z| < 1. Show that the series )°°°., cng(z”) 
and }°°°_, d, f(z") are uniformly convergent on each compact disc D(0,r), 
0 <r < 1, and they define the same holomorphic function on D. 
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Put now F(z) = 2.1 cng (Z") = Doe, dn f(z”) and let 7°, Anz” bea 
third convergent power series on D. Prove the equality 


[oe] 


[o,e) 
YihnF@) = >) cadmhyz”™*, |z| <1. 
n=1 


nwm,k=1 


Chapter 3 
Holomorphic functions and differential forms 


In calculus of one real variable, a basic result is the fundamental theorem of cal- 
culus, which sets a link between the concepts of differentiation and integration: 
any continuous function has an antiderivative, and this is given by means of the 
indefinite integral, up to additive constants. In this chapter this kind of questions 
for one complex variable functions will be studied. To this end, it is convenient to 
use the language of vector fields and differential 1-forms. The role of indefinite 
integrals now will be played by line integrals of fields or forms along paths of the 
complex plane. 

A fundamental result for developing the theory of holomorphic functions is 
Cauchy’s Theorem on cancellation of line integrals of holomorphic functions along 
closed paths. This result will be presented as a particular case of a version of 
Green’s formula with very weak hypotheses on regularity, which are also valid for 
the classical theorems of vector calculus. 

The second part of the chapter is stated in a real variables context to see that the 
notion of a holomorphic function corresponds to the notion of a locally conservative 
solenoidal vector field. Here appears naturally the Laplace operator and the concept 
of a harmonic function: locally conservative solenoidal fields are locally gradients 
of harmonic functions. One reaches this way the notion that, from a real variable 
point of view, generalizes the concept of a holomorphic function to functions defined 
on open sets of R”. 


3.1 Complex line integrals 


The definition of a complex line integral entails complex integration over intervals 
of R of functions which take complex values. If f(t) = u(t) +iv(t) is a continuous 
function for t € [a, b], with u, v real-valued, one writes 


[soa =f unarsi f vorae 


With this definition, the linearity property holds: 


b b b 
/ (af (t) + Bet) dt =a i f(dt +B / g(t) dt, 
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where f, g are continuous on [a, b] and a, 6 are complex constants. It also holds 


that 
b 
[f f(t) dt 


To prove this inequality, let A be a number with |A| = 1 such that A // o f(t) dt = 0; 
that is, if ii f(t)dt = re'®,r 4 0, we putA = e7"9 (if this integral is zero, there 


is nothing to prove). Then, 
b b 
=a f f(t) dt = Re [af foat| 


b 
[[ roa 
= [ Rearna < [role 


b 
=f \felat. G.1) 


Definition 3.1. If y(t), a < t < b, isa C! curve on the complex plane and / is 
a complex-valued continuous function on y*, the complex line integral f. . f(z) dz 
of f along y is 


b 
[roa=f fo@roa. 
Y a 
Formally z is replaced by y(t) and dz by y’(t) dt. Observe that the function 
to be integrated over [a, b] is a complex-valued function, product of f(y(t)) and 
y’(t), and the result will be a complex number. The integral is well defined here 
because by hypothesis the integrand is continuous on [a, b]. Identically to the case 


of integrals of real functions or integrals with respect to the arc length ds, [ ; f(z) dz 
is the limit of the complex Riemann sums 


> fi) Git1 — 21), 


where z; = y(t;) are the vertices of a polygonal line inscribed on y*. Replacing 
(Zi41 — 21) by |Z;41 — 2;|, the corresponding limit is f), f(z) ds, as explained in 
Subsection 1.4.3. For this reason, it is usually written \dz| instead of ds; hence 


b 
[roiai= tow'ovee. 
¥ a 


With the given definition of complex line integral, one obviously has 


[az=10-r@. 
Y 
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II 


Example 3.2. If y(t) = e’’, 0 < t < 2, and f(z) = 4 we have iy f(z) dz 
i. it dt = 2mi. However, f, f(z)|dz| = nig 4 — 0. If y(t) = (t,t?) = 


eit 
t+it?,0 <t <l,and f(z) = 27, then f,, f(z) dz = fy (¢—it?)?(1 + 2it) dt 


fa (Gt* + #) — 2985) dt = MH -t, : 


II 


Look now at the behavior of the complex line integral with a change of para- 
metrization: tf = ®(u),c <u < d,T(u) = y(®(u)). Applying the definitions it 
turns out that 


d 
[r@a =f semprian, G.2) 
and since I’(u) = y’(®(u)) ®’(u), the integral of (3.2) is 


d 
/ f(y(®(u)))y'(®(w)) ®' (u) du. 


Applying now the change of variable + = (uw), when the reparametrization is 
orientation preserving, that is, when ® is increasing and ®(c) = a, ®(d) = b, we 
get 


b 
[rod=] fowy'wa= | pear 


If the reparametrization changes the orientation, we obtain for Ir f(z) dz the op- 
posite value of f), f(z) dz. 

If y is a piecewise C! curve and yj, y2,..., Yn are the pieces with continuous 
derivative so that the ending point of y; is the beginning of yj+1, a situation that 
will be denoted by y = y1 + yz +--+ + Yn, then we will write 

n 
/ f(jdz=)>> | f(2dz. 
Y imi’ Vi 
Since the integrals do not depend on parametrizations if they are orientation pre- 
serving, there is no need for the parameters of the pieces y; to vary on disjoint 
intervals, so it is usual to work with each of them separately. 


Example 3.3. The integral of the function z* along the path that consists of 1, 
which is the arc of the parabola y = x” that goes from the origin to the point 
(1,1) = 1 +i, followed by the vertical segment y2, which goes from 1 + i to 1, 
has two parts: in order to compute dis we use the parametrization z = ¢ + it?, 


0 <¢t < 1, dz = (14 2it)dt and so we have i¢ + it?)7(1 + 2it)dt = 
ie — 5t4 + 2i13(2 — t7))dt = 4(i — 1); to compute Ji, we can use the 
parametrization z = 1+ (1—t)i, dz = —idt,0 < t < 1; this is the same 
as using z = 1+ ti, dz = idt, where t goes from | to 0: it turns out that 
{pC — 2? + 2it)(i dt) = 1 - 3i. Hence, f,,, 2?dz = $. o 
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In the estimations of complex line integrals the following inequality will be 


often used: 
[ toa] < fiftas 
y Y 


which is an immediate consequence of the definitions and of (3.1). In particular, if 
f satisfies the bound | f(z)| < M on y*, one has 


< ML(y). (3.3) 


[ f(z) dz 


To finish this section, observe that the index of a path y with respect to a point 
z ¢ y*, given by (1.6) of Subsection 1.5.2, may be written as a complex line 


integral 
t f° 1 d 
Ind (y, z) = - i ve) dt = - / i : (3.4) 
2ni Jqg y(t)—Z 2ni Jy Woz 


This expression will be very useful from now on. For example, using the inequality 
(3.3), one finds 
Ey. 


71s 2n d(z, y*) y*) 


where d denotes the Euclidian distance, and then it is clear that the index converges 
to zero when z tends to infinity. This fact implies that it is necessarily zero in the 
unbounded component of C \ y*. 

If a series }°,, fn(t) of real- or complex-valued continuous functions on an 
interval [a, b] converges uniformly on [a, b], then its sum is a continuous function, 


| Ind (y, 


the numerical series >, : Fn(t) dt is convergent and 


[ (X iio) ar= of fat) dt. 


Combining this fact with Definition 3.1 we get the following property: 


Proposition 3.4. If y is a path on the complex plane and (fn) is a sequence of 
continuous functions on y* such that >°,, fn(z) converges uniformly on y*, then 
a i Jn(Z) dz is convergent and 


[ (Ls) a= Df hoa. 


3.2 Line integrals, vector fields and differential 1-forms 


Complex line integrals are a particular case of line integrals or circulations of vector 
fields along curves or, equivalently, of the integrals of differential 1-forms (when 
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complex values are allowed). A review of these concepts in their natural context, 
the domains of Ik”, will be done > in this section. 

A continuous vector field X on a domain U of k” is simply a continuous 
mapping X: U — R" that makes a correspondence between a point x € U anda 
vector X¥ (x), placed with the origin at the point x. Velocity fields and force fields 
are typical examples of vector fields. More generally we can consider vector fields 
x (x,t) which depend also on time, examples of which will be seen in Chapter 7. 
However, in the following paragraphs only vector fields that are independent of 
time will be dealt with, known also as stationary vector fields. 

In the complex plane, with the usual identification, a vector field on a domain 
U is the same as a complex function defined on U. Sometimes it is convenient to 
look at complex functions as vector fields. 


Example 3.5. The function f(z) = z defines a radial field. The function e?, which 
is 277i periodic, defines the vector field in Figure 3.1. O 


|—___» 


| - 
ree. |e 
weep MAL 


Figure 3.1 


An important concept associated to a vector field X is the one of integral curves 
or orbits of the field. They are C! curves y which at each point y(t) have tangent 
vector equal to X (y(t)). Analytically, this is expressed as 


y(t) = X(y(@)), 


or in coordinates, writing X= (X1, Xo,..., Xn) and y(t) = (x1(f), x2(t),.-., 
Xn(t)), by the differential equations system 
dx; 
dt 


= X;(x1(t), xo(f),..., X(t), i = 1,2,...,n. 
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Example 3.6. The orbits of the field f(z) = 2Z are the solutions of x’ = x, 
y’ = —y, that is x(t) = cye’, y(t) = coe". They are hyperbolas. The orbits of 
f(z) = ie are the circles x(t) = rcost, y(t) = rsin¢. The orbits of the field 


iQ=2= ies = are the solutions of the system 
% 
_ 
o = x2 4 y2’ 
re y 
y= x2 4 y2’ 


These equations imply that 4 arctan (2) = 0, that is, arctan = must be constant 
on each orbit. The orbits are located then over rays starting at the origin of coordi- 
nates. In order to find the parametrization one would better use polar coordinates 
x(t) = r(t)cosO@(t), y(t) = r(t)sin (t). Then it turns out that r(t) = J22, 


6(t) = constant (Figure 3.2). O 
4 rY 
q< 0 ci > 0 
c2 > 0 c2 > 0 
ce, <0 cy > 0 
c2 <0 c2 <0 
f(@)=2 f@=} 
Figure 3.2 


A continuous vector field ¥ on a domain U of R” gives rise to two important 
notions: circulations and flows. The concept of flow will be introduced in the next 
section. The circulation of x along a regular curve y is, by definition, the sum of 
the tangential components of the vector field X over y, that is, if T is the unitary 
tangent vector to y, the circulation is 


[V8 Fyas. 
Y 


where { , ) is the scalar product in oe ond in terms of a parametrization 
y(t),a <t < b, since T(y(t)) = = ual ay and ds = |y'(t)|dt (Subsection 1.4.3), 
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the circulation turns out to be 
b 
[ Foor ora. 
a 


This integral makes sense more generally for a piecewise C!-curve y. When X is 
a force field, the circulation is the work done by the field to move the unit mass 
along the orbit. In terms of the components one has 


b 


i (8,7 )ds= i (Xi (v(a))x4 (0) + Xo(yO)x5(t) +o + Xu(YO)x,(0) at, 
Y 


a 


for what reason the following notation is also used: 


[(%.Fyas =f xan Se Mol tg hast May, 
Y Y 


Remark 3.1. The notions of regular curve, path, tangent vector to a curve or 
integration with respect to the arc length have been given in Section 1.4 in the 
case of curves in a domain U of the plane. It is clear that the same notions have 
identical sense for curves in a domain of R”. 


The expression @ = wy = X1dx1, + Xodx2 +++: + Xyndxn, that is, what 
one integrates over y to get the circulation, is called a differential 1-form. Vector 
fields and differential 1-forms are, then, equivalent concepts. The circulation of the 


field X along y is, by definition, the line integral of the form wz along y and it is 
represented by iy nm (= ty oz = [(X, T)ds). 

Consider now a complex line integral iy f(z) dz. If f =ut+iv and y(t) = 
x(t) + iy(t), one has 


b 
/ f@)dz = ; Fy@)y' Wat 
y a 
b 
7 ; (u(x(t), y(t) + v(x(t), YO) tiy')dt B.S) 


b b 
= : (ux’ — vy')dt +i i; (uy’ + vx’)dt, 
a a 


which may be written as 
/ f(z)dz = [tua —vdy)+i [way + vdx). 
y y y 


In terms of the vector field f = (u,—v) this last equality means that if f(z) dz 


has the circulation of f along y as its real part, and the circulation of if as its 
imaginary part. 
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One way of handling simultaneously complex line integrals and vector field 
circulations is considering differential 1-forms 


w = P(x, y)dx + Q(x, y) dy, 


where P, Q are complex-valued functions. Vector fields that correspond to these 
forms will have complex components. So, the integrand of a complex line integral 
may be written w = f(z)dz = f(z) dx +if(z) dy, that is, a = Pdx + Qdy, 
with P = f,O =if. This will be the point of view from now on. 

The following theorem may be seen as an n-dimensional version of the funda- 
mental theorem of calculus. 


Theorem 3.7. Let y(t), a < t < b, be a path in the open set U C R"” with 
origin A = y(a) and ending point B = y(b), h aC! function on U (real- or 
complex-valued ) and let X = Vhbe the gradient vector field of h. Then 


[1¥.Fyas = h(B) —h(A), 
Y 


where T is the unitary tangent vector to y. 


Proof. If x;(t) are the components of y(t), the circulation is 


LJ 


bd 
[x 5 TO (de =f the ydt = hy) - ha). 


So the gradient vector field X = Vh, with h of class C! on U, briefly h € 
C!(U), has the property that the circulation along a curve depends only on the 
origin and the ending point of the curve. 


Definition 3.8. A continuous vector field ¥ on a domain U of R” is called con- 
servative if the circulation along any curve y in U depends only on the origin and 
the ending point of y. More explicitly, if y1, y2 are two paths in U with the same 
origin and the same ending point, it holds that 


[ @Fas= f (RF yas, 
Y1 y2 


One may also say that the circulation of the vector field X does not depend on the 
path in U between two given points. 


If y; and y2 are two paths with the same origin and ending point and y is the 
path which consists of travelling on y; followed by the opposite path to yz (that 
is, travelled in the opposite direction), then the circulation of a conservative vector 
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field along y is zero. Therefore, the integrals of a field are independent of the path 
in U if and only if its circulation is zero along every closed path y in U. Observe 
that it is a global concept. 

So Theorem 3.7 says that a gradient vector field is a conservative vector field. 
The opposite is also true. 


Theorem 3.9. A continuous vector field X on a domain U of R” is conservative 
on U if and only if it is a gradient vector field. 


Proof. One has only to show that if X is conservative, then there is a function 
h € C1(U) such that X =Vh. Fixa point x9 € U; given x € U consider any 
path y, in U which starts at xo and ends at x (a path like these exists because U is 
arc connected) and define 


n(x) = | (X,T) ds. 
Yx 


By hypothesis, the integral does not depend on the chosen path, and so h is well 
defined. Let us check now that qe = X; if X = (X1, X2,..., X;,). This means 


that 
_ A(x + te) — A(x) 
lim 


t—>0 


= X;(x), 


where (e1,€2,...,€n) is the canonical basis of R”. Among the paths going from 
Xo to x + te; consider y,, which goes from x9 to x, followed by the segment o 
which joins x with x + te;. The incremental quotient is then 


1 2 1 
ak F)ds= | X;(x + ste;) ds, 
t on 0 
and it is clear that the limit when t > 0 is X;(x). O 
Observe that the previous theorem, in the case n = 1, is no more than the 


fundamental theorem of calculus, and it establishes that any continuous function on 
an interval has an antiderivative which is its indefinite integral. The function / such 
that ¥ = Vhiscalleda potential function of the vector field X anditis completely 
determined up to constants. 

All these notions may be expressed in terms of 1-forms associated to vector 
fields. If @ = >°, X;(x)dx;, where X= (X,, X2,..., Xn) is a conservative 
vector field on U with potential function h, X= Vh, then the 1-form @ is said to 
be exact on U and it is written @ = dh. Theorem 3.9 may be reformulated saying 
that a continuous 1-form on U is exact if and only if it has line integral zero along 
all closed curves in U. 

A domain U is a star-like domain with respect to one of its points p if, given 
x € U, the segment which joins p with x is contained in U. Obviously, a convex 
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domain is star-like with respect to any of its points. When U is star-like, the proof 
of Theorem 3.9 may be adapted to obtain the following result: 


Theorem 3.10. In a star-like domain U of R” a continuous 1|-form w is exact if 
and only tf dag @ = 0 for any triangle A C U, and a continuous vector field is 
conservative if and only if it has circulation zero along the boundary of any triangle 
contained in U. 


It is understood that dA is the positively oriented piecewise regular closed Jordan 
curve which bounds the triangle A. 

The proof is the same as in Theorem 3.9, but now the chosen path y, for defining 
the potential function / at x, which goes from xo to x, is the segment joining both 
points. 


Definition 3.11. A 1-form @ is locally exact (equivalently, the associated vector 
field ¥ has locally a potential function) on a domain U of k” if for every a € U 
there is a ball B(a,r) C U, r > 0 and a function h € C!(B(a,r)) such that 
w = dh (or X= Vh) in B(a,r). 


As usual we write B(a,r) = B,(a) = {x € R”: |x —a| <r}, with |-| for the 
norm in R”. 

Considering that balls are star-like domains and using Theorem 3.10 and a 
decomposition of a triangle into enough smaller triangles, we get the following 
result. 


Corollary 3.12. Ina domain U C R” acontinuous 1-form a is locally exact if and 
only if fan @ = 0 holds for any triangle A Cc U. A continuous vector field has 
locally a potential function if and only if its circulation is zero along the boundary 
of any triangle inside U. 


3.3 The fundamental theorem of complex calculus 


Now these considerations will be particularized to dimension two and the case of 
w = f(z) dz. It is worth recalling the notations 


ae CARL eC a 


dz=dx-+idy, dz=dx—idy. 


The differential dh of a differentiable function / (real- or complex-valued) may be 
expressed as 


oh Oh 
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A 1-form w = P dx + Q dy may be also written a = Adz + Bdz, with A = 
1(P —iQ), B = 4(P +iQ). That is, z and Z, % and 4, dz and dz work as if 
they formed a system of coordinates. 

Let us now see when a form of type w = f(z) dz is exact on a domain U 
supposing only that f is continuous on U. There must be a function h € C!(U) 
such that dh = a, that is, 


oh oh 
—dz+—dz= f(z)dz. 
Oz Oz 
This means that me = 0, that is, 4 is holomorphic and h’ = f on U. This way one 


sees that f(z) dz is exact on U if and only if f has a holomorphic antiderivative 
h, in the sense that h has complex derivative h’(z) = f(z),z € U. 

Theorem 3.9 gives, as a particular case, the following result. However it is worth 
repeating the proof for this special case. 


Theorem 3.13 (Fundamental theorem of complex calculus). Let f be a continuous 
function on a domain U of the complex plane. Then the complex line integral 
}, F(z) dz does not depend on the path in U if and only if f has a holomorphic 
antiderivative F, F' = f, on U. In this case one has 


[toa = Pea: = FB) FA) 
y y 


where A, B are, respectively, the beginning and the end of the path y. 


Proof. Fix zo € U and for each z € U choose any path y, which goes from Zp to 
z and put 


F(z) = fw) dw. 
Vz 


Observe that F(z) is well defined, supposing that the line integral of f does not 
depend on the path. Therefore, F is, by definition, the indefinite integral of f. To 
prove that F’(z) = f(z), remark that the incremental quotient FEW F@) ata 
fixed point z is exactly i J, f(w) dw, where o is the segment from z to z +h. So 
it must be seen that this quantity has limit f(z) when 4 — 0, or equivalently, using 


that [, dw ish, 
lim 7 i (f(w) — f@) dw =0. 


However, by (3.3), the previous integral is bounded in modulus by 


iy Suet) — f(2)|: w €a"}L(a) < sup{| f(w) — f@|: w €o"}, 


a quantity which converges to zero with h due to the continuity of f. 


96 Chapter 3. Holomorphic functions and differential forms 


Conversely, if f = F’ and y is given by y(t),a <t <b, then f(y(t))y’(@) = 
F’(y(t))y’(t) coincides with (F © y)’(t) and so one has 


b b 
dz= t)dt= Foyy(t)d 
[ fa)dz i fy)y' at i: (Fo y)'(t) dt 


= (F co y)(b) — (F 0 y)(a). O 


Theorem 3.10 corresponds to the following one. 


Theorem 3.14. Let f be a continuous function on a star-like domain U of the 
complex plane. Then f has a holomorphic antiderivative F, F' = f, on U if and 


only if 
/ f(z)dz=0 
dA 


Thus the parallelism with the real version of the fundamental theorem of calculus 
is clear. The difference is that, on the real line, to go from x9 to x there is just one 
path, up to reparametrizations which conserve the value of the integral, while in 
the complex plane there are a lot of them. Therefore, while in a real variable every 
continuous function has an antiderivative (the indefinite integral), in one complex 
variable not every continuous function has a holomorphic antiderivative. Only 
functions with a well-defined indefinite integral have it. 


for every triangle A inside U. 


Example 3.15. For fixed a € C and m € N, the function F(z) = 4(z —a)”™ is 
holomorphic and has derivative F’(z) = (z — a)! in the whole complex plane 
C. Hence, iy (z — a)‘ dz = Oifk is a non-negative integer (k = m — 1) for any 
closed path y, that is, the form (z — a)* dz has integrals which do not depend on 
the path. 

Considering F(z) = 4(z —a)™ but now with m a negative integer, F is 
holomorphic on U = C \ {a} and has derivative F’(z) = (z —a)~. Hence, it is 
also i,@ —a)* dz = Oifk is a negative integer k 4 —1(k =m—l)anda ¢ y*. 
However, if k = —1, it is already known that 


dz ; 
; =. 2mi Ind (y, a), 
yee 


which may be different from 0. Therefore the function (z — a)~! does not have a 
holomorphic antiderivative on C \ {a} O 


Example 3.16. The computation of the integral of z? along the arc of the parabola 
from 0 to 1 + 7 followed by the segment from 1 + 7 to 1 is done in Example 3.3, 
and the result is i, which coincides with the integral along the segment from 0 to 1, 
easier to compute. O 
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The complex fundamental theorem of calculus, exactly as in the real case, al- 
lows us to reduce the computation of certain line integrals to the computation of 
antiderivatives. In one real variable, in order to evaluate for example iF a ex dx, 
one has to use the definition as a limit of Riemann sums and one may only obtain 
an approximated value. But the fundamental theorem of calculus may be used for 
functions which have antiderivatives. It is the same in the complex case; according 
to Theorem 3.13 one has 


/ F'(z) dz = F(B) — F(A) (3.6) 
¥ 


if y is a path from the points A to B, inside an open set U on which F is a 
holomorphic function. 


Example 3.17. In order to compute i sin z dz where y is the arc of the curve 
y = x3, which goes from (0,0) to (1,1) = 1 +, the definition is not applied; 
just observe that sin z is the derivative of — cos z, and then the previous integral has 
value —cos(1 +7) + cos0O = 1 —cos(1 +7). O 


Recall that to compute complex antiderivatives we may use analogue rules to the 
ones for the real case, as explained in Subsection 2.4.3. For example, the integration 
by parts formula sets the equality 


/ f'@)e(e) dz = f(B)g(B) — f(A)e(A) — / fae'(2) az 
Y Y 


if y goes from A to B inside U and f, g € H(U). It is no more than the rule of the 
derivative of a product, using (3.6) for F = f - g. 


Example 3.18. In order to compute cf z sin z dz, when y is a path joining the points 


Aand B, take u = z,dv = sinz dz; thendu = dz,v = —cosz, and the indefinite 
integral fu dv isuv — f vdu = —zcosz + f coszdz = —zcosz + sinz. The 
defined integral is, therefore, sin B — sin A — Bcos B + Acos A. O 


Similarly, the change of variable formula establishes that if in the integral 
if Ft (g(z))g'(z) dz one makes the substitution w = g(z) and F(w) is an an- 
tiderivative of f(w), then 


/ fe@)e'@) dz = / f(w) dw = F(g(B)) — F(g(4)), 
y a(y) 


where y goes from A to B and g(y) is the path defined by the mapping g o y. 


Example 3.19. Compute {, —+, dz, where y is the line segment from 0 to 


y 1422 
es (1+7). Making the change of variable w = z? we obtain 5 Ir Te dw, where 
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I is the image of this segment by the mapping z — 27; itis the segment starting at 0 
and ending at /; in a neighborhood of this segment aa has antiderivative F(w) = 
Log(1 + w) (in fact, the branch of F(w) is defined outside the ray (—co, —1)); the 


proposed integral equals +(Log(1 +i)—Logl)= + Log 2 ae iz. Oo 


The existence of holomorphic antiderivatives and of branches of the logarithm 
are two deeply related matters: 


Proposition 3.20. If f is a holomorphic function without zeros on a domain U, 
then there is a branch of the logarithm of f in U if and only if the function f’/f 
has a holomorphic antiderivative on U. 


Proof. It has been observed in Subsection 2.4.3 that if / is a branch of log f, then 

his holomorphic and h’ = f’/f. Conversely, suppose that / is holomorphic on U 

with h’ = f’/f and consider the function F = e~" f, the derivative of which is 
F’ =-e*h' f +e f' =0. 


Therefore, F is a constant c 4 0, andifc = e®,a € C, then f = et andh +a 
is a continuous branch of log f in U. O 


Proposition 3.21. Let K be a compact set of C. The following assertions hold: 


a) Ifa € Voo, the unbounded component of C \ K, then there exists a branch of 
log(z — a) on a neighborhood of K. 


b) Ifa, B belong to the same bounded component of C \ K, then there exists a 
Z—a 


branch of log z—p Ona neighborhood of K. 


Proof. Suppose that V is a bounded component of C \ K and that a,B € V. 
Consider a relatively compact neighborhood U of K such that a, 6 are both in 
the same component of C \ U (for example, join a, 8 by means of a polygonal 
curve [ Cc V and if e = d(K,T), put U = {z: d(z, K) < e}). The function 
f(z) = (2 —a@)/(z — B) will have a branch of the logarithm in U if f’/f has an 
antiderivative, that is, if 


fr... dz dz 
a= y f(z) a= |, ee. 


for any closed path y inside U. Now, 


i ue / OF 57 nde man PN, 
y ¥ 


Z-a z—fB 


Since y* C U, it turns out that a, 6 must be in the same component of C \ y* and, 


as a consequence, Ind (y, v) = Ind (y, B). 
In the case that a € Vo, one has y aie = 2mi Ind(y,a) = 0, following a 


similar argument. O 
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3.4 Green’s formula 


The following theorem has a main role in the development of Cauchy’s local theory 
of holomorphic functions. 


Theorem 3.22 (Green’s formula). Let U be a bounded domain of the complex 
plane with positively oriented piecewise regular boundary and let T be the unitary 
tangent vector to OU. Let X = (P,Q) be a vector field with components P, OQ 


differentiable functions on a neighborhood of U such that the function ge at as 


continuous on U. Then the following identity holds: 


[&-Tras= [Pass oay= ff (G2-) ava. 


Observe that it is not required that the functions _ o be continuous. 


It is convenient to make precise the meaning of the integral of the form Pdx + 
Qdy along 0U. Recall (Section 1.6) that JU is composed of a finite number of 
Jordan curves y1, y2,..., vn. Then, by definition, it is 


N 


/ Pdx + Qdy = pay Pdx + Qdy, 
dU Y. 


i=1 oi 


understanding that each curve y; is described by a parametrization which orientates 
1 positively and y2,..., yy negatively, ify, yo,..., yw are as in Proposition 1.37. 
Intuitively, when travelling each y; the set U must be on the left. Likewise, the 
unitary tangent vector at the point y;(f) «€ 0U,i = 1,...,N, is T= ae 
every time that y/(t) 4 0. Concerning the double integral over U of the function 
Q x — Py, note that it is taken with respect to Lebesgue measure on the plane, 


represented either by dxdy or by dm(z), if z = x + iy. 


The proof of Theorem 3.22 will be done in three steps. The first step corresponds 
to the particular case in which the domain U is a rectangle. It is worth noting that 


the proof of Green’s formula for a rectangle, let U = [a,b] x [c,d], is very easy 
if P, QO are C! in a neighborhood of U, because then the functions i “ are 
continuous and an application of the fundamental theorem of calculus and Fubini’s 
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Theorem gives 


[Le dx + Ody) 
= [ P(x,c)dx + [ Q(b, y)dy — [ P(x, d)dx — i O(a, y)dy 


b d 
= i (P(w,c) — P(x, d)) dx + / (0b. ») — O(a. y)) dy 


b d aP d b a 
--| i so(ty)dedy + | i Eee avay 
a c dy Cc a Ox 


- / (72 2 ~) Hiais. 
[a,b]x[c,d] SOx = Oy 
ap 9Q 


In the general case, where nothing about each function By? Ox is assumed, it is 
necessary to find a different kind of proof. The one given here is inspired by a proof 
of the basic fact, in calculus of one real variable, stating that if f is a differentiable 
function on an open interval J and f’(x) = 0, for all x € J, then f is constant on 
I. Itis a direct proof, which only uses the definition of the derivative: 

One may suppose [a,b] c J and prove that f(a) = f(b). Put Jo = [a,b]. If 
c is the middle point of [a, b], one has 


def 


An (Ss) = |f(6)-— f@| s |fO) -— FOl+ IFC -— F@I 
“ Atc,b1(f) + Afa cl (f).- 


From the two intervals [a,c], [c, b], let 7; be the one on which the absolute value 
of the variation of f is bigger so that 


| f(b) — f(@| Ss 2A7,(f). 


Repeat the process indefinitely and find a sequence of intervals Jo D J; D +--+ D 
In D +++, each of them a half of the previous one, with length |/,| = 27"(b — a) 
and 


|f(o) — f(@| < 2"Az,(f). 
The intersection of all the intervals J, is a point x9 € [a,b]. Given ¢ > 0, there 
exists ad > 0 such that 


f(&) = feo) + fF’ o@ — Xo) + ROG = x0) = fo) + R])& = Xo) 


with |R(x)| < «, if |x — xo| < 6. If n is big enough, any interval J, is inside the 
interval [xo — 6, Xo + 6] and then 


Ar, (f) S eldn| = e2-"(b — a). 
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With this | f(b) — f(a)| < e(b —a), for any e > Oand f(b) = f(a). 
The same proof, working with f(b) — f(a) — f, i J’ (x) dx as a functional of 
the interval [a, b], proves the fundamental theorem of calculus, that is, 


b 
fib) flay= f fat, it f €CMa.bp. 
a 
This is, essentially, the proof done next in dimension 2. 


Proof of Theorem 3.22. 


First step. The domain U is a rectangle with sides parallel to the axis. Writing 


oP = P,, - = P, and similarly for Q, put 


1 =1u) =f (Pdx+ Od) ff (e- Pavay, 


This notation will be used for any rectangle. Divide the rectangle U into four equal 
rectangles (Figure 3.3) U',i = 1,2,3,4, such that one has I(U)= aS I(U'), 
and let U; be the one of the four rectangles U? for which |/(U’)| is maximum. 
Therefore, 


[7] < 4171). 
us Tika u nN 
. tl) . IN 
Figure 3.3 


With I, =1(W,) one repeats now the process and so on, so one finds rectangles 


UD U; D U2 D--+ D Uy,..., each of which is a quarter of the previous one, and 


[7] <4", )I.- (3.7) 
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The intersection of these rectangles U, is a point z9 € U. Given ¢ > 0 we can 
write 


P(x, y) = P(Zo) + Px(Zo)(x — xo) + Py(Zo)(y — yo) + Ri), 


Q(x, y) = O(Z0) + Ox(Z0)(x — X0) + Oy(Zo)(y — Yo) + Ra(z), 


where Z9 = X9 +ivo,z = x +iy, with |Ri(z)|,|Ro(z)| < €|z — Zol, if |Z — Zo] < 
= 6(e). By the continuity of Q, — Py one may suppose that 


(Ox — Py)(z) = (Qx — Py) (Zo) + R3(z) 


with | R3(z)| < ¢, if |Z —Zo| < 6. Forn big enough, it is U, C D(z, 5), and if one 
assumes that U, = [ay, by] x [en, dn], one has 


i (P dx + Ody) 
dU yn 
iy dn 
=| POren)dx + f O(bn, y) dy 


bn dn 
-| PO dy) dx — f Q(an, y) dy 


= Py(Zo)(Cn — yo) (bn — an) + Ox(Zo)(bn — X0)(dn — Cn) 
am Py(Zo)(dn — yo)(bn — An) — Qx(Z0)(Gn — X0)(dn — Cn) + Rn 
= (bn — an)(dn — Cn) (Ox (Zo) — Py(Zo)) + Rn, 
where 
bn dn 
Ru =f [RiGen) — Riloedy)lde + [[Ralbn.y) = Ratan. yy. 


Observe that R,, R2 are continuous functions and, therefore, integrable. 
Now if z € OUy, it is |Z — Zo| < Ln, where Ly, is the length of the diagonal of 
U,. Hence, if P, is the perimeter of U,, it turns out that, for n big enough, 


|Rn| < eLnPn. 


Butif L, P are the diagonal and the perimeter of U, respectively, itis L, = 2-"L, 
P, = 2-" P, so that 
|Rn| < e4-"LP. 


One has as well 


‘| | (Ox Py) dx dy = (Qe ~ Py)(20)(bn ~ dn) dy ~ en) + Re 
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for a certain function R, which satisfies |Rn| < 64” - A, where A is the area of 
U and n is big enough. Hence one has that the two previous integrals has the same 
principal part, so there is a cancellation and one finds 


|[(Un)| < €4-"(LP + A). 


Finally, by (3.7) it turns out that |J| < e(LP + A), for all ¢ > 0 and consequently, 
I = 0. This finishes the proof of the first step. O 


Remark 3.2. a) The same procedure may be used in the case of a triangle A 
breaking it into the three triangles determined by the vertices and the barycenter 
of A. 

b) The arguments used above also prove that the result holds if U is a finite 
union of rectangles with pairwise disjoint interiors. 

c) Also a more general version than the one just proved is valid, supposing only 
that the functions P and Q are continuous on U, differentiable on U and that the 
function Q, — Py is integrable on U. (See: P. J. Cohen, On Green’s theorem, Proc. 
Amer. Math. Soc. 10 (1959) 109-112.) 


Second step. The domain U is of subgraph type, that is, 


U={(x,y):a<x<b,0<y<(x)} 


is a domain limited by three segments and by the graph of the function ¢: 
[a,b] + R which is supposed to be C! (Figure 3.4). 


Figure 3.4 Figure 3.5 


The idea in this case is, simply, approximating U by a union of rectangles, as 
it is done in the definition of the integral with Riemann sums. Given a partition 


a= Xo < X1 < X2 < +++ < xX, = Db of [a,b], formed by n + 1 equidistant 
points, let mj = inf{g(x): 4-1 < x < xi} = g(G) with G € [xj-1, xi] for 
i = 1,2,...,n, T = Xo, Ta+1 = Xn- Now consider the domain R,, union of the 


rectangles {(x, y): xj-1 <x < xj, O< y <m;},i =1,...,n (Figure 3.5). 


104 Chapter 3. Holomorphic functions and differential forms 


Clearly Ry C U and 
Jf Qx-Pyaxay <> ff (Qx- Py dxay 
Rn U 


because the function Q, — Py is continuous, and therefore integrable on U. Fur- 
thermore since R, is the union of adjacent rectangles it turns out, according to the 
first step, that 


| (Ox Py)dxdy = [ EreOu: 
Rn ORn 


The difference between fy,, P dx + Q dy and fy2 P dx + Q dy is, up to the 
sign, 


b 
J Pe.909) + 24. eeoye'@o) ax 
de Xj se g(tj+1) 
-Y fo Peotmax-Y [ oc. yyay 
i=1° 4-1 i=0° PX 


Xi 


b n 
=| [ Peeonax— 


i=1 
b n 
i i Qerseeow"eax— Yo i 


It is clear that I converges to 0 when n — oo, by the uniform continuity of P(x, y) 
on U. The change of variable y = g(x) makes each of the integrals of the second 
term of II become 


P(x. (5) ds 


Xi-1 


o(ti4+1) 4c 


O(x;, y) ay =I+TN. 
(qj) 


[er pene" ax 


and then II > 0 with n — oo, by the uniform continuity of O(x, y(x))g’ (x). 
With this, 


[ @ax+ Ody) = im | (P dx + Q dy) 
aU nm SARn 


=tim ff) (Qx—Pydeay = ff (Ox Para. 


which finishes the proof of the second step. 
Naturally, the same result holds permuting the roles of x, y, that is, if U isa 
subgraph domain of a function x = ¢g(y). O 
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Third step. Let now U be a bounded domain with piecewise regular positively 
oriented boundary, formed by Jordan curves y1,..., yw, where each y; is piecewise 
regular. 

First fix a point z9 € OU and suppose that zo € yf with y(t) = (x(t), y(t), 
yi(to) = Zo. If Zo is a regular point, it is yj (to) 4 0 and one may assume, for 
example, x’(t9) 4 0. Then in a neighborhood of x9 = x(fo) the variable t may be 
written as a function of x, ¢ = ¢(x), and therefore, y = y(t) = y(t(x)) = 9(%), 
that is, yj is the graph of the function g on a neighborhood of (xo, yo). Taking 
now a rectangle R small enough surrounding this point, the graph of g@ breaks R 
into two regions 


Rt ={(x,y)€R, y>(x)} and R= {(x,y) € R, y < G(x)}, 


and necessarily either RON U = Rt or ROU = R- (Figure 3.6). 


{ } * 
x 
xo —6 7 xo +6 


Figure 3.6 


Hence there exists a neighborhood R of zo such that RM U is either the sub- 
graph type region 


RNU ={x9-—6 <x <x9+5,a<y < y(x)} with > 0, aeER, 


which has positively oriented boundary, or the result of rotating by 180° a region 
of this type. If the proof started from y’(to) 4 0, one would find a neighborhood 
R of zo such that RN U isa subgraph type region, with x = g(y). Observe that 
for any of these regions Green’s formula holds, according to the second step. If the 
point Zo € AU is not regular, then zo has a neighborhood V such that V 4 U is the 
union of two adjoint subgraph regions because y(t) is regular for ¢ < fo and for 
t > to, and then Green’s formula also holds on V N U (Figure 3.7). 

Now, due to the compactness of the boundary of U, it may be covered by 
a finite number of open rectangles R;,..., Rx so that every region R; M U is 
of subgraph type (as in the second step). The part of U which is not covered 
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_—_— Se 


Figure 3.7 


by the rectangles R;, that is, U \ (Rj U--- U Rx), is a compact set contained 
in U, which may be covered by a union of rectangles with sides parallel to the 
axis, contained in U. We may assume that these rectangles have pairwise dis- 
joint interiors, because a finite union of rectangles may always be chosen such 
that only their boundaries intersect. Let Ro be the union of these rectangles so 
that Green’s formula clearly holds for Ro, according to the first step. Finally 
consider a C! partition of unity {0, 01, P2,..., Px} Subordinated to the covering 
{Ro, Ri,..., Re} of U. To simplify we write w = Pdx + Ody, wj = pjw 
hi = (p:Q)x — (0: P)y, i = 0,1,...,. It turns out that 


k 
o =a + dai. 


i=1 


where each form @; is differentiable and vanishes outside R; and h; is continuous. 


Therefore 
fase fmm f,m- haem 
aU Ro dRo 


and, for the forms w;,i = 1,. 


/ w= | i, w= ff m= ff ts. 
aU aUNR; a(RiNU) R;NU U 


With this the proof of Green’s formula is complete. O 


Note that Theorem 3.22 holds if the functions P, Q either are real or complex. 

A vector field X¥ = (P, Q) and its corresponding 1-form @ = Pdx + Qdy 
will be called differentiable on a domain U if P and Q are differentiable functions 
on U. 


Corollary 3.23. A differentiable 1-form w = P dx + Q dy ona domain U of the 
plane is locally exact if and only if Py = Q, on U. A differentiable vector field 


X = (P, Q) has a locally potential function if and only if Py = Q,. Ina star-like 
domain the same statements hold globally on U. 
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Proof. \t is enough to prove the assertion in the case of a star-like domain. If 


w = dh then h is twice differentiable and Schwarz’s rule says that hyy = hy x, that 
is, Py = Q,. Conversely, this condition implies, according to Green’s formula 


[,o= fe y) dx dy = 0, 


for each triangle A Cc U, and by Theorem 3.10, is exact. O 


With the additional hypothesis that P, Q are C! the previous corollary may be 
proved directly without using Green’s formula (see Remark 3.5). The differentiable 
1-forms on a domain U, w = Pdx + Qdy, which satisfy the condition Py = Ox, 
are called closed forms on U. 


3.5 Cauchy’s Theorem and applications 


In the special case @ = Pdx + Qdy isa closed differentiable 1-form on a neigh- 
borhood of U, the function 0, — Py, = 0 is automatically continuous and Green’s 


formula gives 
/ o=0. 
aU 


If the function f is differentiable, imposing that the 1-form w = f(z)dz = 
f(z) dx + if(z) dy is closed means that it must satisfy 


af _ aif _ af 


dy ax Ox’ 


an equality that translates Cauchy—Riemann equations. Therefore, @ = f(z) dz 
is a closed form if and only if f satisfies the Cauchy—Riemann equations us = 0, 
that is, if f is holomorphic. 

In particular one obtains a basic result of complex analysis: 


Theorem 3.24 (Cauchy). Jf U is a bounded domain of the plane with positively 
oriented piecewise regular boundary and f is a holomorphic function on a neigh- 


borhood of U, then 
ij f(z) dz =0. 
aU 


Remark 3.3. a) The particular case of Theorem 3.24 when the domain U is a 
rectangle with sides parallel to the axis is known as Cauchy—Goursat’s Theorem. 
Note this result only depends on the first step in the proof of Theorem 3.22. 


b) It is easy to see that Theorem 3.24 holds just assuming that the function f is 
continuous on U and holomorphic on U (see Exercise 22 of Section 3.8). 
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A situation in which Cauchy’s Theorem is often used is the following: assume 
that U is the interior of a positively oriented Jordan curve and that this curve is 
formed by regular curves y1,..., ya such that the ending point of y; is the starting 
point of yi41,7 = 1,2,...,N —1, and the ending point of yy is the origin of y1. 
Then, if f is holomorphic on a neighborhood of U, one has 


N 


f(2)dz=-) >] f(e)dz 
Y1 


i=2°vi 


and it is possible that the integrals Fi . Ff (z)dz turn out to be more easily computed 
than the integral / “i Ff (z)dz. This is illustrated in the following example. 
Example 3.25. In order to compute the integrals + Fase cos(t?)dt, i sin(t?)dt 
we will show that the following limits exist: 
R R 
lim cos(t”) dt, lim , sin(t?) dt, 
R>+0 Jo R>+00 Jo 


that is, the integrals exist as improper Riemann integrals (however, they are not 
absolutely convergent). The entire function f(z) = e!2” and the paths [,, [2 and 
13 of Figure 3.8 will be used. By Cauchy’s Theorem one has 


[ocostarsi [snear=f fizydz = [ fe)dz— f f(z)dz 


R 70 q : 
=/ eit? gael) — | ei(Re’ G(Re'*) 
0 0 


R IL 

-2 1 : 4 iRZe2it ny. it 

— e <0 +idr—f e Rie” dt. 
i J/2 0 


T3 


ry 
Figure 3.8 
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Now take limits when R — oo. The first of these last integrals converges to 


ce ee cee 
Suto f e i see 


J2 
is 

oe Rf |eiRrertt 

7 0 


a 2 1 2 1 
<R “RE dt = (1 —e7 4 es | 
= [ e RS e J<5 


On the other hand, 


a. 
4 .p2,2it . ; 
| gre Rie™ di 
0 


ps 
z : 
dt= R| eR? sin 2t dt 
0 


Therefore, one finally obtains 


if cos(t?)dt = [ sin(t?)dt = = O 


Example 3.26. Theorem 3.24 is used now to prove that the integral 


+00 5 
na) = | e ti” dy 
—oo 


does not depend on a € R. Supposing that this fact holds, and since (0) = 


Yaa e-* dx = ./m and I(a) = a ea? +2xai) dy we obtain 


+00 s ; 5 
i pg ¢ RC dae” «lx 


[e,2) 


and, taking real parts, 


+00 5 Pp 
: e ~*~ cos2xadx =e % Jz. 
—oo 

In order to check that J (a) is independent from @ consider the function f(z) = e~7 7 
and the rectangle with vertices —R, +R, R+ai, —R-+ ai. Cauchy—Goursat’s 


Theorem gives 


+R +R 
i ene? -{ eet ai)? dxz (| +f ie dz, 
—R —R Sy So 


where Sj, Sz indicate the vertical sides of the rectangle. Now, if z = +R + it, 
then one has 


a7. _ es —(R2_72 —_Rp2 72 _ Rp2 2 
je? |ae Mae age eek eo. 


Hence, both integrals over the vertical sides are bounded by lale* e R? a quantity 
which converges to zero when R 7 +00, and it turns out that J(w) = /(0) for all 
aeR. O 
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Example 3.27. Now the integral J = pes sunt dt will be computed; this integral 
is not absolutely convergent, but it is convergent, and therefore 


. +R cin t 
I= tlm — 
R>+o J_R 


(see Section 5.8 for a review of types of convergence of the improper integrals). 
Consider 


el? 


=. <7" 
Zz aD nt? 


n>1 


f@= 


which is an entire function. Observe that, bearing in mind that the real part of the 
following integral is odd, one has 


“ fojdx = f cosx —1+isinx 7 Sie 
R = _ 


x R xX 


Consider the upper semicircle Cr with center at 0 and radius R, that is, Cr = 
{z: |z| = R, Imz > 0}. By Cauchy’s Theorem, one has 


+R 


foxde + f f(z) dz = 0. 
R Cr 


Then, 

1 elZ rae | 1 au eiRel? es | : 

f==— lim dz =—— lim ———_ sre" ub 
i R>0JCp 2 i R>0o Jo Reié 
7 -pi0 R iRolP 
=-— lim | (e'®*° —1)d0=a—- lim | e'®*” do. 

R->0oo 0 R->oo 0 

Now, jeiRe’® | = e sin? and sind > 26 for0 < 0 <2;s0 
Pao ue -y 
| / efRe™ d6| < iy e 2 dg +0, R—->0o 
0 0 

from which I = z. O 


An important consequence of Cauchy’s Theorem is related with the existence 
of holomorphic antiderivatives and branches of the logarithm of functions. The 
following corollaries are consequences of Corollary 3.23, Proposition 3.20 and the 
fact that the form f(z) dz is closed exactly when f is holomorphic. In Chapter 6 
it will be seen that the statements relative to star-like domains also hold for simply 
connected domains. 
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Corollary 3.28. If f is a holomorphic function on a domain U of the plane, 
then f has locally a holomorphic antiderivative on U. If U is star-like, f has a 
holomorphic antiderivative globally. 


Corollary 3.29. If f is a holomorphic function without zeros on a domain U of 
the plane, then f has a branch of the logarithm locally on U. If U is star-like, f 
has a branch of the logarithm globally. 


Example 3.30. The form (z — a)~! dz is closed on C \ {a} because (z — a)! is 
holomorphic, but is not exact. A function h with dh = (z — a)~! dz would bea 
holomorphic branch of the logarithm of z—a on C \ {a}, which does not exist. This 
happens on C \ {a}; now, in any smaller open set in which there exists a branch F 
of the logarithm of z — a (for example, the complement of a ray or an arc that starts 
at a and goes to 00) it is known that F’ = (z—a)7!. O 


The form az is an example of a non-exact closed form on C \ {0}. Separating 
real and imaginary parts it turns out that 


dz _ d(x+tiy) _dx+idy 


Z x+y x+y 
(x —iy)(dx +idy) xdx+ydy (xdy—ydx 
= x24 y2 ~ x2 4p 2 oe x24 y2 
Observe that the real part does have a potential function: 
xdx+ydy 


1 
a(; Log(x? + y)) =p 


dtc; y2 


Therefore, if a is not exact, it must be due to the imaginary part, which is the form 
of Example 3.40. 


3.6 Classical theorems 


The aim of this section is to introduce the necessary concepts to present an ap- 
proximation to holomorphicity from the real variable point of view, in an arbitrary 
dimension. 


3.6.1 Orientable regular submanifolds 


The context is now the Euclidian space of dimension, R”. One starts recalling the 
concept of regular submanifold of dimension k with boundary or k-submanifold 
with boundary, which generalizes the concept of regular curve (k = 1). 
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A closed and connected set M in k” is called a regular submanifold of dimension 
k with boundary if for any point p € M there is a neighborhood U of p in k”, 
a ball B = B(0,r) C R* and a mapping o: B > R” of C! class (that is, the 
components of o are C'!), with o(0) = p and differential do(t) of rank k at every 
point ¢ = (t1,f2,...,t,) € B so that o is a homeomorphism either from B(0, r) 
onto UM M or from Bo (0,r) = {t = (f1,t,...,t,) € B(O,r): te < 0} onto 
Ul M. In the first case it is said that p is an interior point of M, and in the second 
one p is called a boundary point of M. The boundary will be denoted by 0M. If 
OM is empty, it is said that M is a regular submanifold of dimension k without 
boundary. The couple (V,o0) where V = B(0,r) is called a parametrization or 
local chart of M and (ty, t2,..., t,) are the parameters or coordinates of the point 
a(t); o(t) is analogous to the mapping y(t) which parameterizes a curve (k = 1). 
In general a collection of charts (V;,0;)iez will be necessary to cover the whole 
set M, M = \); o;(Vi), a collection called an atlas of M. In this situation, the 
tangent space to M at the point p is the k-linear manifold T,(M) of R” which 
contains all the tangent vectors to the regular curves that pass through p and are 
contained in M. Analytically and using the previous notations, 7; (M) is the image 
of R* by the linear mapping do(0) and it is, therefore, generated by the vectors 
i 0), j =1,2,...,k (Figure 3.9). 


ato 
V = B(O,r) 


Figure 3.9 


The definition of regular submanifold with boundary implies that 0M is the 
topological boundary of M \ 0M and it is by itself a regular manifold of dimension 
k —1: if p € 0M anda isas above, then the restriction o* of o to{t € V: t, = 0} 
is alocal chart of 0M. The (k — 1)-manifold 0M has no boundary and symbolically 
we write 07M = 9. 

Similarly to Theorem 1.31, every regular 1-submanifold with boundary I may 
be parameterized globally on a closed interval, y: [a, b] > I’, and then dF consists 
of the points y(a), y(b). If [ has no boundary it is parametrized on the torus 
T, y: T — TI. In the first case one has a simple regular curve in the sense of 
Subsection 1.4.1, and in the second case one has a simple closed regular curve 
with empty boundary. In other words, simple regular curves correspond to regular 
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1-manifolds with boundary (eventually empty). The other extreme case is fork = n; 
then U = M \ 0M is an open set of R”, and M is its closure. In this case we say 
that U is an open set with regular boundary. 

On every regular k-manifold with boundary M there is a k-dimensional 
Lebesgue measure, dm,, which makes it possible to integrate continuous functions 
on M and gives the k-dimensional volume of measurable sets of M. With classi- 
cal notation in R?, one usually writes dm, = ds, dmz = dA and dm; = dV. 
Here, being located in the space R”, we will use also the notation dm, = dV, 
dmn—1 = dA and V(X), A(X) for the measure of a set X, with respect to dV, 
dA. 

If (V,o) is a local chart of M and f is a continuous function on M vanishing 
outside o(V), then one has 


[fame = [flowy [der Got0))} dtr dia. dt 
M V 


where det G,(t) is the determinant of the Gram matrix of the column vectors of 
the matrix of do(t), that is, the one with entries (ea, Le a = 1,...,k. The 
U J 


quantity | det Gg (t)|!/? is the k-dimensional volume of the parallelepiped generated 
by the vectors a column vectors of do(t). 

For k = n — 1, the manifolds are called regular hypersurfaces with boundary, 
and for k = 2, surfaces. If M is a regular hypersurface with boundary and p € M, 
there are two opposite unitary vectors orthogonal to T,(/). When it is possible 
to choose in each point one of these unitary normal vectors in a continuous way 
on M, one says that M is orientable. Every regular curve is orientable, but not 
every hypersurface is; for example, the Mo6bius strip is not orientable. When M is 
orientable, then it is so in two different ways, as a curve may be travelled in two 
different directions. Choosing a unitary tangent vector (k = 1) or a unitary normal 
vector (k = n — 1) may be understood as a way of orienting the tangent space 
T,)(M). 

In order to formulate the concept of orientation in general it is necessary to define 
what orientation means in a linear subspace F of k”, of dimension k. This may 
be done by separating the basis of F' into two classes, grouping in the same class 
all the basis of F for which the change of basis matrix has positive determinant. 
When & = n — 1, that is, when F is a hyperplane, an orientation of F corresponds 
to choosing N , one of the two unitary normal orthogonal vectors to F, declaring 
that a basis %1,...,Uy,—1 of F is positive if %1,...,Un—1, Nisa positive basis of 
R” when this space is oriented with the canonical basis. Then a regular k-manifold 
with boundary M is said to be orientable if it is possible to orientate the tangent 
spaces T,(M) in a continuous way. In terms of local charts it means that there 
exists an atlas (V;,0;) which covers M, M = \Jo;(V;), so that the mappings 


Oj a; of changes of coordinates have all positive Jacobian determinants. In this 
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case, the mappings o;* (o7-)- ! also have positive Jacobian determinants; that is, if 
M is orientable, so is aM. 
An orientation of M and an orientation of dM are said to be compatible if the 


basis iO), j =1,...,k of T,(M) corresponds to the orientation of M, and the 


basis ag (0), j =1,...,k —1, to the one of 0M. There are two particular cases 
which may be easily understood. When n = 3 and k = 2, M is a surface of R? 
limited by 0M, which is a simple closed curve. A sense of travelling on 0M and 
a selection of normal vector N on M are compatible if they fulfill the right-hand 
rule: place your right hand on M near a point of dM so that your fingers point in the 
direction given by the orientation of 0M. Then your thumb points in the direction of 
N. The other case is when M is an n-manifold with boundary in R”; then M \ 0M 
is an open set, and 0M, its boundary, a hypersurface. As said above, an orientation 
of dM corresponds to the selection of a unitary vector field normal to dM. When 
M has an orientation given by the canonical basis of R”, the compatible orientation 
of 0M just defined corresponds to a unitary normal vector field N called a normal 
exterior vector field on 0M. Then a basis %11,...,U%n—1 Of Tp(0M) is positive if 
U1,...,Un—1,; Nis positive on R”. 

In this case it is said that U = M \ 0M is an open set with regular boundary 
oriented by the unitary normal exterior vector field N. 


3.6.2 Flow of a vector field through a hypersurface 


Let M bea regular hypersurface oriented by the continuous selection of a unitary 
normal vector N at each point of M. If X is a continuous vector field on M, the 
flow of x through M is the sum of the normal components of x, that is, 


i (X, N)dA, 
M 


recalling that dA = dmy_, is the (n — 1)-dimensional volume element of VM. 

When n = 2, both circulations and flows are computed over oriented C ' curves, 
and in fact these two concepts are equivalent due to the following observation. 
Denote by J the linear mapping from R? to R? given by Jv = (—y, x) ifv = (x, y), 
which in terms of z = x + iy is written as Jz = iz; J is, then, the multiplication 
by 7. Obviously, Jv is orthogonal to v and for two any vectors v1, v2 one has 
(Jv, Jv2) = (v1, v2). Then the flow of a vector field x through the curve y is 
written as 

[ N)ds = [or X,JN)ds 
y 


Y 


and, since J N isa vector T tangent to y, one gets that the flow of X is the same as 
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the circulation of J X (provided that the selection of the normal vector N and the 
tangent T satisfies T = JN). 

This way, Green’s formula applied to the vector field J X gives the following 
result. 


Theorem 3.31. Let U be a bounded domain in the plane with piecewise regular 
positively oriented boundary and let N be the unitary exterior normal vector on 


QU. Let X = (P, Q) be a differentiable vector field on a neighborhood of U such 
that the function P, + Qy is continuous on U. Then 


[em ic [Le WO ax ay: 


In dimension n > 2 flows are expressed easily in terms of a parametrization 
of the hypersurface, as for circulations. Consider first a surface S' of R?. In this 
case, a parametrization of S is a mapping 0: V — R? of class C!, where V is 
an open set of R*, which is a homeomorphism between V and o(V), so that the 
differential do(s,t) at any point (s,t) € V has rank 2. The image of do(s,t), as 
a linear mapping from R? to R3, is then the tangent plane to S at the point o(s, f). 
Typically o(V) is the whole S up to some sets of area zero, and one may think that 
it gives a global parametrization. In this case the vectors 0; = oo Or = ie are 
tangent vectors to S, its cross product 6; AG; is then normal to S, and N (o(s,t)) = 
Os AG+/|Gs \G;| is aunitary normal vector. On the other hand, given two vectors of 
R3, the area of the parallelogram they define is also the length of their cross product, 
and so the area element dA of S' is expressed, in terms of the parametrization, as 


dA = |Gs A 6;| ds dt. All this means that if the orientation is the one given by N, 
the flow of a continuous vector field X through S is 


7 (FWD BA Gi) asd 
Ss 


If o(s,t) = (x(s,t), y(s,t), z(s,£)), then Gs = (Xs, Vs. Zs), O¢ = (Xt, V252Z1)s 
so that 6, A G; has components (52; — Zs V1.ZsXt — ZtXs.Xs Vt — Xp Vs) and the 


flow is written, if ¥ — (X1, X2, X3), as 
i (X1 *(VsZt — Zs Yt) + X2+ (ZX — 21Xs) + X3 + (Xs Ye — XtYs)) ds dt, 
Ss 


where the functions X; are evaluated at o(s,t). Observe that the integrand is 
formally the result of computing the determinant of the matrix with X in the first 
row, Gs in the second one and 6; in the third. 

For the previous flow one uses also the notation 


/ (Xidy Adz + X2dz \ dx + X3dx A dy), 
Ss 
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understanding that, forexample, dy Adz is integrated over S making the substitution 
dy = ysds+y,dt, dz = zsds+z,dt andthatdsAds = dt\dt =0, dsAdt = 
—dt \ds = dsdt. 

The expression nz = Xidy \ dz + X2dz A dx + X3dx A dy related to the 


vector field X — whose integral over S' gives the flow —is called a differential 2-form. 


The same computation in dimension 7 for the flow of the vector field X= 
(X1, X2,..., X) through the hypersurface M gives 


n 
/ Yo Xidxy A+++ A (dxj)* A+++ A dXxn, 
M. 


i=1 


where (dx;)* means that this term is not there. The expression inside the integral 
is called differential (n — 1)-form. 

The notion of differential k-form, which will not be needed, appears when 
generalizing these concepts to k-submanifolds of R”. 


3.6.3. The divergence theorem, the curl theorem and Stokes’ theorem 
for 1-forms 


In this subsection the versions of Theorems 3.22 and 3.31 indimensionn > 2 willbe 
considered. It will be highlighted how the same procedure to prove Green’s formula 
leads to the curl theorem and to the divergence theorem with weaker hypotheses 
than in traditional versions. These theorems will allow to interpret holomorphic 
functions from the real variable point of view and define a generalization of it to 
R”. 

In dimension n > 2 there is no correspondence between the notions of circula- 
tion and flow of a vector field and it is necessary to state a different result for each 
of these magnitudes. 

Let us begin with a study of the flows of a vector field X. In this case one 
starts from a bounded domain U in R” such that its topological boundary dU is a 
regular hypersurface. One must evaluate the flow of x through dU. The concept 
of divergence of a differentiable vector field is needed. 

Suppose that yx (X1, X2,..., Xn) is a vector field with differentiable compo- 
nents X; (differentiable vector field) on a neighborhood of a point p € R”. Denote 
by B, the ball B(p,«¢) centered at p with radius ¢ > 0 and compute approxi- 
mately the flow of xX through 0B, when oriented with the unitary exterior normal 
N(x) = L(x — p). By Taylor’s formula we can write, for x € 0Be, 


- = ax 
X (x) = X(p) + Ds —(P) (ai — pi) + 0€8). 
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Next one must consider the normal component of X and integrate it over JBg. 
The contribution of the constant vector field X(p) is zero, because this normal 
component is an odd function over 0B,; in other words, it is clear that the flow of 


any constant vector field is zero. The contribution of the vector field x (p)x; is 
L 


ies ( (Py =p). 2) da. 


Now, since the function (x; — p;)(xj; — pj) has integral zero ifi A j and “e 


if i = j (where c, is the (n — 1)-dimensional measure of the unit sphere), we get 


that the previous integral is exactly “¢” aXe (p); that is, 
l 


n+1 


os Cie oi ree 
[(% Mda= me d ae (p) + o(e”). 


Bearing in mind that £n gh is the n-dimensional volume of Bz, one finds that at any 


point x on a neighborhood of which the vector field X is differentiable, one has 


Bas (x) = lim : ( 
OXi e>0 V(B(x,€)) OB(x,e) 


> 


X,N)dA. 


The function ar oe (x) is, consequently, a density flow per unit of closed 
T 


volume and it is called divergence of the vector field x , denoted by div(X ) or by 
(Vv, x ). One arrives at the same expression using, for example, cubes instead of 
balls which contract to x. This definition of div (X ) is equivalent to the following 
theorem: 


Theorem 3.32 (Divergence theorem). Let U be a bounded domain in R" with 
regular boundary oriented with the unitary exterior normal vector field N. Let X 
be a differentiable vector field on a neighborhood of U with div X continuous on 
U. Then the flow of x through 0U equals the integral of the divergence on the 
domain U, that is, 
(¥,N)dA= / (div X) dV. 
aU U 

This theorem is proved with the same method as Green’s formula and also 
holds if dU is a piecewise regular hypersurface, that is, a finite union of regular 
hypersurfaces with boundary, joined along their boundaries (a cube, for example). 
For the proof observe first that, as seen above, if Q is a cube of size € centered at 
p, then 


/ (FW) da ~ VO) aiv(X(p) = o(V(Q)) 
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Therefore, if div(X) is a continuous function on U, it is uniformly continuous and 
one has 


i (Nyaa - | div(Y)dV = o(V(Q)), 
dQ Q 


uniformly for all cubes Q C U. Then, by consecutive subdivisions (the essence 
of infinitesimal calculus!), the divergence theorem is stated for any parallelepiped, 
due to the cancellation of the flows through consecutive sides of contiguous cubes. 
This would give the equivalent result to the first step of the proof of Theorem 3.22. 
The other two steps are proved in a similar way. 


Example 3.33. Let U be the interior of the ellipsoid of R? with equation x? + = + 


2. = ‘ Rg = 2 
7 = | and consider the vector field ¥ = (x*, y,z + y). In order to compute the 


flow of X through the boundary of U, it is easier to evaluate the volume integral 
of the divergence, with divX¥ = 2x +1+41 = 2x +2. The function 2x has 
integral 0 on U because it is odd and by the divergence theorem, the flow will 
be twice the volume of U, that is, en. If we now want to compute the flow 
through the part & of the boundary corresponding to z > 0, consider the open set 
V = {(x,y,z) € U: z > O}. Applying the divergence theorem on V, we see that 


the flow through © plus the flow through the lower lid of V, which is the interior of 
the ellipse E in the plane xy with equation x? + a = 1, equals the volume integral 
of the divergence, which is a zt. On the lower lid the unitary exterior normal vector 


to dU is (0,0,—1), the normal component of X is y, and the flow through F is 
zero. Therefore, the flow through » is 18x, O 


The procedure to deal with circulations of a vector field X will be similar, 
introducing the concept of circulation density, first in dimension n = 3. 

Let U1, U2, U3 be an orthonormal basis of R* with ¥3 = v1; A U2. Let Dz be the 
disc centered at p € R? with radius ¢ located on the perpendicular plane to 33 which 
contains p, and orient its boundary with the trajectory y(t) = p + e(cost)v, + 
e(sint)U2, 0 < t < 27. This orientation of dD, is the one illustrated again with 
the right-hand rule: if the fingers of your right-hand point in the direction in which 
dD, is travelled, then your thumb points in the direction of v3 (Figure 3.10). Let 
X= (X,, X2, X3) be a differentiable vector field on a neighborhood of the point 
p and compute the circulation of xX along 0D, using once again Taylor’s formula. 
If dy = (vz, vz, vp), k = 1,2 and x € ODzg, one has 


a 
= = ax . 
X (x) = X(p) + ) 5, Pelcos try + sintv,) + o(é). 


i=1 


Consider the scalar product of X with the tangent vector T= é(—(sint)v¥; + 
(cos t)¥2) to dD, and integrate over 0D,. The contribution of the constant X (p) is 
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U3 


Figure 3.10 


zero, the one corresponding to the linear term is 
Oe hed 2 ie: aX; ; ; 
E ( ((cost)v3 — (sint)v]) 4 —(p)((cost)v} + (sin)v4)) dt 
J, (Leeann -Gnow 5 1 + (sinsol 
and the one of the residual term is o(e”). Each integral 
2a : . . . 
/ ((cos t)v3 — (sint)v})((cost)v; + (sint)v5)) dt 
0 


has value z(v3 vj — vj v5), in Oifi = j. Hence one has 


i (X,T)\ds = res x, Ai (pyvdvi - viv) + o(€?) 


25 (% 


Now notice that the components of the vector 03 = U1 A Uz are precisely the 


quantities viv i vj v}, so that in the previous expression appears the scalar product 


of 03 with the vector 


no} — vf oh) +06), 


= (= 0X. 0X, 0X3 dX2 a) 
rot X = 


dy dz’ az dx’ Ox dy 
also denoted by V x X and called curl of X. So it has been shown that if D, is 


a small disc centered at p, located in the perpendicular plane to a direction 0 and 
oriented according to the right-hand rule, one has 


lim =| (X,T) ds = (rot X(p), 8). 
aD, 


eé>0 Ez 
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This means that the quantity (rot xX (p), v) is a circulation density per unit of 
closed area. Consequently the vector rot xX (p) gives the axis around which the 
orbits of the vector field ¥ have the maximal tendency to rotate. The last equality 
is equivalent to the curl theorem stated below which may be proved with the same 


method indicated in the case of the divergence theorem, based on the proof of 
Theorem 3.22. 


Theorem 3.34 (Curl theorem). Let S be a regular surface in R? with boundary 
and let y be a regular curve which parameterizes 0S in such a way that S and 
y have compatible orientations. Then, if X isa differentiable vector field on a 
neighborhood of S with continuous curl on S, the circulation of 4 along y coincides 
with the flow of the curl of X through S, that is, 


[eras = fot % Nyaa. 
Y 


S 


Example 3.35. Let y be the intersection curve of the unit ball in R* with the plane 
with equation x + y + z = 0, oriented according to the right-hand rule when the 
plane is oriented by the normal vector (1, 1, 1). Compute the circulation of the vector 
field X = (z,x,xy) along y. The vector field X has acurl given by (x,1—y, 1), 
the normal component of which at the points of the plane is wR (2+ x-—y). Note 


that x, y are odd on the disc limited by y, and conclude that the flow of xX through 
this disc and therefore the circulation along y is Wet O 


The consideration noted before Theorem 3.34 tells how to proceed in dimension 
n > 3; in this case, for a vector field X¥ = (X1, X2,..., Xn), the computation is 
exactly the same until getting the expression 


OX; dX; bs yo 
> (3 — Fr) ob wb) 


i<j 


as a density that should be integrated over a surface S with boundary y = 0S in 
order to obtain the circulation along y. Here v1, ¥2 are vectors which generate the 
tangent space to S. In terms of a parametrization of S' given by o(s, t) with domain 
of parameters V, it will be 0; = ao v2 = om and integrating over V the previous 
density, one obtains 


OX; = x) (~ 00; 00; “21: 
Dae ey ee os oe we 


for 0 = (01, 02,...,0). 


3.6. Classical theorems 121 


In an intrinsic way this quantity is written as 


OX; dX; 
[xX a ‘Vas A dx;, (3.8) 
Sig Ox; OX; 
where the integrand is a differential 2-form in n-variables. Now dx; A dx; is 


integrated over S making the substitution dx; = ag ds+ age dt and using the fact 


that ds Ads = dt Adt = 0, ds A\dt = —dt Ads = ds dt. 

Recall that the vector field XY with components Xj, X2,..., Xn is equivalent to 
the differential 1-form @ = aie X;,dx;. The 2-form raised up in (3.8) is called 
the exterior differential of w and represented by dw. Hence, 


OX; dX; 
a( Doxa) = > (2 = me) A dx;. 


With these notations the version of the curl theorem for n > 3 is the following 
one: 


Theorem 3.36 (Stokes’ theorem for 1-forms). Let S be a regular surface in R” with 
boundary and let y be a regular curve that parameterizes 0S in such a way that S 
and y have compatible orientations. Let X= (X1, Xo,..., Xn) be a differentiable 
vector field on a neighborhood of S with associated |-form w = )_, Xj dx; such 
that the coefficients of the 2-form dw are continuous functions on S. Then 


[18 tas = f ao. 
v: 


Remark 3.4. Theorem 3.31 is a particular case of the divergence theorem and 
Green’s formula (Theorem 3.22) may be seen as a particular case of the curl theorem 
(Theorem 3.34). Understanding that the domain U of the plane is a surface in R? 
oriented by the vector N= (0,0, 1) and that the vector field X= (P,Q) isa 
vector field in R? with the third component zero, one has rot X= (0,0, Ox — Py) 
and (rot X, N) = QO, — Py. 


3.6.4 Closed 1-forms and exact 1-forms 


Theorem 3.9 states that a vector field has a potential function if and only if it is 
conservative. Both conditions are of global type. This subsection is devoted to the 
study of a local concept weaker than the fact a vector field be conservative or a form 
be exact. 

Let X = (X1, X2,..., Xn) be a differentiable vector field on a domain U in R” 
with associated 1-form w = )~7_, Xidx;. If @ is locally exact with = dh in 
a certain region, then the function / is twice differentiable, and by Schwarz’s rule 
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a2h «87h 
xjOxj; Ox; Ox; Ox; ° 
the exterior differential dq it turns out ee 


aX; aX; 
w=>( - dana =0. 


Consequently, 2* = La i,j =1,...,n. In terms of 
L 


one has aay 


The differential 1-forms w on U, with differentiable coefficients, which satisfy the 
condition dw = 0 are called closed on U. This is a local concept. Hence, each 
locally exact 1-form with differentiable coefficients is closed and the components 


ofa aucune and locally conservative vector field X must satisfy the equations 
ax; __ 
Ox; _ ae 


. Here the converse will be shown; first a global type result is given. 


Theorem 3.37. In a star-like domain of Rk", a differential \-form with differen- 
tiable coefficients is exact if and only if it is closed. A differentiable vector field 


ax; OX; 
= (X,,X2,...,Xn) is conservative if and only if it satisfies a = Bx;? 


i,j =1,2,...,n equations which for n = 3 mean rot X¥ = 0). 


Proof. The proof is done in terms of 1-forms. It is enough to see that every closed 
form @ is exact; by Theorem 3.10 this is equivalent to 


/ o=0 
aA 


for every triangle A included in the domain of w, a fact which is a consequence of 
Stokes’ theorem (Theorem 3.36). | 


In Chapter 6 it will be proved that this result also holds for simply connected 
domains of the plane. 


Remark 3.5. If the domain U of Theorem 3.37 is star-like with respect to the 
origin, the general expression of the potential function of the vector field X is 


h(x) = [i Faste, 
¥ 


where y is the segment going from 0 to x and c is a constant. With the additional 
hypothesis that X is C! (that is, the components of X¥ are C!) one may directly 
prove that / is a potential function: parameterizing the segment y leads to 


1 
h(x) = [ So (Xi(tx)xi) dt. 


Hence, 


oh , OX; 
am =f, CLOT) aa, Cae 


3.6. Classical theorems 123 


and using now the hypothesis one finds 
oh : OX; 
—= X,;(tx) +t ¥ \x;—2(tx)) dt. 
im [ x +1 De 


But, the expression inside the integral is f’(t) with f(t) = X;(tx)t, and due to 
the fundamental theorem of calculus the integral has value f(1) — f(0) = X;(x). 

The same remark is relevant when using other paths to define the potential 
function. For example, if X= (P, Q) is a vector field in the plane satisfying 
Q x = Py and one wants to find the potential function h(x, y), choose (0, 0) as the 
starting point and let the path be the segment starting at (0, 0) and finishing at (x, 0) 
followed by the one starting at (x, 0) and ending at (x, y); then 


x y 
h(x, y) =f pa.oar+ f QO (x,t) dt. 


Clearly hy = Q by the fundamental theorem of calculus, and furthermore, 


y y 
hy (x,y) = P(x, 0) +f Ox(x,t)dt = P(x.0)+ f Py(x,t) dt 


= P(x,0) + P(x, y) — P(x,0) = P(x, y). 


In practice, however, it is usual to proceed in the following equivalent way: one 


wants to solve the equations gh = X;,i = 1,...,n; integrate the first equation in 
L 

x,, and obtain a constant of integration C(x2,...,X,) which depends on x2,..., Xp; 

later one uses the second equation to determine C(x2,...,X,) and so on. 


Example 3.38. The form w = (sinxy + xy cosxy) dx + (x* cosxy + y) dy is 
closed on the whole plane. Integrating hy, = sinxy + xy cosxy with respect to x 
it turns out that h(x, y) = x sinxy + C(y), and using hy = x? cosxy + y yields 


C'(y) = y and h(x, y) = xsinxy + e + C which is the general expression of a 
potential function of w. O 


It is clear that Theorem 3.37 implies: 


Theorem 3.39. A differential 1-form with differentiable coefficients on a domain of 
R” is locally exact if and only if it is closed. For a differentiable vector field X = 
(X,, Xo,..., Xn) ona domain U C k", the following properties are equivalent: 


a) 


pi = 4, i, j = 1,2,...,n (rot X =0 ifn = 3) on U. 
b) X is locally conservative on U. 


c) X has, locally, a potential function on U. 
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In general, however, a closed form is not exact. 
Example 3.40. A typical example is the form 


y x 
o= dx 4 d 
x2 + y2 aa Uy ated 


on U = R? \ (0,0). A computation shows that dw = 0, but if y is the unit circle 
travelled in the positive sense — a closed path in U — the line integral f y® has value 
2m. Hence, w is not exact on U. On the smaller open set V = R? \ {(x,0), x < 0} 
the form w is exact because the function 6(x, y) which measures the angle between 
the ray starting at zero and passing by (x, y) with the positive half axis is a potential 
function. Analytically, 6(x, y) = arctan ~ if x > 0, 0(x, y) = arctan + a if 
x <0,y > 0, 0(x, y) = arctan —wifx <0,y <0. O 


In this subsection forms on domains of the complex plane (1 = 2 andw@ = 
f(z) dz) have been treated as a particular case of forms on domains of R” (arbitrary 
dimension 1 and complex differential forms). However, later on, it will be seen 
that there is a very important difference between the real and the complex case. 
In the real case there are functions h of C! class exactly, that is, they are C! but 
do not have second-order derivatives. The antiderivative @ of a continuous non- 
differentiable function is an example in one variable and h(x, y) = (xy) is an 
example in two variables. Then the form w = dh has continuous coefficients and, 
by definition, has potential function, so it is exact. Therefore, it has integrals not 
depending on the path; since it is not differentiable, it makes no sense to ask if it 
is closed. Hence, in the real case there are locally exact continuous forms which 
are non-differentiable. In the complex case this is not possible because it will 
be proved that if the function f has a holomorphic antiderivative, then f is also 
holomorphic. Therefore, all continuous forms of type f(z) dz which are locally 
exact are automatically differentiable and closed. 


3.7 Holomorphic functions as vector fields and harmonic 
functions 
3.7.1 Solenoidal vector fields 


This subsection starts with similar considerations to the ones in Section 3.2, replac- 
ing circulations by flows. 


Definition 3.41. A continuous vector field on a domain U of R” is called solenoidal 
if its flow vanishes on each compact hypersurface without boundary contained in U. 


Equivalently, a vector field ¥ is solenoidal on U if whenever M,, Mp) are 
hypersurfaces on U with the same boundary the flow of X through M, and through 
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Mp is the same. In the same way as conservative vector fields coincide with gradient 
vector fields, in dimension n = 3 solenoidal vector fields coincide with curl vector 
fields: 


Theorem 3.42. A continuous vector field X ona domain U of R is solenoidal if 
and only if there is a vector field Y of class C! on U such that X =r0t¥. 


Proof. The fact that any curl vector field is solenoidal is an immediate consequence 
of the curl theorem, since the flow of rot Y through a hypersurface equals the 
circulation of Y along the boundary. The proof of the converse is quite more 
complicated and will not be given here. O 


The vector field Y such that ¥ = rot Y is calleda potential vector of X and is 
determined up to vector fields with null curl. 

The analogue of Theorem 3.42 in dimension n > 3 is better stated in terms of 
differential forms: a 2-form @ = )/;.; Aijdx; \ dx; continuous on a domain U 
of R” is exact on U, that is, there is a C!-class 1-form n on U such that dn = a, if 
and only if w has integral zero on any compact surface without boundary contained 
in U. This result holds for arbitrary differential k-forms and it is a consequence of 
a deep theorem, de Rham’s theorem (see [13], p. 154). 

The concept of solenoidal vector field is a global concept, but we can consider 
also the local version: a vector field X is locally solenoidal on a domain U if every 
point p € U has a neighborhood V Cc U such that X has zero flow through any 
regular hypersurface contained in V which is compact and without boundary. The 
result corresponding to Theorem 3.39 reads as follows. 


Theorem 3.43. For a vector field X= (X1,..., Xn) which is differentiable on a 
domain U C R", the following properties are equivalent: 


a) div¥ =>“, a =0onU. 


b) X is locally solenoidal on U. 


c) [fn = 3, a) and b) are equivalent to the fact that X has locally a potential 
vector on U. 


Proof. The fact that b) implies a) is just a consequence of the definition of divergence 
of a vector field (Subsection 3.6.3). Conversely, if X has zero divergence and S$ 
is a compact regular hypersurface without boundary inside a ball contained in U, 
then S is the boundary of an open set G C U, and the divergence theorem implies 


[izmaa= | div ¥ dV =0. 
S G 


Finally, the equivalence with c) is a consequence of Theorem 3.42. O 
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A domain U C R” is called k-simply connected if every k-submanifold without 
boundary contained in U is the boundary of a (A + 1)-submanifold in U. It is a 
topological concept, equivalent to the cancellation of a certain homology group. 
When n = 2, k = 1, it will be seen in Chapter 6 that this is the case of simply 
connected domains introduced in Chapter 1; when k = n — 1, it is said that U 
has no holes. In Theorem 3.43 we have used the intuitive fact that balls have no 
holes. On a domain without holes a differentiable vector field X is solenoidal if 
and only if div X= 0, due to the divergence theorem. The typical example of a 
domain with holes is U = R? \ {(0,0,0)}. The newtonian vector field X= ror 
with F = (x, y,z) andr = |r|, has div X =0on this domain U, but clearly it has 
flow 47 through every sphere centered at the origin. 

In dimension 1 = 3, one may prove the implication a) > c) of Theorem 3.43 
directly, if the additional hypothesis that X is C!-class is satisfied. The computation 
of the potential vector Y of a differentiable vector field X¥ with zero divergence on 
a ball can be done by solving the equations 


X1 = (V3)y —(Y2)z,. X2 = (M1)z —(V3)x,  X3 = (Y2)x — M)y- 


A solution satisfying Y3 = 0, which will be called Vn: will be found. From the 
first equation it turns out that 


Y2(%,y,2) = -| X1(x, y,t) dt + A(x, y), 
0 


and from the second one, 


Gwe -| Xo(x, y,t) dt + B(x, 9). 
0) 


Then the aim is to find the functions A, B such that 


.aWicse / (Xe, yt) dt + Ay — / (Xa)y(x, y,8) dt — 
0) 0 
= X3(x, y,Z). 


Since div ¥ = 0, the sum of both integrals above is qe (X3)2(x, y,t)dt = 
X3(x, y,Z)—X3(x, y, 0), so one wants to find A, B such that A, (x, y)—By(x, y) = 
X3(X,y, 0). One possibility is A = 0 and B(x, y)=- ie X3(Xx,F, 0) dt. Once the 
solution Yoi is founded, the general solution is _ Yo + Z. where Z has zero curl, 
so it is a gradient by Theorem 3.37. 


3.7.2, Holomorphic vector fields. Harmonic functions 


In Section 3.2 it was seen how the idea of complex line integrals naturally leads to 
associate the vector field f = (u,—v) to the function f(z) = u(z) + iv(z). Then 
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if y is a path in the plane, the real part and the imaginary part of i f(z) dz are, 


respectively, the circulation of the vector field f and the circulation of the vector 
field if along y; that is, the circulation of f and the flow of f over y. 

In a natural way there is a relationship between holomorphic functions and 
conservative or solenoidal vector fields. Indeed, suppose that f = u + iv is 
differentiable as a function of two real variables. According to Theorem 3.39, the 
vector field f = (u, v) is locally conservative if and only if 


Uy = Vx 
and, by Theorem 3.43, is locally solenoidal if and only if 
Ux = —Vy, 
which is equivalent to J f = (—v,u) being locally conservative. Comparing with 
Cauchy—Riemann equations, one reaches the following statement: 


Theorem 3.44, A differentiable function f = u+iv onadomain U C C is 
holomorphic if and only if the vector field f = (u,—v) is at the same time locally 
conservative and locally solenoidal. 


This theorem suggests the following definition of holomorphicity from a real 
variable point of view. 


Definition 3.45. A differentiable vector field ¥ = (X,, X2,..., Xp), on a domain 
U C R’, is called holomorphic if it is locally conservative and locally solenoidal, 
that is, if it satisfies 

0X; dX; 


OX; 
a », ij=l,...,n; divX = =0 on U. 
Oxy ox; a 


If X isa holomorphic vector field, then X is locally the gradient of a function 

o. Since X is differentiable, is twice differentiable and it follows that 
0? 
div ¥ = div(V¢) = + free 2 aig 
Ox2 
Definition 3.46. A function ¢, twice dee aaite on an open set U of R”, is called 
oe Ob foie OO 

harmonic if A¢@ = x2 a a OonU. 


Hence, one gets the following: 


Theorem 3.47. Holomorphic vector fields are exactly the vector fields which are 
locally the gradient of a harmonic function. Holomorphic functions are exactly the 
functions f which locally satisfy f = ¢x + iby with ¢ harmonic. 


The operator A in Definition 3.46, called Laplacian or Laplace operator, is 
the most important one in mathematical physics. Its properties will be studied in 
Chapter 7, as well as the properties of harmonic functions. 
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3.7.3 Conjugate harmonic functions 


Back to the context of the complex plane, let us analyze in detail the relationship 
between holomorphic functions and harmonic functions. 
Let f be a holomorphic function on a domain 1U. By Theorem 3.47, locally 


there is a real harmonic function @ such that f = Vo = a -i x, and this is the 
local general expression of a holomorphic function. 

On the other hand, by Corollary 3.28, f has locally a holomorphic antiderivative 
F,, and if U is star-like, it is global on U. Which relation is there between F and 
o? Write the form f(z) dz in terms of ¢: 


0 0 ft) ) a a 
f@az = (= 15” )ldx-+i dy) = oP ax ray +i( ed fay), 


The real part of this form is dd; the imaginary part, 


) 0 
d*p= at dx + oO ay 
oy ax 
is called the conjugated form of dd. The holomorphic antiderivatives F of f are 
defined by the equality dF = f(z) dz. If F = u + iv, this reads as 


du+idv=dF = f(z)dz=d¢+id*¢. 


Therefore, 


du=d¢d, dv=d*¢. (3.9) 


Conversely, if F = u +iv is differentiable and u, v satisfy (3.9), one may suppose 
u = ¢ (up to a constant); now, F has real part u = @¢ and the imaginary part v 
must satisfy dv = d*u, that is, 


dv ou 
ax Oy’ 
dv du 
dy ax’ 
which are Cauchy—Riemann equations. Hence, F is holomorphic and F’ = f. 


Observe that v is also harmonic. 


Definition 3.48. Given a harmonic real function u on a domain U of the plane, it 
is said that a function v, differentiable on U, is a harmonic conjugate of u on U if 
dv = d*u, that is, if the function u + iv is holomorphic on U. 


The previous considerations show: 
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Theorem 3.49. [fu is real harmonic on the domain U C Cand f = Vu, then 
the function u has a harmonic conjugate on U, v, if and only if f has on U a 
holomorphic antiderivative F and in this case itis F =u + iv. 


In the following chapter it will be proved that every holomorphic function is of 
class C®. If f = u + iv is holomorphic, one has u, v € C™, and differentiating 
Cauchy—Riemann equations leads to Au = Av = 0, that is, Re f and Im f are 
harmonic, and, therefore, f is harmonic. The fact that a holomorphic function f 
is harmonic, with the hypothesis of f being of class C?, is also a consequence of 
the equality 


0? f 
Af =4 3.10 
f 0z0Z aa 
between the operator A and the operators z, A and the fact that of = 0 when f 


is holomorphic. Since every harmonic function has locally a conjugate harmonic 
function (because every holomorphic function has locally an antiderivative), then 
every harmonic function (in dimension n = 2) is of class C®. In Chapter 7 it will 
be shown that this holds in any dimension. In particular, a holomorphic vector field 
isC™. 

Observe that a conjugate harmonic function v of u is determined up to a pure 
imaginary constant. Note also that the condition dv = d*u implies (Vu, Vv) = 0, 
that is, the gradients of uw and of v, and so their level curves, are perpendicular 
(Figure 3.11). 


v=d> 


v= d3 


Figure 3.11 
All the previous considerations prove: 


Proposition 3.50. A real harmonic function u on a domain U has a conjugate 
harmonic function if and only if the closed form d*u is exact on U, that is, if 
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ci . d*u = 0 for any closed path y inside U, a condition which always locally 
holds. If U is star-like, every real harmonic function on U has a conjugate harmonic 
function on U. 


As said, the statement of Proposition 3.50 is equivalent to the fact that the 
holomorphic function f = ux —iuy has a holomorphic antiderivative F on U and, 
in this case, uv = Re F. 

In general, there does not exist a conjugate harmonic function of u, that is, 
not every real harmonic function on U is the real part of a holomorphic function 
on U. For example, if u(z) = Log|z| = Log x? + y? and U = C \ {0}, one 
has f = ux, —iy = a z= 1, which does not have an antiderivative on U; 
therefore, u has no conjugate harmonic function. 

On the other hand, the integral ty d*u admits an interesting interpretation: if 


N is the unitary exterior normal vector to y(t) = (x(t), y(t)), N= ys —x’), 


then 9 A 9 
fara [ Fay- Bax = [Guts = | “as. 
y y Ox dy y y ON 


So the condition is d*u = 0 is equivalent, to cm a ds = 0 for any closed path 
y Cc U. Thatis the integral along y of the derivative of u with respect to the normal 
on y is zero if y is closed. In the previous example (u(z) = Log |z|) taking polar 
coordinates one has u = Logr and for y a circle centered at the origin with radius 
R, oe = = it turns out that i a ds =2n £0. 

The computation of the conjugate harmonic function v of a given harmonic 
function u is equivalent to the computation of the potential function of the form 
d*u. As seen in Subsection 3.6.4, on a neighborhood of zo = (Xo, yo) one may 
either take Y Ou x Oy 

ven=f Monde [Mesa 
Yo ox 20) dy 
or integrate the system vx = —uy, Vy = Ux in steps. The function v may be also 
determined computing the holomorphic antiderivative of f = ux —iuy. 


Example 3.51. The function u = x* — y? is harmonic. The system which must be 
solved to find its conjugate harmonic function is vy = 2y, vy = 2x. From the first 
equation one has v = 2xy + C(y) and substituting in the second one, C’(y) = 0; 
then, v = 2xy+C is the general solution. The functionu+iv = x?—y?+(2xy+ 
C)i = z?+ Ci is, indeed, holomorphic. In fact: f = ux —iuy = 2x +2iy = 22z, 
the antiderivative of which is z?. O 


To finish, let us identify polynomials in the variables x, y that are harmonic 
functions. A polynomial P(x, y) is also a polynomial in z, Z, 


P(x,y)= > anmZ"Z™, 
nym 
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n+m 
m aml ra The 
polynomial takes real values if and only if P(x, y) = P(x, y) which means, iden- 
tifying coefficients, dnm = Amn. By (3.10) this polynomial will be harmonic if 
and only if oe is identically zero, which is the same as nmdy,m = O, that is, 
anm = 0 forn,m # 0. In conclusion, if P is real and harmonic, P is of the form 


P(x,y) =ao+ Guz" + Gn 2") =aot+ 2Re > anz”, 
n n 


and the coefficients @y,m are univocally given by dy,m = 


which gives P as the real part of the holomorphic function F(z) = dg +20, dnz”. 
Now in the formal expression 


P(x, y) =a0 +) an(x + ty)” + a(x — iy)", 


n 
one can substitute x by 5 and y by = to find P (Z, 2) =ao+).,, anz", and then 
Z 2 

F(z) =2P(=,=-]-4o. 

@) & my 
This way, the holomorphic polynomial F having P as its real part may be found 
algebraically as well as the conjugate polynomial of P, which will be the imaginary 

part of F. 

Example 3.52. Consider P(x, y) = x? — 3xy, which is clearly harmonic. Then 
F@)= D((2) =34(2)) = z>; the conjugate polynomial isIm F = 3x7y — y?. 
Ey 


As a final comment to this section, observe that there are three properties of a 
domain U, each of which implies the next one: a) any closed form on U is exact, 
b) any holomorphic function on U has a holomorphic antiderivative on U, c) any 
harmonic function on U has a conjugate harmonic function. It has been shown that 
starlike domains have these three properties. It will be proved later that, in fact, 
these three properties are equivalent and characterize simply connected domains in 
the plane. 


3.8 Exercises 


1. a) Let f € C?(U), where U is a domain of the plane. Prove that f is 
holomorphic on U if the functions f(z) and zf(z) are harmonic on U. 


b) Suppose now that u is harmonic on U. Show that if the function 
u(x +iy)-x 


is harmonic on U then wu is of the form u(x + iy) = ay + b, with 
a,beR. 
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. Let f be a differentiable function on a neighborhood of the point zo € C. 


Show that f is C-differentiable on Zo if and only if 


1 
lim — dz = 0, 
im iB f(z) dz 


r>0 r2 


where C, = C,(t) = zo t+ re”’,O <t < 2m. 


. Let f be a holomorphic function on a neighborhood of a closed rectan- 


gle R except for a finite number of points 21, Z2,...,zN € R that satisfy 
lim,_,z,(z—z;) f(z) = Ofor j = 1,2,..., N. Prove that f,, f(z) dz = 0. 


. Compute the integrals 


20 
a) / e°® sin(n@ — sin 0) dd; 
0 


20 
b) i, °°? cos(né — sin@)d0, withn € N. 
0 


. Prove that if f is a continuous function on an open convex set U and holo- 


morphic on U \ {Zo}, where zo € U, then i f(z) dz = 0 for any closed 
path y with y* CU. 


. Let U be a star-like domain of the plane and f ¢€ H(U). Show that there 


exists a function F € H(U), unique up to an additive constant, such that for 
every disc D(a,r) C U one has 


Fw) Li Pw) 


C(a,r) (w —z) 


fe) = 


20i C(a,r) (w = z) 20i 


where z € D(a,r). 


. Prove that if w1, v2 are harmonic functions on a domain U that are equal on 


an open subset of U, then uw; and w2 are identical on U. 


. Write the Laplace operator in the plane in polar coordinates. As an application, 


prove that if uw is harmonic and radial on C, then u(z) = a Log |z| + b, with 
a,b constants. Prove also that if u is harmonic and u(re’?) = g(r) w(0), 
with y, w functions of one real variable, then either u(re’’) = a Logr + b, 
or u(re!®) = r”(acosn@ + bsinn6) with a, b constants andn € N. 


. Let U be an open convex set of the plane, 1, v2 two harmonic functions on 


U and y aclosed regular path in U with exterior normal vector N. Show that 


[( wt — a t) ds =0 
y oN ON 


10. 


11. 


12. 
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If y = C(O, 1) anda € C with |a| < 1, compute 


and prove the equality 


20 t= 2 
i Gorge =2n, forO<r<1,0€ER. 
o 1+r?—2rcos(6—f) 


Prove the following inequality: 


rae 
sin x 
dx—-m1 
as 


eiZ-] 
Z 


integrating the function 
byt > re’,O<t<xa. 


along the path consisting of [—r, r] followed 


Let f be a C? function on the disc D(zo, R) and 0 < r < R. Show that the 
equality 


POT i 
i (Zo t+ re’’)rdé = | Af (z)dxdy 
o or D(zo,r) 


holds, with z = x + iy. Deduce the mean value property for harmonic 
functions: if uw is harmonic on D(zo, R) and0 <r < R, then 


1 20 ; 
u(zo) = = | u(zo + re’) dé. 


13. A continuous function uw on an open set U C C is said to be subharmonic on 


14. 


U if it satisfies 
1 20 : 
u(Zo) < =| u(zo + re!®) dé 
20 0) 


for zo € U andr > 0 such that D(zo,r) C U. Show that a function wu of 
class C? on U is subharmonic on U if and only if Au(z) > 0,z € U. 


Let f be a holomorphic function on an open set U satisfying | f(z) — 1] < 1, 
z €U. Prove that : 
Zz 
I (2) Cee 


y f@ 


holds for any closed path y contained in U. 
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15. 


16. 


17. 


18. 


19. 


20. 
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If C, is the circle centered at 0 with radius r > 0 travelled once in the positive 
direction, compute 


yr d 
a) zu aeC; b) (<4 ) neN. 
c, |z-al? G a 


In particular we can obtain the equality 


i, pt. ee (2n)! 
ag : cos 049 = ny? 


Prove the equality 


1 1 = 
— (1+2 > r" cosn8) for0<r<1,0eER 
n=1 


1—2rcos6@+ r2 1—r2 


and use it to compute 


/ Z| dz, O0<r<l, 
ce, lz)? 


where C;,, is the circle centered at 0 with radius r > 0 positively oriented. 


Consider in R3 the vector field ¥ = (x? — xe*?, xy cosxyz — 2xy, ze*? — 
xzcosxyz + 3x7). Show that X is solenoidal and that it has a potential 
vector of the form Y = (sin yz, B,C), with B, C functions of x, y, z. Find 
the flow of X through the surface S = {(x, y,z): x? + y? +3z2 = 1} when 
S is oriented with the exterior normal. 


Consider in R? the vector field ¥ = (x? sin? %z,y* sin = z,z+x). Calculate 


the flow of X through the surface S = {(x, y,z): 7 =x?+y?, 0<z <1}, 
oriented with the exterior normal. How does this result change taking an 
arbitrary function of z instead of sin 5 z? 


Find all the harmonic functions of the form u(x, y) = g(y/x) where g has 
two continuous derivatives. Determine also the holomorphic functions f 
such that u = Re f. 


If y is a closed path of the plane, which does not pass through the point Zo, 
show directly (without using Subsection 1.5.2) that the value of the integral 


1 dz 
2ni Jy Z— Zo 


is an integer. 
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21. Find an entire function f such that Re f = u when 


2539, sin X COS x 
a) u(x,y) =e* ” sin2xy; b) u(x, y) = ————_. 
)u(x, y) y ) u(x, y) meen eat 
22. Prove that if U is a bounded domain of the plane with positively oriented 
piecewise regular boundary and f is a continuous function on U and holo- 
morphic on U, then f5,, f(z) dz = 0. 


Chapter 4 
Local properties of holomorphic functions 


The aim of this chapter is to establish the basic properties of holomorphic functions 
that are local, that is, that do not depend on the topological properties of the domain 
of definition. Among these properties, the one that stands out is the fact that every 
holomorphic function can be locally expressed in terms of a power series, which 
leads to the fundamental identity between holomorphic functions and analytic func- 
tions of a complex variable. In the local theory, a reproducing formula plays a major 
role, namely the Cauchy integral formula, deduced directly from a general version 
of the Cauchy—Green formula. 

Once it is known that holomorphic functions are analytic, the structure of their 
zero sets may be studied and the principle of analytic continuation may be stated. 
The rest of the chapter is devoted to other properties of holomorphic functions which 
are consequences either of the Cauchy integral formula or of the fact that every non 
constant holomorphic function is an open mapping. 


4.1 Cauchy integral formula 


First one needs to recall some basic facts related to integrals, in the sense of 
Lebesgue, of functions defined on sets of the plane. We will denote by dm(z), 
or by dxdy if z = x + iy, the Lebesgue measure on the plane and will consider 
Lebesgue integrals of type {, h(z) dm(z) with A C C Lebesgue measurable and 
h defined on A. 

Recall that this integral is defined if: 


¢ his defined at almost every point of A and is a Lebesgue measurable function. 
* [4 |A(z)|dm(z) < +00. 


Always, the functions one deals with are defined and continuous on A except for a 
finite or countable quantity of points of A, so that the first condition will automati- 
cally hold. The second one implies that if A is broken into shrinking measure sets, 
A =; Aj. choosing z; € Aj, the Lebesgue sums 


do A(z )m(Aj) 


converge to [, h(z) dm(z). 
An often useful result is the fact that the function gh is integrable when h is 
integrable and g is measurable and bounded. 
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The following result will be frequently used. 


Lemma 4.1. Fora € C fixed, the function aa is integrable on every subset of C 
of finite measure. 


dm(z) 
|z—a| 


Proof. To prove this claim we have to show that // 4 < +00 if m(A) < +00. 


If B = {z € A: |z—a| > 1} one has 


[rs [ dime) = m(B) = mA) < +00. 


|Z —a| ~ 


On the other hand, changing to polar coordinates centered at the point a, z = 
a+ re!®, itis dm(z) =r dr d@ and it follows that 


20 
/ dm(z) < | aon =f i r dr dé LaYe 4 
A\B |Z —4| Iz—al<1 |Z — 


Reco that if f is a differentiable function (in the real sense), the operator 
d= es acts on f and gives the function df = of and f is holomorphic when 
af =0. 


Theorem 4.2 (Cauchy—Green formula). Let U be a bounded domain of the plane 
with piecewise regular boundary, positively oriented, and let f be a differentiable 
function on a neighborhood of U with df continuous on U. Then, for all z € U, 


one has 
: Lf ey a f(w) 
aA 


- 7 amu). (4.1) 
2ni Jay W-Z u wre 


f= 


This result, which will be shown next, has two evident consequences: 


Corollary 4.3 (Cauchy integral formula). If U is a bounded domain of the plane 
with piecewise regular boundary, positively oriented, and f is holomorphic on a 
neighborhood of U, then 


f{@= 1 f fw) 


2ni Jay W-Z 


dw, zeu. (4.2) 


Recall that if f is a function defined on R”, the support of f is the closed set 


spt(f) = {x € RY: f(x) F O}. 


Corollary 4.4. If f is a differentiable function on C with compact support and a f 
is continuous on C, then 


pey=—1 [ LO Wai, BOE 


Cc Ww 
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Note that the dependence on z is through the kernel —_. The kernel C(w, z) = 


w-z* 
=| is called the Cauchy kernel. 


2ni w-Zz 


Proof of Theorem 4.2. Fix z € U, consider ¢ > 0 such that D(z, €) C U and let 
U, be the domain U; = U \ D(z,e). The boundary of U, is composed by the 
boundary of U and the circle C(z, €), travelled in the negative sense (Figure 4.1). 


O 


Figure 4.1 


So, U, is a bounded domain with piecewise regular boundary, positively oriented. 
Now apply Green’s formula (Theorem 3.22) to the 1-form p = —_ dw on the 
domain U,. If w = o + it, one has p = LW) dg + j LO) dr and 


1 (52). 2) ag 2g 


do\ w—z at \w—-z dw w—-Z dw w—Zz’ 


which is a continuous function on U;. Therefore Green’s formula gives 


, p=2i f af : dm(w). (4.3) 
aUe Uz dwWw-—Zz 


Now, 
aU, aU C(z,e) au WZ C(z,e) WZ 


2n 
fw) dw—i | f(z + ee!®) do 
0 


agp WZ 


which converges to [57 JW) dy —2mif(z), ase —> 0. 


W-Z 
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Finally, according to Lemma 4.1, the function w bt Cae 


5 waz 1S integrable on U, 
so that the integral of the right-hand side of (4.3) converges, when ¢ — 0, to the 


same integral on the domain U, and then (4.1) follows. C 


Remark 4.1. Corollary 4.4 is based, apparently, on the general Green’s formula 
(Theorem 3.22), which leads to the proof of Theorem 4.2. But, in fact, it fol- 
lows from the version for rectangles of Green’s formula (first step of the proof 
of Theorem 3.22). Just follow the proof of Theorem 4.2 taking as U a rectangle, 
U D spt(S), and for z € U delete a small rectangle R,, centered at z. Then U \ R, 
is the union of eight rectangles and Green’s formula holds for this domain. 


It is important to pay attention to the structure of formula (4.1): it decomposes 
a differentiable function f into the sum of two functions, a holomorphic one only 
depending on the values of f on OU, and another one which only depends on a f. 
The formula (4.2), 


IO= 1 f fw) 


2ni Jay WZ 


dw, zéeU, 


valid when f is holomorphic, is called a reproducing formula because it gives the 
values of f in U just in terms of the values of f on dU. This is radically new in 
the sense that there is nothing similar in the case of real differentiable functions. 
For example, a consequence of (4.2) is that if two holomorphic functions on a 
neighborhood of U coincide at the points of dU, then they are identical on the 
whole domain U. 


Corollary 4.5. If f is an entire function with compact support, then f is identically 
zero. 


Proof. If D(O, R) is a disc big enough, one will have that f = 0 on dD(0, R); 
therefore, f = 0 on D(O, R). Now let R > +00. O 


In contrast, there are differentiable functions, even C °° functions, with compact 
support and not identically zero. For example if K is a compact set of R” and U an 
open neighborhood of K, one may always construct a C™ function g,0 < 9 < 1, 
with compact support in U and such that g = 1 on K. 


Example 4.6. Let f be a holomorphic function on the unit disc D such that 
Ip |f@|dm(z) < +00. Fix 0 <r < Land let g be a C™ function, with compact 
support contained in D(0,r’), r <r’ < 1, and equal to 1 on a neighborhood of 
D(0,r). The formula (4.1) applied to the function y - f on the disc D(0, r’) gives 


fle) =-= | Bp): fw) —— dm(w), [2] Sr 
TJD W-Z 
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Now letting M, = sup {ldg(w)| woz] : |zZ| <r, w € spt (dg)}, it turns out that 
M;, < +00 (because spt(dg) does not intersect D(0,1)), and the inequality 


1 
supjsier LF) SMe f Ifleyldme) 
D 


is obtained. For example, if (f,) is a sequence of holomorphic functions on D 
which satisfies lim, fp | fn(z)|dm(z) = 0, then (f,) converges to zero uniformly 
on each compact disc D(0,r) C D. O 


It is also interesting to stress the particular case of (4.2) in which U = D(a,r) 
and z = a. The parametrization of OU = C(a,r)isw =a+t rel 0 <6 <2n, 
so that dw = ire’® d@ = i(w —a) dé and one obtains 


20 


f@= ae fla + re!®) dé, 
20 0 


which expresses the fact that f(a) is the mean value of f on the circle C(a,r), 
when f is holomorphic on a neighborhood of D(a,r). 


Definition 4.7. A continuous function g on a domain U (with real or complex 
values) is said to have the mean value property on U if, for any closed disc D(a, r) C 
U, it holds that 


20 
g(a) = =| g(a + re?) dé. (4.4) 
20 0 


If g is continuous on U, D(a, R) CU and for 0 < r < R one multiplies (4.4) 
by r and integrates from 0 to R, it follows that 


R 1 R 20 : 1 
/ g(a)rdr = =| / g(a + re!*)rdédr = — y(z)dm(z). 
0 2a Jo Jo 20 D(a,R) 


That is, 
1 
ea / o(z)dm(z), 
qt R2 D(a,R) 


which is the bidimensional version of the mean value property. 

As just seen, holomorphic functions on U and so their real and imaginary parts, 
which are harmonic functions, have the mean value property on U. Later on it will 
be proved that all harmonic functions have this property and, in fact, the mean value 
property characterizes them (Theorem 7.7). 


4.2 Analytic functions and holomorphic functions 


In the second chapter (Definition 2.36) the notion of analytic function of the complex 
variable z has been introduced as a function which, locally, is the sum of a power 
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series of z. It has been seen that these functions are infinitely holomorphic, that 
is, they are holomorphic as well as all their derivatives. Next the converse of 
this result will be proved and the equivalence between holomorphic function and 
analytic functions will be obtained. 


Theorem 4.8. If the function f is holomorphic on the disc D(a, R), then there is 
a power series )°, Cn(z — a)", centered at a with radius of convergence equal to 
or greater than R, such that f(z) = >°,, ¢n(z — a)" for z € D(a, R). 


Proof. Forr < R, apply Cauchy integral formula (4.2) to the disc D(a, r) to obtain 
1 f(w) 
(Q=5 5 


201i C(a,r) W—Z 


dw, |z—a|<r. 


Now the idea is to expand the Cauchy kernel in a power series. 


Fix w with |w —a| = r; one asks if 7 is the sum of a power series in z, 
centered at a, on the disc D(a,r). This is easy to see, writing 
1 1 1 
w-z w-—a-—(z—-a) (w—a)(l— a“) 
and using the geometric series with common ratio € = ==“. Since |&| = 1 = 


zal < 1, one has (1 — &)~! = 0°, &” and 


Now fix z with |z — a| < r; according to the Weierstrass M-test (Theorem 2.10) 
the previous series is uniformly convergent for w € C(a,r) and one may commute 
the complex integration with the infinite sum (Proposition 3.4) to obtain 


f(z) = doen(r)@-a)", |z-al <r, 


with Ca(r) = x57 Seva,r) f(w)(w — a)! dw. For each r,0 <r < R, one 
has a power series with coefficients cy,(r) which depend on r and with radius of 
convergence equal to or greater than r (because it is convergent with sum f(z)). 
But the uniqueness of the series expansion of f (Proposition 2.32) gives that c,(r) 
is, in fact, independent from r; then we can write 
1 
Cn = = f(w)(w—ay" "dw, O<r<R. 
201 C(a,r) 

Now, for every z € D(a, R), one just has to consider a number r > 0 such that 
|z —a| <r < R, to conclude that f(z) = )0,, cn(z — a)”. O 
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From this result one has at once: 


Theorem 4.9 (Identification between holomorphic functions and analytic func- 
tions). Jf U is an open set of the complex plane, then a function is holomorphic 
on U if and only if it is analytic on U. More precisely, every holomorphic function 
f on U is indefinitely holomorphic on U, and for any point a € U the Taylor 
expansion 


oo ¢ (a) 
f@™=)) PO —a)" (4.5) 
n=0 . 


is valid on the biggest disc centered at a and included in U, that is, on D(a, 6(a)), 
where 5(a) is the distance from the point a to the closed set C \ U. 


Observe that as established above, this result, together with Theorem 2.31, gives 
another proof of Theorem 2.39. On the other hand, Example 2.38 shows that the 
series (4.5) may have a radius of convergence greater than 5(a). As well, now it is 
known that if f is holomorphic on U, then f is of class C® with respect to real 
variables on U, and so f is harmonic on U (see Section 3.7.3). 

Once again one can stress Theorem 4.9 in contrast to the real variable case. In the 
frame of real variables, not every differentiable function is infinitely differentiable; 
for example, x|x| is differentiable at each point and its derivative |x| is not, atx = 0. 
For amore extreme example, consider the antiderivative, F , of acontinuous function 
f which is not differentiable at any point. Then F is a differentiable function such 
that F’ = f is not differentiable at any point. Neither is it true that an infinitely 
differentiable function is real analytic; actually, the analytic functions fulfill the 
principle of analytic continuation (see Subsection 4.4.2) and, in particular, there 
is no analytic function with compact support, not identically zero. Therefore, any 
C° function with compact support, not identically zero, is not analytic. Another 
example, now with non-compact support, is the function 


fx)=e™, £0) =0. 


This one is C®, analytic on R \ {0}, but is not analytic on R, because f (0) = 0, 
n= 0,1,2,... (since f(x) = O(x”), for all 2); hence f cannot be equal to the 
sum of its Taylor series at the point 0. The function f is often used to construct 
C° functions with compact support. 

The following result is the case U = C of Theorem 4.9. 


[oe] 


Theorem 4.10. The mapping f t> (£2) 


n! n=0 
of entire functions and the space of sequences (Cn)?-_9 such that the series )° ¢nz" 


is a bijection between the space 


: i ‘ ee i 
has radius of convergence infinite, that is, liMp— soo |Cn|” = 0. 


The result stated below may be considered as a characterization of holomorphic 
functions among the class of continuous functions. 
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Theorem 4.11 (Morera’s Theorem). Let U be an open set of C. Then a function 
f € C(U) is holomorphic on U if and only if fy, f(z) dz = 0 for any triangle 
ACU. 


Proof. If f € H(U), it is known that f,, f(z) dz = 0 when A is a triangle con- 
tained in U,, by Cauchy’s theorem (Theorem 3.24). Conversely, if /, aa J (z) dz = 0, 
for any A C U, Theorem 3.14 asserts that f has locally (for example on each disc 
contained in U) a holomorphic antiderivative. Now by Theorem 4.9 the derivative 
of a holomorphic function is also holomorphic, so then f is holomorphic on any 
disc in U, thatis, f € H(U). O 


Example 4.12. Supposing that (/,,) is a sequence of holomorphic functions on a 
domain U and lim, fn(z) = f(z), uniformly on any compact subset of U, then we 
can deduce that f is also holomorphic on U (see Theorem 9.3). Actually, f will 
be continuous (uniform limit of continuous functions on any disc D(a,r) C U) 
and if A is a triangle in U, one will have /,, f(z)dz = fy, lity fn(z)dz = 
lim, {5, fn(z)dz = 0, by uniform convergence over JA and f, being holomor- 
phic. O 


As a consequence of Morera’s theorem we can state the following result about 
removable singularities. 


Theorem 4.13. If f is a continuous function on an open set U and holomorphic on 
U \ E, where E is a finite union of points and lines, then f is holomorphic on U. 


Proof. One must show that 5, f(z) dz = 0 for any triangle A C U. If A does 
not contain any point or line of E, Cauchy’s theorem says so. Suppose now that A 
contains a point a of E'. Then, given ¢ > 0, A may be decomposed into a union of 
triangles A = Ag U Ay U---U Ap» in such a way that a € Ag and L(dAqg) < € 
(Figure 4.2) and it follows that 


[ © =f. f(z) dz *D fa f(z) dz. 


Now /; A, f(z) dz = Osince a ¢ A; and, on the other hand, f being bounded on 
A because it is continuous on U, we get 


[10 


If a line / of E intersects A, it is easy to see that the integral over dA may be 
decomposed into integrals along triangles with a side on / and each of these is 
approximated by triangles which do not intersect / (Figure 4.2). O 


< (supzea, |/))) L@Aa) — 0. 
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£ 


Figure 4.2 


In the proof of Theorem 4.8 it has been seen that if f ¢€ H(D(a, R)), then 
das) f(w) 


n! 7 21 C(a,r) (w = arr 


dw, O0<r<R. (4.6) 


This formula is a particular case of the following proposition: 


Proposition 4.14. [f U is a bounded domain of the plane with piecewise regular 
boundary, positively oriented, and f is holomorphic on a neighborhood of U, then 


! 
Ma= of DD) ti, £2U PaO 8 4.7 
it (Zz) Ini au (w—z)ntl ’ > teal Med a (4.7) 
Proof. Itis enough to differentiate (4.2), n times with respect to z. The reader may 
justify that the differentiation under the integral is correct. O 
Example 4.15. In order to compute the integral J = fi z|=2 aan dz, apply (4.6), 
forn = 2, to the function f(z) = z7e7. It turns out that J] = wif’(1) = 7zei. 
O 


Example 4.16. Let us compute now J = J dz. Decomposing in 


sin Zz 
z|=2 22(1+z2) 
1 1 1 


aa = ofa + ay and applying (4.7) one has 


r= [ sin Z 1 sin Zz al sin Z 
lels2 2? DH Seine 2-7 DE ijn Zz +i 


= 2ni cos(0) — x sin(i) + m sin(—i) = mi(2—e + e7'). O 


partial fractions 


Observe that, applying (4.2) to the n-th derivative f) of f, it follows that 


1 (n) 
f%)=— / PO) i. PETRI acct (4.8) 
2ni Jay w-Z 


The equality between (4.7) and (4.8) comes also from integration by parts, 
applied iteratively. 
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4.3 Analyticity of harmonic functions. Fourier series 


Suppose u is a real harmonic function on a domain U C C and fora ¢€ U fixed, 
let D(a, 5(a)) be the biggest disc centered at a inside U. By Proposition 3.50, u 
is, on this disc, the real part of a holomorphic function f. Consider the expansion 
of f in power series given by Theorem 4.8, 


{°° 


n! 


f@= Lene — a)", |Iz—a| <8(a@), Cr = 


Suppose, without loss of generality, that a = 0. Taking real parts in the expression 
of f(z) as asum of powers of z”, with z = x + iy, one obtains 


u(x, y) =Re f(z) = Y > Re(cnz”) 


[oe] 


= 8 e[en(x + iy)"] = J (Rec) (Re 2" ) — (im c,)(Im 2”). 


n=0 n=0 


Computing Re z”, Im z” in terms of x, y, one gets formally an expression of the 
type u(x, y) = Don zeo bmx y!, where Din = (—1)* (™t!) Recm41 if | = 2k 
and bm) = (—1)**1 (+!) Imcm4z if | = 2k + 1. However, in order to justify 
the computation one has to check that the resulting double series is absolutely 
convergent, so one may sum it by blocks. Taking ¢ = & with 6 = 6(0) and 
assuming |x|, |y| < €, one has |x| + |y| < 6 and 


= So (msi 
S> Ibm, ay ( ' J emsal Pb 
m,l=0 m,l=0 
m+l 
y ( Jism 
m 


(oe) 
= lcel 
k=0 — m+l=k 


[o-e) 
=D leel(xl + ly) < +00. 
k=0 


The sum by blocks is then justified (Proposition 2.8) and we obtain 


[oe] 


u(x,y)= D> bmax™y', |xl,|yl <e. (4.9) 


m,l=0 


So then the following statement is proved: 
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Theorem 4.17. Any harmonic function on a domain of the plane is an analytic 
function of two real variables. 


It has been pointed out in Subsection 3.7.3 that if P(x, y) is a real harmonic 
polynomial, the polynomial in z which has P as real part and vanishing imagi- 
nary part at the origin is 2P (2 aio Z)- P(0,0). The previous theorem, saying that 
each harmonic function is a polynomial on x, y with infinite degree, allows us to 
formulate something similar: 

If u is given by (4.9) with |x|, |y| <e= S the double series 


ec) z\@/7 I 
2 Y = mae eee 
bma( 5) (=) Po. 
m,1=0 


converges absolutely for |z| < 5 and defines a holomorphic function f which has 
the harmonic function w as its real part and its imaginary part vanishes at the origin. 
Formally it may be written 


f= 2u( 5. 5 =) — u(0,0). 


Example 4.18. The function u(x, y) = sin x ch y is harmonic. In this case, taking 


f(z) = 2sinZ ch = = 2sin§ cos§ =sinz,itisu =Re f and f(0)=0. O 


From the previous considerations it follows that if u is a real harmonic function 
on the disc D(0, R), the expansion (4.9) of u in power series of x, y around the 
origin holds for |x|, |y| < x. However, there is another more interesting expansion 
of u, which holds in the whole disc D(0, R), related with Fourier series. One 
simply takes polar coordinates, z = x +7 y = re’, and writes u = Re f, with f 
holomorphic on D(0, R), f(z) = >¢,, ¢nz”, so that 


ule) = 56) + FO) = 5( Dene" + an") 
n= =0 


= Reco + = D ae dee Gare, 


We get the equality 
[o,e) 
i=. age, (4.10) 


n=—OCoO 
which holds for |z| < R, with dn = d—n, do € R. If uw is harmonic with complex 
values, we write u = uy + iu, where uw 1, uz are real harmonic; then expanding 
in the previous way each u;, 7 = 1,2 one will obtain an equality such as the one 
in (4.10) for u, without the restriction dy = d_,. Hence, the following result has 
been proved: 
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Theorem 4.19. Any harmonic function u on a disc D(0, R) has an expansion, 
which holds on this disc, of the kind 


(oe) [o,e) oe) 
u(z) = = dyr Mein? = dot >o dn2z"+>° d-n2", z=re®,0<r<R. 
n=1 n=1 


n=—OO 


The series )°7° 9 dnz” is called the holomorphic part of u, and )°7-_, d—n2" is 
its antiholomorphic part. Both series converge absolutely at each point z € D(O, R) 
and uniformly on each compact set contained in D(0, R). Observe that 


1 o” 1 oO” 
pe, aye 
n! oz” 


~ nl azn 
A holomorphic function on D(0, R) is harmonic; in this case, one just has the terms 
in z” with n > O in the expansion given by Theorem 4.19, and there is no term in 
Zz", n> 1. 
Suppose, once again, that u is harmonic on the disc D(0, R) and fix0 <r < R. 
The function u,(@) = u(re!®) is continuous in 6 and 27-periodic. The equality 
(4.10) gives the expansion of u,, 


(0). 


+00 
u,(0) = oS dyr'tlein® (4.11) 


n=—Oo 


and C(0, r) being compact, it is uniformly convergent with respect to @. The series 
(4.11) is the Fourier series of the 27-periodic function u,(@); indeed, multiplying 
the equality (4.11) by e~”””® and integrating it yields 


1 20 ; ' 
dr '™! — =| u(re!?)e—im8 dé > u,(m), me Z. 
JO 


These equalities, in the case that u is real and uv = Re f, relate the Fourier coef- 
ficients of u;, %;(m), with the Taylor coefficients of f, Cm, since dm = $Cm if 
m>1,dm = Com if m < —1 and dp = Re(co). 

If f is holomorphic and f(z) = )°?°_9 cnz”, the Fourier series of the function 


fr) = f(re'*) is 
(oe) 
Sr (0) = > ere 
0 
and the equalities between coefficients may be written 


FOO) og nd 


n= 
Qnr” 


ee 1. 
f(re!*)e" dd = — f,(n), n>, 
n!} r 


which are also the ones obtained from (4.6) parameterizing C(0,r) by w = re’®. 
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Example 4.20. If f(z) = yo CnZ” is holomorphic on the unit disc D and con- 
tinuous on D, f taken as a function on T = OD has a Fourier series expan- 
sion: f(0) = psaees 7 (n)e’”°. The equalities above applied to the disc D(0,r), 
0 <r < 1 and letting r > 1, give fn) =c, ifn > 0, fn) = Oifn < 0. 
Hence no continuous function on T may be continuously extended to a holomor- 
phic function on D if its Fourier coefficients do not satisfy 7 (n) = 0,n < 0. For 


example, the function 7 = e~? ® on T has no holomorphic and continuous extension 
to D. O 


4.4 Zeros of analytic functions. Principle of analytic 
continuation 


4.4.1 Structure of the zero sets of holomorphic functions 


It has been seen in Theorem 4.9 that the class of holomorphic functions on a domain 
U of the plane is exactly the class of analytic functions in the variable z on U. 
Everything we will formulate in this section for analytic functions in z may be 
applied also to analytic functions of a real variable on an interval 7 C R. Statements 
will be given, however, for the complex case. 


Lemma 4.21. Let U be adomain of C, f € H(U) anda € U. Then the following 
conditions are equivalent: 


a) f™(a) = Oforn =0,1,2,.... 
b) f(z) = 0 for z on a neighborhood of the point a. 
c) f vanishes on U. 


Proof. Obviously c) implies a) and b). The fact that a) implies b) is clear, since f 
being analytic one has f(z) = >-,, LO (7 — a)" on a neighborhood of a. One 


n! 


just has to prove that b) implies c). Write 
A={zeU: f is zero ona neighborhood of z}. 


If b) holds, A 4 @, and clearly A is open. If we check that A is closed in U, then 
U = A, since U is connected, and c) will be proved. Suppose that z9 € U isa 
closure point of A and choose points zm € A with limm(Zm) = Zo. Since f is 
zero on a neighborhood of each point Zn, itis f () (Zm) = 0, for all n, m, and then 
f™ (zo) = limm f™ (zm) = 0. Hence f (zo) = 0, for all n, and it is already 
known that this fact implies f vanishes on a neighborhood of Zo, that is zo € A. 
O 
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If f is holomorphic on the domain U, denote by Z(f) the zero set of f on U, 


Z(f) = {aeU: f(a) = 0}. 
By Lemma 4.21, ifa € Z(f) and f # 0onJU, it cannot be f™ (a) = 0, for each 
n € WN. Consequently we can consider the natural number m > 0 defined by 
m = m(f.a) = min{n € N: f(a) F 0}. 


Hence, f(a) 4 0 while f(a) = 0 fori = 0,1,...,m—1. The number 
m(f, a) is called the multiplicity or order of the point a as a zero of f . At the point 
a the expansion of f starts with the term in (z — a)”: 


(m) ve. (n) 
fey = eames Yale a", ty = HO. eal <6. 


! 


Taking out (z — a)” as acommon factor in the previous series, we may write 


f(z) = @—a)"8(2), (4.12) 


where g(z) = 7, Cn(Z — a)" = rr" 5 Cntm(Z — a)"; it is evident that this 
last series has the same radius of convergence as eS 9 Cn(z — a)” and defines g 
as an analytic function on D(a,5) with g(a) = cm = “"@ # O and g(z) = 
f(z)@ —a)™” if z # a. Since g(a) # 0, one fa 2G) # 0 on some disc 
D(a,e) C U, € > 0, by continuity. On this disc, the only zero of f is a, due to the 
equation (4.12). Hence, it has been proved that all the points of Z(f), if f 4 0, 
are isolated points, that is, Z(/) is a discrete set. On the other hand it is clear that 
Z(f) is a closed set in U, because f is continuous. Hence the following result 
may be stated: 


Theorem 4.22. If f is a holomorphic function on a domain U, f ¥ 0, then Z(f) 
is a discrete and closed subset of U, that is, without accumulation points in U. In 
particular, Z(f ) is a finite or countable set and on each compact subset of U there 
are a finite number of zeros of f. 


Example 4.23. A polynomial in z has a finite number of zeros on C. The function 
f(z) = e7 has no zeros. The function f(z) = e7 — | has as zeros on C the points 


2aki, k € Z. The function f(z) = sinz = +(e!? — e~'”) has the same zeros as 
e727 _ 1, that is, ka, k € Z. The function fae zonU =C\R_ has a unique zero 
at the point 1. O 


Example 4.24. Consider the function f(z) = e T=? — | defined on U = C \ {1}. 
The zeros (zx) of f are given by == ost = 2ki, thatis, z, = pati = = 1- se 
which is a set that has 1 ¢ U as an ecounulatien point. O 
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If a is a zero of an analytic function f, f # 0, on a domain U it has been 
just seen that the point a has finite multiplicity m = m(f,a). In particular f(z) 


behaves as LO —a)” when z > a, 


f() 


im 
z>a f(a) m 
al =) 


f™@ 
m! 


=1, f(z)~ (z-—a)”. 


This means that it is not possible for an analytic function to have an order of 
cancellation around a zero a which is not an entire power of z — a. For example, 
there cannot exist any holomorphic function f defined on a neighborhood of 0 such 
that | f(z)| ~ |z|| Log |z||, because |z|| Log |z|| is an infinitesimal when |z| — 0, 
which is not equivalent to |z|” for any value of m. The function f(z) = z Logz, 
which satisfies | f(z)| ~ |z|| Log |z|| (|z| — 0), is not analytic on any neighborhood 
of the origin. 

If f €¢ H(U), where U is a domain of C and f/f is not identically zero, each 
point z, € Z(f) has associated its multiplicity m, = m(f,2Z,), as a zero of f. 
Instead of considering separately the sequence (z;,) and its corresponding sequence 
of multiplicities (m,), usually one includes in the list of zeros each of them as many 
times as its multiplicity. So in the resulting sequence 


(21, 22, 235-++5Zks--+) 


there may appear repetitions. Hence one obtains the so-called list of zeros of f 
counting multiplicities. 

Evidently, everything we have said about the zeros of f, which are the roots 
of the equation f(z) = 0, may be applied to the roots of the equation f(z) = 5, 
where b is a fixed complex value. Hence, f~!{b} = Z(f — b) is a discrete and 
closed set in U if f is holomorphic and not constant on U. 

If Z(/) is not finite, it has accumulation points in C*. Since these points cannot 
be in U, they must belong to dU; if U is not bounded, oo is on the boundary of U in 
C* and oo may be an accumulation point of Z(f). For example, the zeros 27rki, 
k € Z of e? —1 in C accumulate at oo; the boundary of the domain U = C \ {1} 
is OU = {1,00} in C* and the zeros of f(z) = et== —1inU accumulate at 1. 

If z1,...,Zy are the zeros of f inacompact set K C U (counting multiplici- 
ties), one may repeat the factorization (4.12) to obtain 


f(z) = ( — 21)(Z — 22)-+- (2 — zw )g(Z), 
where the function g is holomorphic in U and does not have any zero inside K. Ac- 
tually, if z; has multiplicity m;, that is it appears m; times in the list Zz), Z2,...,ZN, 
then g(zi) = pre) # 0; at the other points it is g(z) 4 0 because f(z) ¥ 0. 
This process is called removing the zeros of f in the compact set K. 
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4.4.2 The principle of analytic continuation 


The following result is a direct consequence of Lemma 4.21 and Theorem 4.22 
applied to the difference of two holomorphic functions. As already mentioned when 
talking about zeros of holomorphic functions, we again point out that the principle 
of analytic continuation also holds for real analytic functions on an interval of the 
real line. 


Theorem 4.25 (Principle of analytic continuation). Let f, g be holomorphic func- 
tions on a domain U. Then f(z) = g(z) for all z € U if and only if one of the 
following equivalent conditions holds: 


a) There is a point a € U such that f™(a) = g™ (a), forn > 0, that is, 
| f(z) — g(z)| = o(|z — al"), z ~a,n =0,1,2,.... 


b) There is a set A C U with some accumulation point in U and f(z) = g(z) 
forall z € A. 


c) There is an open set V CU such that f(z) = g(z) forallz eV. 


As an example of a set A C U with an accumulation point in U we can consider 
the set A = {a,: n € IN} formed by the different terms of a sequence (a,) which 
converges to a point of U. 

Example 4.26. Ifa function /, holomorphic on the unit disc D, satisfies nf (4) = 
l,n = 2,3,..., then f(z) = z, forall z € D. Indeed, f(z) and g(z) = z coincide 
on A = {i n> 2}. However, the function f(z) = z (1 — sin Z) also satisfies 
nf (4) = | andis not identically z. In this case, f is holomorphic on U = C \ {0} 
and A has no accumulation point in U. O 


Next an application of the principle of analytic continuation is given. It is said 
that a domain U of the plane is symmetric if for each point z € U one has that 
Zz € U. Since U is connected it is evident that, if it is symmetric, then UM Risa 
non-empty open set of R and so it is a countable union of open intervals of R. 


Theorem 4.27 (Schwarz’s reflection principle). Suppose that U is a symmetric 


domain of the plane, f € H(U) and f(x) is realforx € UR. Then f(z) = f(z) 
forallz € U. 


Proof. Consider g(z) = f (Z) which is a well-defined function on U. If on the disc 
D(a,r) CU, f(z) is the sum of the series }°,, cn(z —@)” then g(z) is, on D(a, r), 
the sum of }°, Cn(z — a)”. Therefore, g is also analytic on U. It may be also seen, 
alternately, that g satisfies the Cauchy—Riemann equations. Now, if x ¢ UMR one 
has g(x) = f(x) = f(x). Since U NR ¥ @ is an open set (and therefore it has 
accumulation points inside U) we conclude that g(z) = f(z), z € U. O 
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Remark 4.2. Another way of interpreting the reflection principle is the following. 
Denote by Ut = UN {z: Imz > 0} the part of the symmetric domain U located 
in the upper half plane. Suppose that g € H(U*) and g has areal limit at the points 
x € UN R, also denoted by g: g(x) = lim,_,,,-ey+ g(Z). Then the function f 
defined on U by means of “reflection”, 


ge(z) ifzeUr, 
S(@) = 5e(x) ifxeUNR, 
g(zZ) ifzeU-, 


is holomorphic on U (it is the only possible continuation of g to U which is holo- 
morphic). Indeed, it is clear that f € C(U) and that it is holomorphic at all the 
points in U \ R; then, by Theorem 4.13, one has f € H(U). 


The principle of analytic continuation allows us to understand correctly a lot 
of identities of real analysis. Suppose, for example, that /,,..., fy are entire 
functions which satisfy an identity of type P(fi,..., fy)(z) = 0, only for real 
values of the variable, where P is a polynomial in N variables. The principle 
of analytic continuation asserts then that P(/fi,..., f)(z) = 0 holds identically 
in z. Hence, the fact that sin? x + cos*x = 1 for x € R is read automatically 
sin? z + cos? z = | for z € C and, specifying at z = ix with x € R, it turns out 
that ch? x — sh? x = 1. 

As remarked above, all that has been said works for real analytic functions. 
Indeed, with the help of the principle of analytic continuation one may better un- 
derstand the relationship between real analytic functions and complex analytic func- 
tions, that is, holomorphic functions. 


Theorem 4.28. Every real analytic function f : R — C is the restriction to R of a 
holomorphic function F : U — C defined on a symmetric domain U of the complex 
plane, thatis R C U and f = Fip. 


Proof. For each point a € R it is known that there exists a radius R(a) > 0 such 


that so = 
fO) = Viele—a)", cn =, 
n=0 


n! 


x—a| < R(a). 


The power series )°°°_9 Cn (z —a)" has radius of convergence p, which must satisfy 
p > R(a) and defines a holomorphic function, Fz, on D(a, p). The restriction of 
F, to (a— p,a-+p) is an analytic function on this interval which coincides with f 
on (a— R(a),a+ R(a)) and thus, by the principle of analytic continuation, Fz = f 
on the whole interval (a — p,a +p). This means that op = R(a). Suppose now that 
D(ay, R(a1)) N D(az2, R(a2)) F Y, so that both F,, and Fg, are defined on this 
intersection; on the part of the intersection that is on R both functions coincide with 
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J and once again by the principle of analytic continuation, one obtains Fz, = Fa, 
on D(a1, R(a1)) N D(az2, R(az)). This means that on the symmetric domain 


U =|J Daa, Ra), 
aeR 


the functions Fy allow us to define a function F: U — C, equal to Fy on each disc 
D(a, R(a)). By construction F is holomorphic on U and F | ral: O 


The principle of analytic continuation for analytic functions of two real vari- 
ables is stated without giving any proof. This property is applied, in particular, to 
harmonic functions. 


Theorem 4.29. Let f, g be analytic functions of two real variables on a domain 
U Cc R?*. Then f(x,y) = g(x, y), for all (x,y) € U, if and only if one of the 
following equivalent conditions holds: 


. . gnutm gutm 
a) There is a point (xo, yo) € U such that sarap (Xo, yo) = IeA Byer (Xs Yo), 


for n,m > 0, that is, | f(x,y) — g(x, y)| = 0(/(& = x0)? + (y — yo)?)", 
when (x, v) > (Xo, Yo), 7 = 0,1,2,.... 


b) There is an open set V C U such that f(x, y) = g(x,y) forall (x,y) eV. 


In this case, it might hold that f(x, y) = g(x, y) for (x, y) € A, where A has 
accumulation points in U, but f = g. This is due to the fact that the zero sets of 
an analytic function of the variables x, y are not necessarily discrete. For example, 
the harmonic function x vanishes on the imaginary axis, and it is not identically 
zero. 


4.5 Local behavior of a holomorphic function. The open 
mapping theorem 


Consider a holomorphic function f on a domain U Cc C. Suppose that f has no 
zeros in U, and ask whether there is a continuous branch of the logarithm of f on 
U. It has been proved in Proposition 3.20 that this is the case if and only if the 
function f’/f has a holomorphic antiderivative on U. But now it is known that f’ 
is a holomorphic function and so is f’/f, so that by Corollary 3.28 it follows: 


Proposition 4.30. On a convex open set, every holomorphic function without zeros 
admits a branch of its logarithm and of its n-th root, for alln € \N. Every holomor- 
phic function without zeros on a domain admits, locally, a branch of its logarithm 
and of its n-th root, for alln € N. 


Corollary 4.31. If f ¢ H(U) and f(z) 4 0 forall z € U, then the function 
Log | f(z)| is harmonic on U. 
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Proof. One may check directly that A Log|f| = 0 using the Cauchy—Riemann 
equations. It is also a consequence of Proposition 4.30 because on each disc D C U 
there is a function h € H(D) such that e” = f and then Log|f| = Reh is 
harmonic on D. O 


Let U be a domain of the plane,a « U, f ¢ H(U) andb = f(a). If f(z)—b 
has a zero with multiplicity m at the point a, thatis, f/(a) = 0,..., f(a) = 0 
and f(a) # 0, it is said that f takes m times the value b at the point a. Let us 
explain the motivation of this definition. We have 


f(@)-—b = (@—a)"8(2), 


where g € H(U) and g(a) # 0. Fix a disc D(a, R) on which g has no zeros; 
by Proposition 4.30, there is a function h € H(D(a, R)) such that g = h™. This 
means that on D(a, R) we have 


f(2)—b =[(z-@h)]”" = fi”. (4.13) 


Observe that f\(z) = (z —a)h(z) satisfies fi(a) = 0, f/(a) = h(a) F 0, that 
is, f; vanishes once at a. It is clear, according to (4.13), that the local behavior of 
f will be understood if the one of f; is. 

The function /; is holomorphic on D(a, R), fi(a) = Oand f/(a) =A F 0. 
One may assert now that /; is a homeomorphism of a neighborhood of the point 
a onto a neighborhood of 0. This fact is a consequence of the inverse function 
theorem, but one can provide a direct proof as follows. Assume, without lost of 
generality, that a = 0 and A = 1, that is, fi(z) = z + fo(z) with f5(0) = 0. Fix 
a number 0 < ¢ < 1 and find r < R such that | f[(z)| < ¢ if z € D(0,r). By the 
fundamental theorem of calculus (for example, integrating fj along the segment 
that goes from z to w) one will have 


| f2(z) — fa(w)| < elz —w 


, z,we D(0,r), 
and this inequality implies 


d—-es)|z-vl <IA@—-fAWw)|s d+ e)lz-w 


, z,we D(O,r). (4.14) 


Let us now prove that if |&| is small enough, say |E| < s, the equation fi (z) = & 
has a solution on D(0, R) which by (4.14), will be unique and will depend con- 
tinuously on €. Notice that the fact that f;(z) = & means z is a fix point of the 
function € — f>(z). Define, as usual, a recurrent sequence (Z,), with 79 = 0 and 
Zn4+1 = € — f2(Zn). Since |Zn41 — Zn| = | fo(Zn) — fo(Zn—1)| X €|2Zn — Zn—1|, one 
will get 

[Zn+1 — Zn| < €"|Z1 — Zo] = "EI. 
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Therefore, |Zn| < >-7—1 |2i — Zi-1| < lg|4: if |E| < s = r(1 —6), all the points 
Zn are indeed in D(0,r) and converge to a solution of f(z) = &. 
Hence fj is a local homeomorphism. In this situation it is known (Subsec- 
tion 2.4.3) that f;~! is also holomorphic and (f;-')/(w) = (f/(z)) 1 ifw = fiz). 
Let now V be a neighborhood of the point a such that /; is a homeomorphism 
of V onto a disc D(0,s). By (4.13), the image of V by f will be exactly the disc 
D(b,s™). Then the following has been proved: 


Theorem 4.32. Let f be a holomorphic function on a neighborhood of a point 
a € C that takes the value b = f(a), m times at a. Then there is a neighborhood 
V of aand a disc D(b,6) such that f(V) = D(b,6) and each value & € D(b, 5), 
& S b, has exactly m-preimages by f in V (while for § = b the m-preimages are 
equal to a). 


One can even make more precise the situation described by this theorem by 
taking the proof up again: given € € D(b,s”™) consider the m-roots of & — b in 
D(0,s) 

E=b+w", i=1,...,m, wi€ D(0,s). 


For each of the points w; there is a unique point z; € V such that fi(z;) = w;, and 
these values z;,...,Zm are the m different roots of f(z) = € in VV. Since f;"' is 
holomorphic on D(0, 5), f;'(0) = a and (f,-')/(0) = A7", we can write 


zi =a+A7'w; + o(|uj)). 


The points wy,..., Wm are uniformly distributed on the angles 22k, k=0,..., 
m — 1, and so are the points z;,..., 2, except for a small error, around a and 
rotated according to arg(A~!) (Figure 4.3). When € — b, obviously 


max |z; —a| —> 0, 
i=1,...,.m 


that is, the points z;,..., Zm collapse to a. 


Theorem 4.33 (Open mapping). Jf U isa domain of the plane and f is holomorphic 
on U and non-constant, then f(U) is an open set of C. If V Cc U is open, f(V) 
is also open. 


Proof. If f is non-constant, the hypothesis of Theorem 4.32 holds at each point 
a € U, by the principle of analytic continuation. Then, every point of f(V) has a 
neighborhood formed by points which have preimages in V. O 


Remark that Theorem 4.32 has as a consequence that f is locally injective at 
the point a if and only if f’(a) 4 0. In the case of a real variable function just one 
implication holds, due to the inverse function theorem: if df (qa) is invertible, f is 
locally injective at a, but the converse is false. On the other hand, when f’(z) 4 0, 
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Z1 w2 
fi op b+w3 
a 1 a 
Z2 23 
W3 
V D(0,s) D(b, s3) 
Figure 4.3 


for all z € U, f is locally injective on U, but it is not necessarily injective on U. 
The clearest example is f(z) = e7. 

Observe also that, as a consequence of the open mapping theorem, there cannot 
be non-constant holomorphic functions on a domain U which take values in a set 
without interior points (lines, regular curves, ...). For example, no holomorphic 
function f, different from a constant, may satisfy an equation of type 


u(Re f(z),Im f(z))=0 or v(f(z), f(Z)) =0 


with u, v analytic functions in two variables (not identically zero). 


4.6 Maximum principle. Cauchy’s inequalities. Liouville’s 
theorem 


In this section some inequalities related to the absolute value of a holomorphic 
function and its derivatives will be obtained. 


Theorem 4.34 (Maximum principle). If f is holomorphic and non-constant on a 
domain U of the plane, then the function | f | cannot have any local maximum in U. 


Proof. Suppose that | f| has a local maximum at a € U, that is, there is a disc 
D(a, R) C U such that | f(z)| < | f(@)| ifz € D(a, R). This prevents f(D(a, R)) 
from being an open set that contains f(a) and contradicts Theorem 4.33. O 


Corollary 4.35. Let U be a bounded domain of C and f a holomorphic function 
on a neighborhood of U or, more generally, f € C(U)N H(U). Let M be the 
maximum of | f | in OU. Then one has 


| f(z)| <M foreachz € U. 


In other words, maxg | f | = maxay | f |. 
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Proof. Since U is acompact set, | f| has a global maximum on U which is attained 
at some point a € U. If a € U, then it is a local maximum and by the previous 
theorem f is constant and the statement is obvious. If a € dU, then | f(a)| is also 
the global maximum on dU, | f(a)| = M and consequently | f(z)| < M,ze€U. 

O 


Example 4.36. The quantity supzepq,1) |e*| coincides with max,.5( 1) |e7|, 
which, by Corollary 4.35, is max{|e?|: |z — 1] = 1}. Ifz =1+e",0<t <2z, 


it turns out that Je7| = e®°? = e!*°°S! and the maximum value is e?. O 


Corollary 4.35 tells us that an inequality | f(z)| < M for z © dU may be 
extended to | f(z)| < M for z € U when f € C(U)M A(U). As an application 
of this fact one gives the following example: 


Example 4.37. There exists no sequence of polynomials P,,(z) which converges 
uniformly to 1/z on the unit circle T. Indeed, otherwise one would have 


1 
Pa(2) — >| <é, n>no, |Z) =1(e<1 


and therefore |zP,(z) — 1| < ¢,n > no, if |z| = 1. By Corollary 4.35 it would 
be |zP,(z) — 1| < €,m > no for |z| < 1 and, taking z = 0, one arrives at a 
contradiction. O 


Of course, if f is holomorphic and does not have zeros in U, taking the function 


7 one obtains that | f | cannot have a local minimum in U. For f € C(U)N H(U) 


without zeros in U, one will have 
min = min 7 
lf| 9U lf| 


In other words, if m < | f(z)| < M for z € OU and f does not have zeros in U, 
then one also has m < | f(z)| < M forz € U. 

Consider the particular case of Proposition 4.14 corresponding toU = D(a, R). 
If f is holomorphic on a neighborhood of D(a, R), the equation 


ry | f(w) 
f= art dbtaws won't — zyrri dw, ze D(a,R) (4.15) 


holds. The values of f on D(a, R) determine f(z) on the whole disc by means 
of this formula. Cauchy’s inequalities estimate | f | in terms of | f |. 


Theorem 4.38 (Cauchy’s inequalities). If f is holomorphic on a neighborhood of 
the disc D(a, R) and | f(z)| < M whenz € C(a, R), then the following inequalities 
hold: 


! 
If @l <M forn =0,1,2,.... (4.16) 
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Proof. The formula (4.15) for z = a may be written 


20 
f(a) = ar fla af Re ye"? do, 
which implies (4.16) immediately. O 
Corollary 4.39. If f i 
z €U, then 
n! 
PIS Mago EU N=O12.., 


In particular, these inequalities hold if U is bounded, f € C(U)M H(U) and 
| f(z)| < M forz € OU. 


Proof. Apply Theorem 4.38 to the disc D(z,r) C U,r < d(z, U*) and let r tend 
to d(z,U°). O 


Cauchy’s inequalities cannot be improved. For example for D, f(z) = z” and 
a = 0, the two terms of (4.16) are equal to n!. 


Example 4.40. Let f be a holomorphic function on the unit disc D satisfying 
the inequality | f(z)| < i= |z| < 1. Taking 0 < r < 1 and applying (4.16) 
to the disc D(a,r) nat = Oand M = sup{|f(z)|: |z| < r} < <b, we 


1-r’ 
obtain | f(0)| < n! 0 < r < 1. Now one may compute the minimum 
value of the function 


G=r)r™ a 

for 0 < r < 1 and it turns out that this minimum is 

(nt1)?t! 
nn 


da- 


attained for r = and has value 


a . We have then found the inequality 


If (0) <n = ee 


Theorem 4.41 (Liouville’s theorem). Jf f is an entire and bounded function, then f 
is constant. Also, a harmonic and bounded function on the whole plane is constant. 


Proof. When f is entire, the result is a direct consequence of Corollary 4.39, for 
n = 1, because d(z,U°) = +00 and therefore f’ = 0. If u is harmonic on C, 
according to Theorem 4.19, and writing z = re’? one has 


u(z) = yd pltlein® 


where 
1 


~ Qnrlal 


If |u| < M on C it turns out that |d,| < Mr—"', for all r, and letting r > oo we 
get that d, = Oifn F 0, that is u(z) = do forz € C. O 


20 ? : 
/ u(re!®)e—in? dé, neZ. 
0 
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Hence, an entire function, if it is not constant, cannot be bounded on C. How- 
ever, its restriction to R can be bounded as for f(z) = sin z; it can even converge 
to zero when x — too, as for example f(z) = ene 
Liouville’s theorem provides a proof of the fundamental theorem of algebra. 


Theorem 4.42 (Fundamental theorem of algebra). Let P(z) = ap +aiZ+---+anZz” 
be a polynomial of degree n, witha; € C,i = 0,1,...,n, n => 1. Then P has 
exactly n roots 01,...,Q@n € C (some of which may be counted with its multiplicity) 
and P@) =a, [| 4 =). 


Proof. By iteration it is enough to prove that P has at least one root. Otherwise, 
the function f(z) = 1/P(z) would be an entire function. Now writing 


aAn— a 
PC) =2"(an idee fives 2) 
Z Zz 


we see that a,z” is the dominating term when |z| — +00, and therefore | P(z)| > 


+oo when |z| — +00. Hence, lim)z|-++00 | f(z)| = 0 and, in particular, f is 
bounded. By Liouville’s theorem, f must be constant and then P(z) would be also 
constant, but it has been supposed that deg(P) > 1. O 


It is clear that the corresponding version of Liouville’s theorem in one real 
variable is false; there are analytic functions on the whole real line R which are 
bounded and non-constant: sin x, cos x, ae: etc. 

The proof of Theorem 4.42 is applied to any entire function f such that | f(z)| > 
+oo when |z| — +00 and one gets the conclusion that f must have a zero. How- 
ever, later on it will be proved that, in this case, f is a polynomial (see Subsec- 
tion 5.5.1 and Exercise 20 of Section 4.7). 


4.7 Exercises 
1. Let U be a bounded domain of the plane with positively oriented piecewise 
regular boundary and let g(z, w) be a continuous function with respect to 


the two variables for z € U and w € dU. Suppose, in addition, that ¢ is 
holomorphic as a function of z for each w € OU. Show that the function 


fa) = [ _e(es 0) do 


is holomorphic on U and 


go” 
aoe COND 55, n=1,2,..., zEU. 
aU oz” 
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. Compute 


3 
/ Log |x — z|dx 
3 


forallz € Candéd > 0. 


. Let f be a holomorphic function on the disc D(O, R), 0 < r < R, and 


hyn € Cin = 1,2,... with |hy| < R—r and (hy) ae 0. Defining the 
n CO 


functions g, by 


f(z +hn) — f@) 


= een 
hn 


gn(Z) = 


show that limp—+oo Yn (z) = f’(z) uniformly on the disc D(0, r). 


. Let f, g be two holomorphic functions on a neighborhood of the disc D (a, R). 


Prove the equality 


FOe' (az = — i. F@s'@) dmc). 
 JD(a,R) 


201 C(a,R) 


Deduce from it that if, in addition, f is injective and K = f (D(a, R)), then 
the isoperimetric inequality 


4m(K) < L(0K) d(K) 


holds, where L(9K) is the length of the curve y(@) = f(a+ Re’’),0<6< 
27, and d(K) is the diameter of K. 


. Let f be a holomorphic function on a neighborhood of the disc D(0, R). 


Prove that the integral formula 


ae ny 
I (Zo) = =| Be ea f(z)dz, |zo|<R 


2mi Joco,R) (Z — Z0)(R? — ZZ) 


holds and consequently 


‘4 12m Pe? 
18) Rel®) dg, 
u(re’’) | R2 —2rRoos@—@) 42 u(Re'®) dg 


O0<r<R,0<60<2n 


if u is harmonic on a neighborhood of D(0, R). 
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6. Let f be a holomorphic function on a domain U, satisfying 


ftD(z) = ag @), zeéeu, 


j=0 


for n € WN and do,aj,...,dn € C fixed. Show that /f is the restriction to 
U of an entire function which is a finite linear combination of exponential 
monomials of type z*e*? with k € NN, A € C. Show also that if in addition 
there exists a point a € U such that f(a) = f’(a) =--- = f(a) = 0, 
then f is identically zero on U. 


7. Let f be a holomorphic function on D(O, R) and consider for 1 < p < co 
the means 


1 2n ; 1/p 
Mp(tr)=(5— f Lf (re"®| a8) , O<r<R,1<p<o, 


Mox(f, r) = SUP|z|=r | f(z) 
Show that M,(f,r) is an increasing function of r for 1 < p < o&. 


Hint: Apply Exercise 12 of Section 3.8 to the function (| f(re?®)|? + e7)?/2. 


, O<r<R. 


Show also that the means 


are increasing functions of r for 1 < p < o. 


8. Let f be a holomorphic function on a domain U and suppose there is a disc 
D(a,r) C U anda number p > | such that 


2n 
If@l? = = i, | f(re!)|Pa0. 


Show that f is constant on U. Reach the same conclusion assuming now that 


iar =—zf flame). 
r) 


(a, 
Hint: Reduce to the case p = 2 and use Exercise 12 of Section 2.7. 


9. Let fi, fo,..., fw be holomorphic functions on a domain U and p € R, 
p = 1. Suppose that the function | f1|? + | fol? + +--+ |fw|? has a local 
maximum at a point of U. Prove that fi, fo,..., fw are constant on U. 


Hint: Apply Exercise 8 of this section to each fj. 
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11 


13. 


14. 


15. 


16. 


17. 
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If f is entire and the function f(z)e~¢!?", with c > 0, a > 0, is bounded 
in modulus by a constant M > 0, find the best bound for the function 


peers 


Let f be an entire function which satisfies the estimate | f(z)| = O(|z|‘), 
|z| — co, for some N € N. Show that f is a polynomial of degree smaller 
than or equal to NV. 


Let f be a holomorphic function on D(0, R) and for0 <r < R put 
A(r) = SUP|z|=r Re f(z). 


Show that A(r) is an increasing function of r and if in addition f satisfies 
f(0) = 0, then one has 


2r 
R-r 


sup);j=r | f(Z)| < A(r), O<r<R. 


Let f be a bounded holomorphic function on the strip U = {2 = x +iy: 
a <x <b},a,b € Rand suppose that f € C(U) and| f(z)| < lifz € aU. 
Show that | f(z)| < 1 for all z € U. 


Let f be a holomorphic function on the unit disc D, continuous on the closed 
disc D, which satisfies Re f(z) -Im f(z) = 0 for z € T. Show that f 
vanishes on D. Reach the same conclusion assuming now that / satisfies 
Re f(z)? —Im f(z) = 0, if z € T. Show that, on the other hand, there exists 


afunction f € C(D) M H(D), satisfying Re f(z)? + Im f(z)? = 1,z € T. 
Characterize the polynomials in two variables P(x, y) which have the follow- 


ing property: every function f € C(D) M H(D) which satisfies P(Re f(z), 
Im f(z)) = 0 for z € T, must vanish on D. 

Hint: Consider the connected components of the complement in C of the set 
{(x, y): P(x, y) = 0}. 


Let f be a holomorphic function on the disc D(0, R) and continuous on 
D(O, R). If f is not identically zero, prove that 


20 
/ Log | f(Re?®)| d@ > —oo. 
0 


Show that if f is holomorphic on the domain U then the function | f|%, for 
a > 0, is subharmonic on U (see Exercise 13 of Section 3.8). Show also that 
| f |~ is harmonic on U if and only if it is constant on U. 


18. 


19. 


20. 


21. 


22. 
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Let U be a domain of the plane and u a continuous subharmonic function on 
U. Show that if the maximum value of u is attained at some point of U, then 
u is constant on U. 


Let U be a bounded domain of the plane, uw a continuous subharmonic 
function on U and suppose that there exists a constant M > 0 such that 
lim sup,_,,, U(z) < M for every point zo € JU. Show that u(z) < M for 
alzeU. 


In particular, if uw € C(U) is subharmonic on U, then max,<g7 u(z) = 


maxzegy u(Z). 


Show that an entire function f which satisfies | f(z)| — co when |z| > oo 
is a polynomial. 


The kernel K(z, w) = 1 ae z,w € Dis called the Bergman kernel of 


the unit disc. If f is an integrable function on D with respect to the Lebesgue 
measure, f € L'(D, dm), then the Bergman transform of f is well defined: 


Kf (z) = | KG.w)fow)dm(w) = =f ame. 


— zw)? 
Prove the following statements: 


a) If f ¢ L'(D,dm) N H(D), then K f(z) = f(z) for z € D. 


b) L?(D,dm)N H(D) is aclosed subspace of the Hilbert space L?(D, dm) 
and if f ¢ L?(D,dm), then Kf is the orthogonal projection of f over 
this closed subspace. 


Show that there exists a constant c > 0 such that 


IIfll2 <¢ llull2. 


for f € H(D) with f(0) = 0 and vu = Re f, where || ||2 is the norm in the 
space L?(D, dm). 


Chapter 5 
Isolated singularities of holomorphic functions. 
The residue theorem. Applications 


This chapter is devoted to the study of functions that are holomorphic on a domain 
except at isolated points in which the function has no complex derivative or, maybe, 
is not even continuous. The fact that the function is holomorphic around each of 
these singular points allows us to determine accurately the nature of the singularities; 
namely the line integral of a holomorphic function around a singularity may be 
expressed in terms of a unique number associated to the singularity, that is, the 
residue of the function. The precise statement of this fact is the Residue theorem, 
which is an extension of Cauchy’s theorem. 

Some applications of the residue theorem are given, among which is the out- 
standing argument principle that allows one to count zeros and poles of meromor- 
phic functions, or Rouché’s theorem, that compares the quantity of zeros of two 
holomorphic functions. Also noteworthy is the use of the calculus of residues for 
evaluating real integrals, without computing antiderivatives. 


5.1 Isolated singular points 


Recall that D(a, €) or D,(a) denotes the open disc with center a and radius ¢ > 0. 
From now on, D(a, ) or D{(a) will represent the punctured disc D(a, €) \ {a}. 


Definition 5.1. A function f has an isolated singularity at the point a of C if 
f is holomorphic on D/(a) for some ¢ > 0. In the case that f may extend 
to a holomorphic function on the whole disc D,(a), the singularity is said to be 
removable. 


Removable singularities are “false” singularities, that is, actually they are not 
true singularities. It is an abuse of language, but convenient for introducing the 
concept of singularity. 

Suppose that f;, / are holomorphic functions on a disc Dr(a), R > O and 
that f> is not identically zero. If f(a) # 0, then f = f,/ fo is holomorphic on a 
disc D,(a), € > 0. If fo(a) = 0, it is known by Theorem 4.22 that a is an isolated 
zero of f2; consequently, there is ¢ > 0, ¢ < R such that a is the only zero of fo in 
D,(a), and so f = fi/f2 is defined and holomorphic on D/(a). It is the situation 
of Definition 5.1: a is an isolated singularity of f, which may be removable or not. 
Consider the multiplicity, 1, of a as a zero of fo: fo(z) = (z — a)" g2(z), where 
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g2(z) € H(D,(a)) and g2(z) ¥ 0 for all z € D,(a). If a = go(a), this means 
that fo(z) ~ a(z — a)” when z — a. The two following cases are possible. 

a) If fi(a) # 0, then f(z) ~ fi (a)a7!(z — a)~™ and one sees that a is a 
non-removable singularity because limz-+,g f(z) does not exist and f may 
not extend to a holomorphic function, even not to a continuous function at 
the point a. 


b 


wm 


If fi(a) = 0, then a has multiplicity m > 1 as a zero of f; and one may 
write fi(z) = (z — a)” g1(z) with gi(z) € H(D,(a)), B = gi(a) £ 0, if 
€ > Ohas been chosen small enough. Then f(z) = (z —a)”""91(z)/g2(Z) 
on D/(a). Since g2(z) 4 0, for all z € D(a), it turns out that for m > n, 
a is aremovable singularity; the expression (z — a)’"~" ¢1(z)/g2(z) makes 
sense and defines a holomorphic function on the whole disc D,(a). Ifm <n, 
the same expression shows that f(z) ~ Ba7!(z—a)”—" does not have finite 
limit at a; in this case a is a true singularity once again. 


Definition 5.2. If f is holomorphic on a punctured disc D{(a) and there exist 
a € C andk > 1 integer such that f(z) ~ a(z — a)~* when z > a, it is said that 
f has a pole of order k at the point a. The number k is called the multiplicity of 
the pole (or order of the pole). 


Obviously, poles are non-removable singularities and, as a matter of fact, one has 
lim,+q f(z) = oo if f has a pole at the point a. The previous argument proves 
that if f1, {2 are holomorphic functions on a domain of C and /f) is not identically 
zero, then f = f,/f> has removable singularities at the zeros of f> that are also 
zeros of f1, with multiplicity greater than or equal to the ones corresponding to fo. 
Moreover, f has poles at the zeros of f2 which are not zeros of f; or that, being 
zeros of f;, have smaller multiplicity with respect to f, than with respect to fo. 


Definition 5.3. A function f is meromorphic on a domain U if there exists a set 
A CU, discrete and closed in U, such that f is defined and holomorphic on U \ A 
and has a pole at each point of A. 


Hence, it turns out that if ,, f are holomorphic functions on the domain U 
and fp is not identically zero, then f = f,/f is meromorphic on U, taking as A 
the set 


A= {aeéeU: multiplicity of a as a zero of f; 
< multiplicity of a as a zero of fo} C Z( fo). 


For example, the function tanz = sine. is meromorphic on the whole plane; their 


poles are the zeros of the function cos z, that is, the points z, = 5 +kr,keZ 
(none of these is a zero of sin z) and all of them have multiplicity 1. 
The rational functions R = © with P, Q polynomials, are meromorphic func- 


Q 
tions on the whole complex plane. 
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Example 5.4. Consider the function f(z) = ez. This function has a singularity 
at the origin. It is non-removable because lim,-,9 f(z) does not exist; for example 
lim, 9+ f(x) = 00, limy+o- f(x) = 0, f (qb) = e!** = (-D*. This helps 
to see that f does not have a pole at the origin. O 


This example shows that there are isolated singularities which are neither re- 
movable singularities nor poles. They are called essential singularities. So one has 
the “false” singularities, the removable ones, and the true singularities, which may 
be either essential or poles. In the following theorem the type of singularity of a 
function f at the point a € C is characterized in terms of the behavior of f(z) 
when z > a. 


Theorem 5.5. Suppose that the function f is holomorphic on D/,(a), ¢ > 0. Then 
a) The point a is a removable singularity of f if and only if f is bounded on 
D;(a) for some 6 > 0. 


b) The point a is a pole of f if and only if limz+q f(z) = ©, that is, for 
each M > 0 there isa 6 > 0 such that | f(z)| > M if0 < |z-a| <6 
(equivalently, lim z-+g | f (z)| = +00). 


c) The point a is an essential singularity of f in all the other cases, that is, if 
and only if limz-+a f(z) does not exist in C*. 


Proof. First a) will be proved: if f is holomorphic on D,(a), then f is continuous 
on D3(a) for all 8 < ¢, and therefore, bounded on Ds(a). Conversely, suppose 
| f(z)| < M if 0 < |z —a| <6 < «. Consider the function g(z) = (z — a)? f(z); 
g is also holomorphic on Dj (a) and limz-+q g(z) = 0; hence, defining g(a) = 0, 
one has that g is continuous on D;(a). In addition, 


: g(z)—g(a)_,._ gz) 
im ——— = lim —— 


zZ—a Z—@ Z>7aZ—-aQ 


So g € A(D;(a)), with g(a) = g’(a) = 0. Therefore, by (4.12), g(z) = 
(z — a)" g1(z) with m > 2, g, € H(D;(a)); hence, on 0 < |z —a| < 6, f(z) 
coincides with (z — a)? g1(z), which is holomorphic on the whole disc Ds (a) 
(because m > 2) and a is removable. 

Next, assertion b) will be proved. It has been noticed that if f has a pole at the 
point a, then lim,-,, f(z) = oo. Conversely, assuming that lim,z_,, f(z) = oo, 
then g = 1/f is holomorphic on some disc centered at a and has limit zero at 
a; by item a) g has a removable singularity at a with g(a) = 0. If m > 1 is the 
multiplicity of a as a zero of g, then g(z) = (z — a) 91(z) witha = gi(a) £ 0; 
hence, f(z) ~ a~!(z —a)~™ and f has a pole of order m at the point a. O 


= lim (z — a) f(z) = 0. 


By definition, f has a pole of order k at the point a when f(z)(z — a)* has 
non-zero finite limit at a. By the previous theorem, this is equivalent to the fact that 
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f(z)(z — a)* has a removable singularity at a, that is, g(z) = f(z)(z —a)* isa 
function in H(D,(a)), with g(a) # 0. Hence, f has a pole of order k at the point 
a if and only if it may be written as 


with g holomorphic on a neighborhood of a and g(a) # 0. 

At an essential singular point a € C, when z — a, f(z) does not approach any 
value of C*, finite or not. The following theorem is more specific, saying that the 
behavior of f(z) when z — a is chaotic. 


Theorem 5.6 (Casorati—Weierstrass). If f € H(D/(a)), ¢ > 0, and f has an 
essential singularity at the point a, then the set f(D(a)) is dense in C for all 6, 
0<d<e. 


Proof. Assume that for some 6 < € the open set f(D; (a)) is not dense; then there 
are w € C andr > 0 such that | f(z) — w| => r if 0 < |z —a| < 6. This means 
that the function g(z) = F@=0 is bounded and, by item a) of Theorem 5.5 one 


would have g € H(Ds5(a)); thus, f(z) = w+ Ao) would have either a pole or a 


removable singularity at a and not an essential singularity. Ly 


Example 5.7. Analyze f(D;(0)) when f(z) = ez. Ifw = 4 and 0 < |z| < 6, 
then |w| > 6~!. The image by w +> e” of |w| > 57! is, in fact, C \ {0} (the image 
of any horizontal strip of width 27 is C \ {0}). 


The behavior of a function around a pole is very different from the behavior 
around an essential singularity, which is described in Theorem 5.6. Indeed, it is 
known that if the point a € C isa pole of f, then lim,z_,, f(z) = ov, but one 
may assert that if f € H(D{(a)) and a isa pole of f, then for all 0 < 5 < ¢, the 
image f(D‘ (a)) is a neighborhood of the point at infinity. Actually, since the point 
a cannot be an accumulation point of zeros of f, one may suppose that f(z) 4 0 
if z € Ds(a). Now the function g(z) = 70) is holomorphic on D;(a) with 
g(a) = 0, and by the open mapping theorem, g(D35(a)) contains a neighborhood 
of 0, and then f(D5(a)) contains a neighborhood of oo. 

Furthermore, ifa isa pole of f of orderm > 1, the point a is a zero of order m of 
the function g(z) = Fo" because one has f(z) = ae with h(z) 4 Oif |z—a| 
is small and, then, g(z) = (z — a)” oy with t holomorphic and non-vanishing. 
Applying now Theorem 4.32, it is known that g is m to 1 between a neighborhood 
of a and a neighborhood of 0, that is, there exists a neighborhood V of 0 and 7 > 0 
such that for all w € V, w ¥ O, there are m different points z1,...,2Zm € D,(@) 
with g(z;) = w. Expressing this in terms of f, it means that if a is a pole of order 
m of f, there exists a neighborhood V of oo and 7 > 0 such that any point w € V, 
w # oo, has m different preimages in D(a). 
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It is interesting again to compare the behavior of a holomorphic function around 
an isolated singularity with the analogous situation for functions of one real variable. 
If [-(a) denotes the interval (a—e, a+e) and [{(a) = I,(a)\ {a}, there are countless 
different asymptotic behaviors of f(x) when x — a among the functions f which 
are differentiable or C® on //(a). For example, 


f(x) = |x|*| Log |x||?| Log |Log |2|||” 


with arbitrary a, 8B, y € R are examples of C™ functions on a punctured neighbor- 
hood of 0, 7/(0), and the behavior is different for each choice of parameters a, B, y. 
In complex variables, instead, there are only two different kinds of behavior of /, 
holomorphic around a non-removable singularity a: either | f(z)| ~ p|z—a|~*, for 
p > Oandk > 1 integer, or limz_,, | f(z)| does not exist in [0, -+-oo]. For example, 
no function f, holomorphic on D/(0), can be found satisfying 


| f(2)| ~ |z|*| Log |z||? ~when |z| — 0, 
if B £0. The function f(z) = 22 satisfies 


Z 


[Logz| _ |Log |z| +7 Argz| 
If@|= = 


Iz| Iz| 


_ v(Log|z))? + (Argz)? | Log |2I 
[2| Iz| 


when z — 0, but it is not defined on any punctured disc centered at the origin. 


5.2 Laurent series expansion 


Theorem 4.8 tells us that every holomorphic function on a disc has a power series 
expansion. Now we will show that every holomorphic function on a punctured 
disc D’(a, R) has a similar expansion, accepting powers of z — a with negative 
exponent. 


Definition 5.8. A Laurent series centered at a € C is a formal series of the type 


+00 
ys Cn(z — a)", Cn EC. 
n=—0o 
Giving a Laurent series is just giving a power series in Z — a, ae Cn(z—a)", 
‘ = n a 

and = series, )),—- 69 Cn(Z — a)”, which may be understood as a power 
series >) dn(w — a)” inw —a = (z— a)~! if dy = c_n. If py is the radius of 
convergence of the first series, 


1 
pi = (lim sup |cn|")~", 
n—-+0o 
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and 2 the radius of the second one, 


1\-1 i\-l 
p2 = (lim sup |dn|* ) a (Jim sup Jen!" ) , 
n—-+oo n—->—oo 
then )---_9 Cn(z — a)" defines a holomorphic function f;(z) on {z: |z—a| < py} 
and ye Cn(z —a)" defines a holomorphic function f2(z) on {z: |z—a|~! = 
jw — al < po} = fz: |z —a| > pz}. 

From now on, we will write Rj = py, Ro = ps and suppose that Rp < R,. 
Then the Laurent series Sakae Cn(z—a)” defines afunction f(z) = fi(z)+ fo(zZ) 
holomorphic on the annulus C(a, R2, Ri) = {2 € C: Ro < |z—-al < Rj}. 
It is clear that the convergence of yo .. Cn(zZ — a)” is absolute at any point of 
this annulus and uniform on each compact subannulus C (a, r2,7r1) with R2 < r2 < 
ry < R,. Moreover, applying Theorem 2.31, it turns out that 


+00 
(2) = » ne,(z—a)"™ 1, Rz<|z—a| < Ry. 


n=—-C 


Definition 5.9. It will be said that the function f, holomorphic on the annulus 
C(a, R2, R1), can be expanded in a Laurent series if it equals the sum of a Laurent 


series 
+00 


f@= Do eae)", (5.1) 


convergent on the annulus C(a, R2, R}). 


In this case, the Laurent series expansion is unique because the coefficients cy 
are determined by f. To see this, take r between R» and R, and let y be the circle 
with center a and radius r positively oriented, y(t) = a+re’’,0 <t < 27. Using 
the uniform convergence of the Laurent series on y* = C(a,r), by (5.1) one finds 
that 


+00 


1 F(Z) 1 / a 
= y > - =n Z (5.2 
= [ G@—aytl dz 2 aioe xs a) dz=c néZ (5.2) 


because (z — a)k~”~! has a holomorphic primitive when k —n — 1 4 —1. 
In terms of the parametrization of y, the equality (5.2) is 


20 


¢.=— flapre yr te dt. neZ, Ry <r < Ri. 
20 0 


This expression of the coefficients c, may be also understood in the following way: 
Cnr” is the n-th Fourier coefficient, the one that corresponds to e’”‘, in the Fourier 
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series expansion of the 27-periodic function tf +> f(a + re!’), which by (5.1) is 


+00 
fla+re") = » ere, 


n=—oo 
The following theorem is the one corresponding to Theorem 4.8. 


Theorem 5.10. Every holomorphic function on an annulus may be expanded in a 
Laurent series. 


Proof. Given f € H(C(a, R2, R;)) and having fixed a point z € C(a, R2, Rj), 
choose r, r; such that Ry < rz < |z—a| <r, < Ry and take y(t) =a+rje", 
yo(t) = a+ roe’, 0 < t < 2m. Consider the domain {z: rz < |z —a| < ry} 
with its boundary positively oriented. Recall (Section 1.6) that this corresponds to 
travelling the outer circle y; in a way that it has index | with respect to all points 
on its interior and that the circle yz must be travelled with index —1 with respect to 
its inner points. Hence, the Cauchy integral formula gives 


Lf f£@) 4-1) f Say. 


201 y, W-Z 201 y. WZ 


f@) = 


In the first integral, write w —z = (w —a) —(z—a); since |z—a| <r; = |w—a|, 
it follows that 


[oe] 


1 _ 1 _ 1 _ (z—a)" 
w—-z (w—a)—(z-a) (w—a)(1—- =) = 2G aa 


w-a n=0 


The expansion is uniformly convergent on y/' and it is also uniformly convergent 
when multiplied by f(w). In the second integral, however, one has |z — a| > r2 = 
|w — al, so we can write 
= 1 _ 1 
w—-z  (w—a)—(z—a) (z —a) (44-1) 


_ s (w-a)" 3 (@-a)" 
~~ oer (z—a)"t ~~ (w —a)"tl" 


n=—0O 


Integrating these expansions term by term one finds 


+00 


f(z) = So enlz—a)", 


n=—oc 
where the coefficients c, are given by 


ol 
"Oni 


/ flw)(w— a) aw 
|w—a|=r 
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with r = r, ifn > Oandr = r2 ifn < 0. Even though, apparently, these 
coefficients cy, depend on r; and rz, the uniqueness of the Laurent series expansion 
of f makes clear that, indeed, they just depend on f. O 


CaF . 
Then f is holomorphic on the punctured disc D’(a, R). A punctured disc is a 
particular case of an annulus (when the small radius is zero) and the Laurent ex- 
pansion of f in D’(a, R) may be obtained by dividing by (z — a)* the power series 
expansion of g, 


Example 5.11. Suppose that g is holomorphic on D(a, R) and f(z) = 


OS! 5%) 22° OK) 
s"@ -k gr'@ n 
fo= ye“ e-ar* = YY Ee". 
a n! oe (n+k)! 
For example, the expansion of f(z) = ae in C \ {a} is 
ez-4 oo (z oA ay 
— .A~@ — 4a 
f(z) =e Cpe Da Tee . O 


Example 5.12. Look for the Laurent series expansion of f(z) = TED on all 
relevant annuli: D’(0,1), C(0,1,00), D’(1, 1) and C(1, 1,0). For the case of 
D'(0, 1) divide by z the Taylor expansion of (z — 1)~! around the point 0: 


peer ni n- 
z(iz—1) eo 7 we 


and, similarly, on D’(1, 1) divide by (z — 1) the Taylor expansion of z~! around 
the point 1: 


1 1 1 1 oo on oO ; 
eo a z= 20 z)", 


On C(0, 1, oo): 


love) —2 
a ee _F7. 
Bie A) z2(t3) zee ee 
On C(I, 1, 00): 
1 1 


oo —2 
= )CI"@-)"? = YO ED*e-1". 


n=0 n=—0o 


z@—1) @—-b20 +4) 


O 
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Notice that in Theorem 5.10 it has been shown also that if f is holomorphic on 
an annulus C(a, R2, R;), then f is the sum of a function f; holomorphic on the 
disc D(a, Ri) (fi(zZ) = OO cn(z —a)") and of a function f holomorphic outside 
the disc D(a, R2) (fo(z) = sae Cyn(zZ — a)”). 

All these considerations may be applied in particular if f has an isolated sin- 
gularity at the point a, that is, f € H(D/(a)) (D/(a) is the annulus C(a, 0, ¢)). In 
this case, f has a unique Laurent series expansion, 


+00 
f@) =) on — a)", 


where 
etna ae 
2ni Ioca,r) 2 —aq)jrtl 
is independent of f,O <r <e. 

Clearly, the singularity is removable when c, = 0, for all n < 0. On the other 
hand, we have seen after Theorem 5.5 that f has a pole of order & at a if and only 
if it may be written as f(z) = Eo: with g holomorphic and g(a) 4 0. This 
means exactly that the Laurent expansion has a finite number of terms with negative 
powers and starts with g(a)(z — a)~*: 


f(z) = gaz —a)* + g'(a)(z—a) * ++. 


Consequently, the singularity is essential if and only if there are infinitely many 
coefficients c, 4 0 withn < 0. 

The part f,(z) = )°>° cn(z — a)" is called the regular part of f ata. The part 
fo(z) = pee Cn(z — a)” is called the principal part of f ata. When a is a pole 
with multiplicity k, the principal part is a polynomial in (z — a)~! of degree k. 

As an application of the Laurent series expansion one may obtain the decom- 
position of a rational function into a sum of simple fractions and a polynomial. A 
simple fraction is a rational function of type 


Cc 


Gar a,c€Candk eN. 
z—a 


Theorem 5.13. Let R = 5 be arational function, where P and Q are polynomials 
without common zeros. Then R has a unique expression as a sum of simple fractions 
plus a polynomial. 


Proof. First, if the degree of the polynomial P is greater than the degree of Q, 
divide P by QO, P = OC + P,, to get 
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with C a polynomial and deg P, < deg Q; now we need only decompose Ry = a 
into a sum of simple fractions. 

If aj,...,@ are the poles of R, which are the same as the ones of R, and coin- 
cide with the zeros of Q, let Pj (7). agape =a ) be the principal parts of the 
Laurent expansions of R, around these points, where P;,..., Px are polynomials. 


The function ; 
1 
zZ)= R\(z)- P; 
fia) = Rue)- YG) 


is an entire function, that is, holomorphic on C: if z is not one of the points 

a1,...,ax, f is C-differentiable at z because so are R,(z) and all the terms 

P;}(_); if z is one of the points a;, f is also C-differentiable at z because 
J 


so are the functions P;(=+-) withi # j and 


Z-aj 
1 
Ri(z) = P; | —— 
Z—aj 


is the regular part of RK, at a; and so is holomorphic. Now, it is clear that 
lim|z|+00 f(z) = 0 and this implies f = 0, by Liouville’s Theorem. The conclu- 
sion is then, 


k 
1 
Riz) =C ) P; ‘ O 
a OFZ, (=) 


Example 5.14. Look for the decomposition of R(z) = moecn into simple 


fractions. In the proof of Theorem 5.13 it was clarified that R and R, have the 
same principal parts at their poles; therefore, one may work directly with R. At the 


pole i, in order to find the principal part, one must compute the first two terms of 
4 

4 

z+i’ 


the Taylor expansion of h(z) = which are 


hG) +W#@O@—i) = — - ( se i). 


2i 4 
Hence, the principal part is = (z —i)~? Z(z i)~!. At the pole —i, of order 1, 
one must just evaluate ap at —i and this gives the principal part TE: So 
1 7 1 1 
R(z) = C(z) 4 : 
@) ©) + Gop 4z—-i 4(z+i) 
The polynomial C has degree smaller than or equal to 1 since R = 5 implies 


deg(C) < deg(P) —deg(Q). In order to compute C, write C(z) = az + b, divide 
by z and let |z|  +-oo: we obtain 


R 
c= te 224 


|zZ|I>+0o Z 
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In order to determine b, take z = 0 and obtain b = 7. O 


5.3 Residue of a function at an isolated singularity 


5.3.1 The residue theorem 


Suppose that the function f has an isolated singularity at a point a € C, that is, 
ft € H(D{(q)), ¢ > 0. According to Theorem 5.10, one may write 


+00 
f@= >> en(z — a)", 0 <|z-a|<e 


with i 
n= = de O<r<e. 
2mi Joca,r) (2 — 4) 
It is interesting to highlight the coefficient c, withn = —1, 
1 
c1= >> f(z) dz (5.3) 
201 C(a,r) 


due to the following fact: f has a holomorphic primitive F on D/(a) if and only 
if c_; = 0. Actually, if f = F’, it is known that the line integral of f along any 
closed path is zero. Conversely, if c_; = 0, then there is no term in (z — a)~! in 


the expansion of f and all the other terms have an antiderivative, which for the n-th 
Cc. 


term is <(z — a)"*", and the function 
+00 e 
F(z) = *—(7=u)""" 
@) 2 n+ i! ) 
n=—0o 
n#-1 


is an antiderivative of f (it is immediate to check that this Laurent series has the 
same domain of convergence as the one corresponding to f). 


Definition 5.15. If f €¢ H(D/(a)) the coefficient c_; of the Laurent expansion of 
f around the point a, given by (5.3), is called the residue of f at a and it is denoted 


by Res(f, a). 


The residue represents, then, the obstacle by which f has no holomorphic 
primitive on a punctured disc D/(a), since this exists if and only if c_; = 0. 


Example 5.16. Let f be holomorphic at a punctured disc D/(a) and let y be a 
closed path in D/(a) which does not pass through the point a. Then one has 


_ [ f(z) dz = Ind(y, a) - Res(f,a). 
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Actually, one must just integrate along y the Laurent expansion of f around a and 
apply the definition of residue and (3.4). O 


The following result is a generalization of Cauchy’s theorem for functions with 
isolated singularities. 


Theorem 5.17 (Residue theorem). Let U be a bounded domain of the plane with 
positively oriented piecewise regular boundary. Let V be an open set with UcV 
and A C V aclosed discrete set in V such that AN OU = @, and let f bea 
holomorphic function on the open set V \ A. Then 


1 


Qni 


I, f(z)dz = > Res(f, a). (5.4) 


acANU 


Remark 5.1. The hypotheses mean that each point of A is an isolated singularity 
of f. 

The two terms of (5.4) make sense. The left-hand side because f is continuous 
on 0U, and the right-hand side because in the compact set U there are only a finite 
number of points of A and there are none of them in dU. 


Proof. First recall that the boundary of U is formed by closed Jordan curves 


V1, /2,---,¥n With y, positively oriented and y2,...,yy negatively oriented. 
Let a,,...,@% be the points of AM U and around each a; consider a small cir- 
cle C; = C(aj,¢) which does not intersect dU, and delete from U the discs 


D; = D(a;,€) (Figure 5.1). The boundary of the domain U =U \ es Di, 


Figure 5.1 


176 Chapter 5. Isolated singularities of holomorphic functions 


piecewise regular and positively oriented, is formed by y;, y2,..., 7 and the cir- 
cles Cj, i = 1,...,k, negatively oriented, because C,,..., Cx are in the interior 
of y; (see Section 1.6). Now the function f is holomorphic on a neighborhood of 
U and Cauchy’s theorem (Theorem 3.24) gives 


[ fod = 0, 
aU 


that is, 
k 
/ f(dz+>> 7 f(z)dz =0. (5.5) 
aU ja 9 Ci 
Bearing in mind (5.3) and the fact that C; is travelled in the inverse sense, it 
turns out that 


_ I, Ode ==Bai ay. 


which, together with (5.5), gives (5.4). | 


Cauchy’s theorem is the case A = 9@ of the residue theorem, and Cauchy’s 
integral formula is also a particular case. Actually, it is enough to take A = {2}, 
if z € U, and g(w) = Lw) if f is holomorphic on a neighborhood of U. Then 
Res(g, z) = f(z) and it turns out that 


lyf fw, 
2ni Jay WZ 


w= f(z). 


5.3.2 Calculus of residues 


The residue theorem has a lot of applications, but it is clear that these will depend 
on the possibility of computing the residue of a function at a singular point. This 
subsection is devoted to explaining how to proceed in some particular cases. 
Suppose first that f has a simple pole at the point a so that 
1 


f(z = = tego te(z—a)+-:-, O0<|z-al<e. 
zZ—a 


Then it is obvious that 
Res(f,a) = c_; = lim(z —a) f(z). 
Za 


Many times one has f = 7 with g, h holomorphic on a neighborhood of a and 
g(a) #0, h(a) = 0, h'(a) # 0. Then 


Res( joa) = Hime — a) = Him Ser = ircay 
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For example, f(z) = so has as residue, at the point a = /, 
. —1 1 
Res(f,i) = eW)¢ 


h(i) 2 ie’ 


Suppose now that a is a pole with multiplicity k > 1 of the function f, that is, 


f(Z) = Res tegt-:-, O<|z—-al<e. 


Then, Res( f,a) = c_ is the coefficient of (z — a)*~! in the expansion of f,(z) = 
(z —a)* f(z), and hence 


geet =O), 
(k — 1)! 
Example 5.18. The function f(z) = Seas has a double pole at a = i. Here 
r gi? 
fi@) =@-iy f@)= z(z +i)? 
and we get 
Res( fi) = Ml) =-Z. o 


Example 5.19 (Residue of the logarithmic derivative). Let { be a meromorphic 
function on a neighborhood of some point a € C. The function f’/f, which is also 
meromorphic, is called the logarithmic derivative of f; let us compute its residue 
at the point a. For a certain integer m, one has 


f(z) =(z-a)"g(z), O0<|z-al<e 


with g holomorphic and g(a) 4 0. Ifm > 0, f is holomorphic on D’(a, ¢) and has 
a zero of order m at the point a. Ifm < 0, f has a pole of order m at a. Calculating, 
it turns out that 

f@_ m_ _g¢@ 

f@) z-a © gz)’ 
so that, ifm 4 0, f’/f has a simple pole at the point a and Res(f’/f,a) =m. O 


When the singularity is essential, there is no simple and universal rule to compute 
the residue and each case must be treated particularly. For example, if f is of the 
form f(z) = g (4) where g is an entire function with series expansion 


g(w) =dg+dyw+-::+d,w" 4 = So daw" 
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and g is not a polynomial, it is clear that f has an essential singularity at a and that 
its residue is 


Res(f,a) = d, = g'(0). 


For instance Res (e!/?,0) = 1, Res(cos i, 0) = 0. 

One common situation is the following: if a is a pole of order 1 of f and g is 
holomorphic on a neighborhood of a and g(a) # 0, then fg has a pole of order 1 ata 
and Res(fg,a) = g(a) Res(f,a). Actually, itis f(z) = @) with 4 holomorphic 
on a neighborhood of the point a and h(a) = Res(f,a) # 0; therefore f(z)g(z) = 
h@)e@) has a simple pole at the point a and according to the calculus of the residue 


at a simple pole, it turns out that Res( fg,a) = h(a)g(a) = Res(f,a)g(a). 


5.4 Harmonic functions on an annulus 


In Section 5.2 it was shown that if f is a holomorphic function on the annulus 
C(0, Ro, Ri), then f is the sum of a Laurent series 


CO 
f@= aoe R> < |z| < Ri. 
—0o 


What may be said in the case of a function uv which is harmonic on this annulus? 
If the function uw (which is taken real-valued) was the real part of a holomorphic 
function, that is, had a conjugated harmonic function on C(0, R2, Rj), then clearly 
it would be 


(oe) 
u(z) = Re > ¢n2”, Ro < |z| < R1, 
—oo 


for some coefficients c,. But, as itis known, this is not the general situation. In order 
to see how u may be expanded, one may look for the obstruction to the existence 
of the conjugated harmonic function of uv. Considering the function f defined by 


ou ou du 
f@) dz ox dy” 


which is holomorphic on C(0, R2, R1), the existence of a conjugated harmonic 
function of u is the same as the existence of an antiderivative of f. Now it is clear 
that the obstruction to this problem is the fact that c_1 = s+ I cor) f(z)dz #0 
in the Laurent expansion of f. Write then 


1 
a-5— | f(z)dz, Ro<r< Rj, 
2ni Jco,r) 
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and consider the function g(z) = f(z) — $, which is holomorphic on the annulus 
and satisfies 


1 1 1 a 
— g(z)dz = — f(z)dz - — —dz=0, 
201i C(0,r) 201i C(0,r) 201i C(0,r) 2 
and therefore has a holomorphic primitive on C(0, Ro, R,). It is natural to think 
how the harmonic function uv must be modified in order to get g instead of f when 
taking z. It is enough, considering the harmonic function 


v(z) = u(z)—aLog|z|, Ro <|2| < Ri, 
to get 


dv dv dv 


ie = ae gp 7 LO > = 8 


—_ 1 ou : : _ 
Observe that the constant aq = a Secon 9, 02 is real, since Sco.r) Vuds = 0. 
Now v has a conjugated harmonic function on the annulus; that is, there is a Laurent 
series pper dy,z" convergent on C(0, R2, R1) such that 


v(z) =Re Yayo", 


Summarizing, the following statement has been proved: 


Theorem 5.20. [fu is a real harmonic function on the annulus C(0, R2, R1), then 
there is a Laurent series ane dyz", convergent on the annulus, and a real constant 
a such that 


CO 
u(z) =Re() daz") +aLogl|zl, Re <|zl <1, (5.6) 
—oCo 


with 
1 du : 
a=— — dz _ forallr with Rz <r < Rj. 
Tl C(0,r) Oz 


Consequently, there is an analog of the statement a) of Theorem 5.5 for harmonic 
functions. 


Corollary 5.21. Let u be a harmonic function on the punctured disc D'(0, €). 


a) If limz+9 Zu(z) = 0, then there exists a function uy harmonic on the disc 
D(0, €) and a constant a such that 


u(z) = u4(z) + aLog|z|, 0 < |z| <e. (5.7) 
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b) Ifu is bounded on D'(0, €), then the origin is a removable singularity of u, in 
the sense that u may be extended to a harmonic function on the disc D(0, €). 


Proof. a) The equality (5.6) and the hypothesis of a) imply 


(oe) 
u(z) = ae +aLog|z| ifz=re’?,0<r<e, 
—oo 
and it is enough to take u,(z) = °°, cnr tein? , 
b) If u is bounded, the hypothesis of a) holds. So the equality (5.7) is true and 
this forces a = 0. O 


5.5 Holomorphic functions and singular functions at infinity 


5.5.1 Behavior at the point at infinity 


In the context of the residue theorem it is convenient to consider the behavior of 
a function f(z) at the point at infinity, that is, when |Z| — -++oo. Similarly to the 
case of a point of the ordinary plane, this behavior can be regular or singular and, 
in the singular case, there may be a pole or an essential singularity. 

Recall that S? or C* denotes the Riemann sphere, obtained by adding to C the 
point at infinity. The neighborhoods of the finite points a € C are the sets that 
contain an open disc centered at a; the “discs” centered at oo are, by definition, 
D(oo, €) = {00} U D’ (co, €), where 


D'(oo, €) = {2 |z| > } =C\ D(0,-). 
€ g 
Hence, one may think that the distance function extends to C* with d(z, co) = a 
and then D(oo, ¢) = {z € C*: d(z, oo) < €}. With this topology, C* is a compact 
space. By definition, the mapping z b> t makes a correspondence between the 
disc D(0, €) and the disc D(oo, €). 

Suppose that the function f is defined on D’(oo, ¢) and assume further that 
limz-+o0 f(z) exists; this means that letting f(oo) = limz+o. f(z), f is defined 
on D(oo, €) and it is continuous at the point oo. It is said that f is a holomorphic 
function at infinity if the function g(w) = f(1/w) is holomorphic at the origin. If 
f is defined on D(co, €), then g is defined on D(0, ¢) and 


g(w) = g(0) +aw+ O(|\w|), for|w| <«, witha = g’(0), 


holds. This means that 


f(z) = flor) oe + o(—) if |z| > 1/e. 
Zz 


[z| 
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The value a = g’(0) is also denoted by f’(co), and then one has 


f'(o0) = lim, 2(fl2) — leo). 


z| 


For example, f(z) = z* is holomorphic at the point 00 if k is a negative integer, 
with f(0o) = limg_soo z* = 0 and 


1 ifk =-1 
‘(oo) = lim zz* = : 
Ff () zZ—00 0 ifk <-1l. 
Ifk = Othen f(co) = 1 and f’(co) = 0. 
Suppose that f, defined on D’(oo, €), is holomorphic on this punctured disc. 
Then f has a Laurent series expansion 


+00 
f= > nz”, |z| > l/e 


because the function g(w) = f(1/w) is holomorphic on D’(0, ¢) with expansion 


+00 +00 
g(w) = a a = ye 0 <|w| <e. 
=e = 


The principal part of f around the point oo is bor CnZ”, which is the part that 
makes lim;-,.9 f(z) not exist. It is said that f has a pole of order n at infinity if 
this principal part is a polynomial of degree 7 or, equivalently, 


t(2) ~ ¢nz" when z —> co 


(this is equivalent to the fact that g(w) ~ c,w~”" when w — 0). If the principal 
part is infinite f is said to have an essential singularity at infinity; in this case, 
according to Theorem 5.6, for all ¢ > 0, f(D’(co, €)) = g(D'(0, €)) is dense in 
C, that is, f(z) has a chaotic behavior when z —> oo. 


Example 5.22. Every polynomial of degree n has a pole of order n at the point oo. 
A rational function R = 5 has a pole at the point co if deg(P) > deg(Q), and is 
a holomorphic function at the point oo if deg(P) < deg(Q). An entire function 
which is not a polynomial has an essential singularity at infinity. O 


After the proof of the fundamental theorem of algebra (Theorem 4.42), it had 
been pointed out that, f being entire and f(z) — oo when z —> on, then f has 
at least a zero on C. Now one has that, under these conditions, f is a polynomial, 
and we are in fact assuming the hypothesis of Theorem 4.42 (see also Exercise 20 
in Section 4.7). 
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5.5.2 Residue of a function at the point at infinity 


The residue theorem may be extended to the case that f has also a singularity at 
infinity. Here we will consider only the equality 


=| f(z) dz = Ind(y, a) - Res(f, a), (5.8) 
2n1 Jy 


where y is a closed path not containing the point a. When a € C, (5.8) has been 
proved in Example 5.16. When a = ov the residue of a function at infinity must be 
properly defined. Suppose that f is holomorphic on a punctured disc, D’(0o, €) = 
{z: |z| > 1/e}. Since the differential form f(z) dz must be integrated, one may 
look at how the change of variable w = 1/z affects this form. One has 

f@)dz = fw) d(fw) =- f(—) aw. 


aioe : 1 1 
Therefore, it is natural to define Res( f, 00) as the residue of ——5 f (<=) at zero, 


Res(f, co) = Res (- = f(—).0). 


W 


In terms of the Laurent expansion, if 


+00 
f(z) = Ge. \z| > L/e, 


one has 
i ae res 
w2 f w) = a . 
—0o 
The term w! corresponds to n = —1, and it turns out that 


Res(f, 00) = Res ( — -f(—).0) =-C_). 
w w 
Note that infinity may be a removable singularity of f (f holomorphic at the point 
co) while Res(f, co) 4 0: for example f(z) = 1/z with Res(1/z,oo) = —1 
If y is a closed path contained in the annulus {z: |z| > 1/e}, since the Laurent 
expansion is uniformly convergent on y%*, it yields 


1 
201 


+00 
[ f(z)dz= = x Cn [ z” dz =c-_, Ind(y, 0) = — Res(f, o) Ind(y, 0). 


In particular, if C is a circle centered at the origin with radius greater than 1/e, we 
get 
1 


Qui 


/ f(z) dz = —Res(f, 00). 
Cc 
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Similarly to the case of finite isolated singularities, the residue is the obstruction 
for f having a holomorphic antiderivative on D’(oo, €). 


Example 5.23. The function f(z) = e!/7 is holomorphic at the point oo and 


Res(f, co) = —1. The function g(z) = + + z has a simple pole at the point oo 
and Res(g,co) = 0. Therefore, if C is a circle around the origin travelled in a 
direct sense, one has f. e!/? dz = -1, [,(1/z? +z) dz =0. O 


If U is an open set of C*, a meromorphic function on U is defined similarly 
to the case of open sets of C: f is meromorphic on U if there is a set A C U, 
discrete and closed in U, such that f is holomorphic on U \ A and f has a pole at 
each point of A. 


Proposition 5.24. Suppose that f isameromorphic function on the whole Riemann 
sphere. Then f is a rational function and if A is the set formed by the poles of f 
and the point at infinity, A is finite and 


Y= Res(f, a) =0. 


acA 


Proof. The set A is finite because it has no accumulation points on the compact 
set C*. If a1,...,@m are the points of A and P,,..., Pm are the corresponding 
principal parts of f (P; is a polynomial in —— if a; € C and a polynomial in z if 


Z—Qaj 
aj = ©), then the function : 


is holomorphic on C* and therefore, entire and bounded and so must be constant. 
Hence, f is a rational function. Let now C be a circle containing inside all the 
finite points of A; by the residue theorem, one has 


1 
— dz= Res(f, a). 
saz | P@dd2 = YO Rest fa) 
acA 
a finite 
But the left term is also — Res( f, oo) and the proof is completed. O 


Observe that the point at infinity must be considered in the set A whether it is a 
pole of f or not. 


5.6 The argument principle 


In this section the residue theorem will be applied to count the zeros and the poles 
of meromorphic functions. A general version of the so-called argument principle 
will be given and the most interesting particular cases will be deduced. 
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Theorem 5.25. Let U be a bounded domain of the plane with piecewise regular 
positively oriented boundary. Let V be an open set with U C V, f ameromorphic 
function on V and ha holomorphic function on V. The zeros of f in V are denoted 
by {a;} and nj; denotes the multiplicity of a;. The set {b;} denotes the poles of f 
in V and m; the multiplicity of b;. Suppose that there are no zeros and no poles of 
f on OU. Then 


! f'® 
Tat yy OF & = >» h(aj)nj — py h(bj)mj. (5.9) 


Proof. Recall from Example 5.19 that the function f’/f, called the logarithmic 
derivative of f, is a meromorphic function on V having a simple pole in each zero 
and each pole of f. Specifically, if 


f(@) = (@—-a)?gz), gs) #0, 0<|z-al<e, 


then 
f'(Z) __ Pp | g'(z) 


f@ ~~ 2=a" eZ)’ 
Now multiplying this equality by the holomorphic function A(z) yields 


f'(@) _ h@)p 
f@) z- 


h(z) + hy(z), with hy holomorphic on D/(a). 


Therefore, 


Res (14.a)) =h(a;)nj, Res Ga) = —h(b;)m; 


and equality (5.9) is a consequence of the residue theorem. O 
Taking as function / a constant equal to 1, it follows: 


Corollary 5.26. Let U be a bounded domain of the plane with piecewise regular 
positively oriented boundary, and let f be a meromorphic function on a neigh- 
borhood of U without zeros or poles on 0U. The number N will denote the total 
number of zeros of f in U and P the total number of poles in U (counted according 
to multiplicities) and let = f(dU). Then 


1 a (2) 
2ni Jau Ca 


Proof. The equality between the integral of the logarithmic derivative of f and the 
integer N — P is (5.9) for h = 1. Recall now that dU is formed by the union of a 


Ind(I, 0) = =N-—P. 
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finite number of closed Jordan curves: y1, 72,...,yn- Therefore, [ = f(dU) is 
the union of foy,, foyo,..., fo yn and 


N 
1 1 d 
Ind(T, 0) = =— ais =a ) C 
wi Jr = 2ni JSfoy; 4 


Applying now to each integral the change of variable € = f(z), it turns out that 


i ff 7O>,. 1 f 1os, : 


Ini y, f@) ~— 2ni Jay f(Z) 


N 
Ind(T,0) = )> 
j=l 


In particular, if f = f(dU) does not wind around the origin, f has the same 
number of zeros as poles inside U, counted according to multiplicity. 


Theorem 5.27 (Argument principle). Let U be a bounded domain of the plane with 
piecewise regular boundary, positively oriented, and f a holomorphic function on 
a neighborhood of U. Then, ifw ¢ T = f(dU), one has 


Ind(T, w) = N(w), 


where N(w) denotes the number of roots of the equation f(z) = w inside U, 
counted according to multiplicity. 


Proof. Apply Corollary 5.26 to f(z) — w and find 
1 f'@) 
dz = N(w). 
Ini [, 720° 


The decomposition of dU into Jordan curves and the change of variable € = f(z), 
done in the proof of Corollary 5.26, give now 


1 f'@) _ 
a I, F@\— i dz = Ind(T, w). O 


This theorem has several interesting corollaries. The first one says that the image 
by f of dU determines completely the image of U. 


Corollary 5.28. With the same hypotheses as in Theorem 5.27, f(U) may be 
obtained from T = f(0U) adding the bounded connected components of C \ T 
with non-zero index with respect to T. 


Proof. By the argument principle, the points w ¢ I which belong to f(U) are 
exactly the ones having index greater than or equal to | with respect to I, that is, 


(CC\ Pn fw=VUG. 
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where C; are the bounded components of C \ F with non-zero index with respect 
tol. This leads to f(U) = TU J; G;. Notice that it cannot be assured that 
S(U) = U; Gi because it could happen that f(U) intersects I’, that is, a point of 
U and a point of dU have the same image. O 


Theorem 5.29. With the same hypotheses as in Theorem 5.27, let V be a simply 
connected domain such that V > TY = f(dU). Then alsoV D> f(U). 


Proof. It suffices to show that Ind(T, w) = 0 for w ¢ V. If dU = yf U---U yx, 
with y; a closed Jordan curve, take y; = f ° y;; Yj is a closed curve of V and 
we just need to see that Ind(y;,w) = 0, 7 = 1,...,N. Actually, C* \ V isa 
connected set contained in the unbounded connected component of C* \ y;, and 
so Ind(yj, w) = Oforw € V. 


Observe that this theorem implies the maximum principle, taking as V a disc 
centered at the origin which contains f(dU). 


Example 5.30. If f is holomorphic on a neighborhood of U and f(8U) is inside 


an ellipse, Ref)" ud < 1, z € dU, then f(U) is inside the same 
ellipse. ET 


The following result is a consequence of the argument principle, and helps to 
compare the number of zeros of some functions. 


Theorem 5.31 (Rouché). Let U be a bounded domain with piecewise regular 
boundary and let f, g be two holomorphic functions on a neighborhood of U 
with | f(z) — g(z)| < |f(z)| fz € OU. Then f and g have the same number of 
zeros inside U (counted according to multiplicities). 


Proof. Observe that the hypotheses imply f(z) # 0 and g(z) # Oifz € OU. 
The function F(z) = ne ; is meromorphic on a neighborhood of U. Consider the 
boundary of U positively oriented and let [ = F(dU). 

Ifze dU, one has |1— $13} = |1—F(z)| < 1, and therefore! Cc D(1, 1). The 
argument used in the proof of Theorem 5.29 shows that Ind(T, 0) = 0. Applying 
now Corollary 5.26 to the function F’, it turns out that VN = P, that is, F has in U 
the same number of zeros as poles; but the zeros of F are the zeros of g and the 


poles of F are the zeros of f, so the statement is proved. O 


A version of Rouché’s theorem for the case that f and g are holomorphic on 
a neighborhood of an arbitrary compact may be also stated (see Exercise 13 in 
Section 6.8). 


Examples 5.32. a) Take f(z) = 22° + 8z — 1 and g(z) = 2z° (which is the 
dominating term of f(z) for |z| big). If U = D(0, 2), one has for |z| = 2, 


| f(z) — g(z)| = 182-1] < 8]z| +1 517 < 2° = |g(2)I. 
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Hence, f has the same number of zeros as g in D(0, 2), that is, five. Taking now 
g(z) = 8z —1 and U = D(0, 1) one has for |z| = 1, 


| f@) — g(@)| = |227| =2 <7 < 8/z|-1 < |8z-1] = |g@)I. 


Hence, f has the same number of zeros as g in D(0, 1), that is, one. Moreover, 
this zero is real and positive according to Bolzano’s theorem, since f(0) = —1 and 
f() = 9. 

b) Consider the polynomial P(z) = z? — 2z? + 4 and count how many zeros it 
has in the first quadrant. If R is big enough these zeros (three at most) are inside the 
domain U = {z = re’: 0<r< R,0<t < 3}. In order to apply the argument 
principle one must follow the path T = Po y, with y = 0U. 

When z = x goes from 0 to R, P(x) is a positive real number. When z = Re’’, 
0 <t < §, it tums out that 


. | 2 4 ; ! 
P(Re'’) = Rem(1 er — = Re™(1 - o(3)): 


which reads that the term z? is the dominating one, if R —> oo. If R is big, P( Re’) 
has then an argument which varies approximately between 0 and “2 until getting 
P(iR) = —iR34+2R?+4. Writing P(iR) = R3(-i+%+ 4) = R3(-i+0(R)) 
we see that P(iR) has argument = + O(z)- Finally, when z goes from iR to 
0 following the imaginary axis, P(iy) = —iy? + 2y? + 4 remains always in the 
fourth quadrant and ends up at P(0). Conclusion: I’ rotates once around zero and 
P has a zero in the first quadrant (Figure 5.2). O 


iR T= Poy 


Figure 5.2 
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5.7 Dependence of the set of solutions of an equation with 
respect to parameters 


Let U be a bounded domain of the plane with positively oriented piecewise regular 
boundary. Suppose that the function f, holomorphic on a neighborhood V of U, 
is not a constant. If w € C, the set f—!{w} is formed by isolated points of V, and 
so the set 

F(w) = f-'{w}nU (5.10) 


is finite. 

Ifw ¢ T = f(dU), the set F(w) is contained in U and, by the argument 
principle, has a number of elements equal to N(w) = Ind(I, w). The function 
N(w) is constant on each component of C \ T. 

Observe that Theorem 4.32 implies that if f € H(V) and wo € C has a finite 
number m of preimages by f in V, then there is ¢ > 0 such that every point w € 
D(wo, €) has at least m preimages (always counted according to multiplicities). 
With the present notation, this means that V(w) > N(wo) if w is close to wo. As 
said, the argument principle shows that N(w) is locally constant. 

The aim now is to prove that F(w) depends continuously on w. In order to 
express that two sets F, F are close it is convenient to use the Hausdorff distance, 
dy, between EF and F defined by 


dy(E, F) = max d(z, F) + maxd(z, E). 
zeE ZeF 


Hence, E = F implies dy (E, F’) = 0, and the converse holds if E, F are closed. 


Theorem 5.33. Let U be a bounded domain of the plane with piecewise regular 
positively oriented boundary. If V is an open neighborhood of U and f € H(V) 
is not constant, then the function w +> F(w) defined by (5.10) is continuous, that 
is, if Wo € T = f(dU) and € > 0, there is 6 > 0 such that |w — wo| < 6, w € T, 
implies dy(F(w), F(wo)) < ©. 


Proof. Take N(wo) = N and let a1,...,@m (with multiplicities k1,..., km) be 
the roots of f(z) = wo in U, yt k; = N. By Theorem 4.32, f is k; to 1 in 
a neighborhood of a;, that is, there is 6; > 0 such that f(z) = w has k; different 
roots in a neighborhood of a;, provided that |w — wo| < 6;. Taking 6 = min4,, 
we get that every point w with |w — wo| < 6 has at least N preimages (k; ona 
neighborhood of a;, kz on a neighborhood of a2,..., km on a neighborhood of 
am). But, making 6 smaller if needed, to get D(wo,6) C C \ f(dU), it is known 
that each point w € D(wo, 6) has N preimages, that is, F(w) consists of exactly 
the roots that appear around each a;. Since these roots collapse at the point a; when 
W — Wo (also by Theorem 4.32), one deduces that dy (F(w), F(wo)) — 0 when 
Ww —> Wo. O 
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With a similar process it will be shown now that the roots of a polynomial 
P(z) = co + c1Z + coz? + +++ + Cnz” depend continuously on the coefficients 
C0,C1,--.,Cn € C. One must be very careful with this kind of statements, because 
one deals with the set of zeros and not with a particular root determined by some 
additional criterion. For polynomials of degree 1 and 2 one has the explicit formulae 


C 
co +cyz = 0, c1 #0 —9 foo 
Ci 
2 i 
—C1 + (cz — 4coc2)2 


co t¢c1z + e227 = 0, 240 => z= 
2c2 


which prove continuous dependence, with respect to the coefficients, of the set of 
roots. Now, Galois theory shows that it is not possible, in general, to write a formula 
for the roots of a polynomial in terms of the coefficients. Nevertheless, it will be 
seen that the set 


Z(P) = Z(co,¢1,.--,Cn) = {Z: P(z) = 0} 
depend continuously on {co, ¢1,..., Cn} in the sense of the Hausdorff distance. 


Theorem 5.34. The function {co,C1,...,Cn} +> Z(P) is continuous. That is, if 
P(z) =cot+c1Z +--+ nz", given e > 0 there isa dé = 5(€, P) > 0 such that 
for O(2) = do + diz +--+ + dyz” with |dj — cj| < 6, i = 0,...,n, one has 
dy(Z(Q), Z(P)) <e. 


Proof. As we know, Z(P) and Z(Q) each consist of n points (counted according to 
multiplicities); leta,,...,@ be the zeros of P, andk,,..., km their multiplicities, 
ky +++» +km =n. Let ¢ > 0 be such that the discs D(a;,) are disjoint and 
m = minj=1,....m min{|P(z)|: |z — a;| = ¢}; let 6 > O such that 


(1+ |z| +--+ + |2|")<m 


if |z — a;| = e for some i (for example, if ~@ = max |aj|, it is enough to impose 
61+(a+e)+---+(a+e)") < m). Then, if |dj—c;| < 6,i = 0,...,n, Rouché’s 
theorem gives that Q has k; zeros in D(aj;, €); therefore, Z(Q) C Es D(qj, €) 
and dy(Z(Q), Z(P)) <e. O 


In particular, every well-defined and continuous function of the set of zeros is 
a continuous function of the coefficients, for example, the functions min{|z|: z € 
Z(P)} or max{|z|: z € Z(P)}. 

If g is an entire function, it is known by Theorem 5.25 that 


1 P'(z) 
Y e@=Dkea= sof ee yeas, 


aeZ(P) i=1 C(0,R) 
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for R big enough, supposing that a;,...,@, are the zeros of P, with multiplicities 
ky,...,Km. Hence y owe Z(P) g(a) is acontinuous function of the zeros, and there- 
fore of P. The continuity of 7, . Z(P) g(a) with respect to P in this case is also a 
consequence of the previous formula. Observe that writing 


n 
P(z) =co te1Z +++ + nz" = Cy | [e-«@). 
j=l 


where now @1,@2,...,Q@, are the zeros of P counted according to multiplicities, 
and equating coefficients one obtains 


Co = Cn(- Te = a "TI at =(-1)"ce. [[ o, 


i=1 aeZ(P) 

k 

=e OC 1)"— ‘Tl =C 1)"— Ley Sokal ‘TI@" 
J. Ifj i=1 [fi 


Cn—-1 = oD aj = 65 kjaj. 


i=1 


These formulae show that the so-called symmetric functions of the zeros of P depend 
continuously on the coefficients of P. 


5.8 Calculus of real integrals 


One of the typical and more important applications of the residue theorem is the 
calculus of some integrals of functions defined on the real line. There is no unique 
method to deal with these integrals, and the best way to check the possibilities of 
the calculus of residues is considering several kinds of examples. 


A) First consider an integral of the form 


20 
I = R(cos 6, sin 6) dd, 
0 


where R is a rational function of two real variables x, y, that is, R(x, y) = eae 


with P and Q polynomials. Assume R is continuous on the unit circle T. The 
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value of J is 27 times the mean value of R on T. If z = e?9, one has 


io ; 1 1 
g=- id —i0) _ 5( ) 
cos AG +e "") 5 Z+ 7 
1,; 1 1 
se 8 =e. (- - *) 
2i 2h z 


sin? = 


and dz = ie’? d@. Therefore, 


Now the residue theorem yields 


jaan Fra (2ell(ee!). He) 


ja|<1 


Example 5.35. 
dé 


20 
r=[ ——— a>l. 
90 a+cosé 


In this case, 


r=7f 1 ==7/ dz 
i dpath(zth) 2 0 ide 4+2az41 


The zeros of z? + 2az + 1 are —a+V/a? — 1, and only —a + Va? — | belongs to 
[D. One then obtains 


1 ——— 2 
1 = 4 Res( ,—a 1 /q2 i) = +. 
z24+2az+1 


B) Now consider integrals of the form 


+00 
i= f(x) dx, 
—0o 

where f is a meromorphic function on a neighborhood of the half plane {z: 
Imz > 0}, with a finite number of poles in {z: Imz > 0}, none of them being 
real. Assume that | f(z)| = o(7) when |z| — oo, that is, lim)z|+00 ||| f(z)| = 9, 
(Im z > 0). 

Consider the path y, formed by the segment going from —r tor, r > 0, followed 
by the semicircle C, : re’*, 0 < t < x. Suppose that r is big enough so that y, 
contains in its interior all the poles of f located on {z: Imz > 0} (Figure 5.3). 
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Figure 5.3 


By the residue theorem, 


§ f(x) ax+f £0) dz=2ni )° Res(f(z),a). 


Ima>0 


Now, the quantity Me, f(z) d2| < fc, |f@|ldz| < xr sup),=, | f(Z)| tends to 
zero when r — +00, by the hypothesis on f. So, lim; Lie F(x) dx exists and 
its value is 


im ‘ f(x) dx = 210i > Res( f(z), @). 


Imna>0 


Typically, | f(z)| will have a bound, for |z| — oo, which will imply | f(z)| = o(r) 
and the absolute convergence of the integral J. This is the case, for example, if f 


is a rational function, R = a without real poles and deg Q > deg P + 2, because 
then |R(z)| = O(|z|~?). 


Example 5.36. 


-[* dx =i f" dx 
do + H?P 2 digg (+ x7)?" 


The rational function R(z) = (1 + z*)~? has double poles at z = +7. It is enough 
to consider z = 7 a point at which the residue is 


a 1 \) di a. 
Res(R(z), 7) = Res( ari) = dz (z +i)? z=1 i 4i- 


Therefore, J = $+ 2ni . 4 = 7- O 


5.8. Calculus of real integrals 193 


Example 5.37. 
‘ +00 elx 1 ere elZ 
= /.. Gtx +x x = 277i Res Groce re =r’) 


a -e™ : i I 
= 227i — —— =2ni(- 5) == 
dz (z +i)? lz=i 2e e 


(the function f(z) = ay satisfies | f(z)| = oor < cia if |z| is big 
enough). 
Taking real parts, it turns out that 
RET Wee cose ua 4 
el = KS, 
oo (14 x?) e 


Consider now the function f(z) = Log(z + ia)R(z), where R is a rational 
function as before (R = P/Q without real poles and deg P > deg P + 2),a > 0 
and Log denotes the principal branch of the logarithm. Since |Log (z + ia)|? = 
(Log |z + ia)? + (Arg(z + ia))?, it keeps being true that 


lim |z||f(z)| = 0. 
|z| oo 


Therefore, 


[ f(x) dx = [~ Log(x + ia) R(x) dx = 27i Res( f(z), a). 


> Ima>0 
Example 5.38. 
+00 L L a. 
I =f HOE HD dx = ai Res (EET) ) 
a 1+ x? 1+ 22 
_Log(z + ia) (eee + an) 
= 27x i —___ = 21 | ——.—_ 
zt+i z=i i 


= (Logit +a)+iArg[(1 + a)i]) _ (Logit +a)+ iz), 
Equating real and imaginary parts, it turns out that 


ee Log(x? 4+ a’) 
285 1+ x? 


FO Arg(x + ia) 1 
5 ax = —. 
a 1+x 2 


dx =n Log(1 +a), i 


Since Arg(x + ia) + Arg(—x + ia) = 2, if x > 0, the last equality is equivalent 


to 
9% dx It 
— an O 
0 14+ x2 2 
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C) Inall the examples in item B), the hypothesis about the decrease of the function 
J, lim)z|-+00 |z| | f(z)| = 0, implies that the integrals considered are absolutely 
convergent, that is, fae | f(x)| dx < +00. In turn it gives the existence of the 
following limit: 
+00 

F(x). 
(oe) 


b 
plim,, [| foddx = 


b>+00 74 


But, there are integrals which are convergent but not absolutely convergent. For 
example, if g(x) is real and decreasing for x > 0 and lim,-.+4.0 g(x) = 0, the 
integral 


I =p g(x)e’* dx 
0 


is convergent. Actually, integrating by parts (suppose g differentiable), the partial 
integral 


b b 
: Dd : 
/ g(x)e* dx = —ige’™*|, +f ie’* g'(x) dx 
a a 


= i(g(a)e! — g(b)e!”) +i / ge’ (x)e’* dx 


a 


has modulus smaller than or equal to g(a) + g(b) + i |e’(x)| dx = g(a)+ 2(b)— 
ab e g' (x) dx = 2g(a). Now by Cauchy’s criterion, fhe g(x)e’* is convergent (this 
fact is analogous to the convergence of alternating series Yi(-1)" an with adn \, 0). 
Hence, the integrals : “= dx, ves ia 7] dx are convergent, but it is not difficult 
to see that they are not absolutely convergent. 

For integrals extended over all R, there is still a third concept of convergence, 
more general, which is given by the existence of Cauchy’s principal value, defined 
as 


r CO 
lim / f(x) dx = ps. [ f(x) dx. 
r>+oo J_, 06 
It is clear that for an integral, jee F(x) dx, the following implications hold: 
absolutely convergent = > convergent => existence of p.v. 


In this subsection it will be seen that the residue theorem allows to prove the 
existence and to compute Cauchy’s principal value of some integrals, not necessarily 
absolutely convergent. 


Proposition 5.39. Suppose that f is meromorphic on a neighborhood of {z: 
Imz > 0}, with a finite number of poles in {z: Im > 0}, none of them being 
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real, and that lim)z|-+90 f(z) = 0. Then p.v. ikon f (x)e* dx exists and 
oo . . 
DV. i, f(xje* dx = 2ni S °Res( f(z)e'7,@), 
Mises = 


where the sum is taken over the poles of f located at {z: Imz > 0}. 


Proof. Considering the same path y; as in item B), it is enough to show that the 
contribution of the half circle C; tends to zero, when r > oo. Now, 


if f(zje!” dz 


= i fre! yeire”” jel? as| 
0 

< i: | f(re!®)\e7 Pr da 
0 

< (max fel) | en 8in9y gg, 
|zZ|=r 0 


Zz 2 ; 
But the last integral is 2 [97 e~” sin @ and using inequalities 2 < snd < Lif 


0<0< x./2, it turns out that itis bounded by 2 [, ex" dO < 2h en? 97 dO 
=. O 


° x sin x 
P= 5 AX. 
0 1+x 


In this case the principal value 


Example 5.40. 


r ix 


. " x sinx 1. " x sinx 1 . xe 
lim dx = = lim dx = =Im lim 
roo Jo 


= aay Ee 
14 x2 arg es Eee 2 oo) ae 


2 
1+22 


oa . 3 Yr xsinx 
=5 and it turns out that lim;_,5 hy T+x2 


exists. Actually, here f(z) = has a pole at the point z = 7 with residue 


—_ 1 os 
dx = 5Immi = §. O 


Z| 
Zt+i |lz=i 


D) Thenotion of principal value may be formulated also for the so-called improper 
integrals of second kind (the integrand f tends to infinity at a finite point). Suppose, 
for example, that f is a continuous function on the interval (a—R,a+R), R > 0, 
except at the point a, and f is not bounded on (a — R,a+ R). The principal value 


of f as f(x) dx is, by definition, 


a-& a+R 
lim (| +f \ f(x) dx. 
é>0 \Ja—R ate 


196 Chapter 5. Isolated singularities of holomorphic functions 


The (improper) boa sas _R ae | (x) dx is said to be convergent if the inte- 
grals i a—R and fies , are convergent, that is, if there exist separately the two 
limits: limg+o f” p and lime +o [sete The integral is absolutely convergent if 


a ae | f(x)| dx < +00. As before, absolutely convergent > convergent => exis- 
ie of p.v. 

Suppose now that the function f of items B) or C), meromorphic on a neighbor- 
hood of {z: Imz > 0}, has a finite number of real simple poles: a,,...,dm € R. 
In this case, the integral jen f(x) dx cannot be absolutely convergent because 
close to each point a; one has | f(x)| ~ cj |x — a;|~' with c; constant, and so 


aj+a 
i: | f(x)|dx =+00, ifa>0. 
a 


jae 
However, if the pole a; is of order 1, there exists p.v. ee F(x) dx because 


fx) = (ire + Saige) 2 = 0, = ay 
being an odd function with respect to the point a;. 

In order to compute the p.v. ae Ff (x) dx, modify the circuit y,, which has been 
used in B) and C), in such a way that it travels, in the negative sense, the semicircles 
centered at a; with radius ¢ > 0 which go from a; —é toa; + €, for j = 1,...,m 
(Figure 5.4). If y;(e) are these semicircles, then one has 


f(z) dz =, 


yj(e) 2 — & 


dz +f O(1) dz 
yj (e) yj (e) 


and 


ni 
tim f f(z)dz = tim J dg 
£0 Jy; (6) oO dye) 2 Ss 


é>0 


- i@ 
eie’’ dé . . 
= —c; lim mf oe = —im Res(f,a;). 


yi(é) y2(e) 


t % x 
—r a1 a2 


Figure 5.4 
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Supposing that aj < --- < dm, that r is big enough and ¢ small enough 
and on account of i f(z)dz —> 0, r + +00 (because it is supposed either 


| f(z)| = O(a): or limjz|-+co f(z) = 0 and one considers the integrand f(x)e'*) 
the residue theorem leads to 


CO 
px. f F(x) dx 
—CoO 
a\—é€ a2—-€ a3—€ an—-€ r 
= lim 7 +f +f too f +| \ pods 
got ajte  Jagte ante dante 


= 20i s Res(f,a) + wi ys Res(f, a;). 


Imz>0 j=l 


Example 5.41. 
+00 elx ; elZ 
pv: [ — dx = ni Res (0) =i. 
_ x 


[oe] 


Equating imaginary parts, one finds p.v. ag sinX dx = zr. Since the function “"* 


is continuous at the point 0, one may remove p.v. and the integral pte 
which is convergent but not absolutely convergent, equals z. 


+00 sinx dx, 


The previous process lets one also compute integrals of the form 


expressing sin” x, cos” x as a linear combination of the functions cosnx, sinnx 
a +00 imx 1 too x) ,ix : 

and writing f"3> f(x)e'"™* dx as — [" f(<)e™ dx, after making a change of 

variables. 


Example 5.42. The integral 


is convergent (not absolutely) and one has 


1 1 : ; 
sin? x= (= ix om) = = 5 (er 3eix 3e—ix as) 
1 


1 
= —— (2i sin3x — 6i sin x) 


8i 
3. 1. 
= —sinx — —sin3x. 
4 4 
The change 3x = f leads to jo ee sin 3% fe foe oe dt = x, and we obtain 


I= §. O 
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E) Consider now integrals of the form 
CO 
R 
Py, is, O20 Si; 
0 Xx 


where R is a rational function, R = 5 with deg Q > deg P + 1, without poles on 
[0, +co). This fact guarantees the absolute convergence of J. 

Apply the residue theorem to a branch of RG) on the domain C \ [0, oo): the 
one given by argz € (0, 277). For r big and 6 small, the path y,. of integration is 
the one in Figure 5.5. 


Cy 


Figure 5.5 


The two horizontal lines give 


[o. [See 
x x 
0 (x + id)” 0 (x — 16) 
_ [ ( R(x) + O(6) R(x) + O(6) ) ae 
= ; ix + 15 |% eta arg(x+i8) n= 15|% ei@ arg(x—i8) . 


When 6 — 0 the limit of the expression above is ve — (1 —e~?”'”) dx. For the 
limit when 6 — 0 of the integral over the semicircle of radius 6 we get 


f aPe 


In the arc of the circle with radius r one has 


[as 


1 
< ké sup),,-; —~ = k6!~* —~ 0, _ k constant. 
IZI=8 [7a 80 


1 
ee supjz|=r |R(Z)| = re#o(7) —0 ifr—>o. 
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All together, plus the residue theorem, give 


(1—e?")7 = 221 res (“0 >). 


zo 
P €[0,+00) 
Example 5.43. 
co 8-1 
I =F dx, 0<B<1. 
0 1+x 
Lt es p-1 = 
Here one has @ = 1— B, R(z) = (1+z)7!. Since Res (4,>,-1) = (-1)8 1 = 
e'™(B-1) it follows that 
ix(B-1) ani 
I =2xi— = - : o 


1 — e-27i(1-B) eit(1—-B) _ e-ix(-B) ~ sin z(1— B) 


This method would also work if one replaces R by a function /, meromor- 
phic on C with a finite number of poles, none of them in [0, oo) and satisfying 
limz|-+0o |z|'~*| f (z)| = 0. Since this implies that f has a removable singularity 
at the point oo (because lim)z|-.9. f(z) = 0) f is, indeed, a rational function, by 
Proposition 5.24. 


F) Now integrals of the type i R(x) Log x dx and i R(x) dx will be com- 
puted. Here the function R = 5 is rational with deg O > deg P + 2, without 
poles in [0, 00); so the integrals are absolutely convergent. Suppose also that R 
takes real values on R. We use the same path as in item E) but now integrating the 
function R(z) log? z, where the branch of log z is the one given on C \ [0, 00) by 
arg z € (0,277). With an argument similar to the one in E), one finds 


CO [oe) 
/ R(x) Log?xdx—f R(x)(Log x+2mi)? dx = 2ni Y= Res(R(z) log? z, a). 
0 0 BET 
Equating real an imaginary parts, we get 


(oe) 
1 
i R(x) Log x dx = = Re > Res(R(z) log” z, «), 
7 a#z0 


i R(x) dx = ms Im Res(R(z) log? z, ). 
0 20 axa 


Example 5.44. 
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There is a double pole at z = +i, and the corresponding residues are 


Res ( log? z ? = ( log? z Jo _ 2logi 2(log i)” 


(22 + 1)?’ (+i) ii? (2i)3 
2% 22%) 2 ®? 
= | =-— +i, 
41" 8i 4° 16 


and similarly, 


( log? z i) 3x, 2. 
(2? + 1)?’ 
Then it turns out that 


°° ~Log x I co dx a 
dx = : —— = -. | 

0 (x? + 1)? 4 0 (x? + 1)2 4 
Since the factor Log x appearing in the integrand of (ra R(x) Log x dx, van- 
ishes at the point x = 1, one may allow R to have a simple pole at the point | and 


the integral will be still absolutely convergent. In order to see the influence of this 
fact on the previous computation, replace the part of the integral given by 


-| R(x — id) log?(x — i8) dx 
0 


by the integrals 


1—c(6) 
-| R(x — 18) log? (x — 18) dx — | R(z) log? z dz 
0 


Bs 


2 
-| R(x — i6) log*(x —i68) dx. 
1+c(6) 
The points (1 — c(5), —d), (1 + c(6), —6) are the intersection points of the line 
y = —6 with the circle centered at 1 and with radius 26, and fs is the arc of this 
circle determined by these two points (Figure 5.6). 
Taking the limit when 6 — 0, the imaginary parts of the first and third integrals 
converge, both together, to 


r r 
-im [ R(x)(Log x + 2i)? dx = an f R(x) Log x dx. 
0 0 


The integral in the middle term is / Bs R(z)(2xi + O(8))* dz which, for 6 > 0, 
converges to lims_,o fg, R(z)(27i)* dz = —4n*zi Res(R, 1). Hence 


a R(x) Log x dx = 1” Re (Res(R, 1)) — ORE Y= Res(R(z) (log z)*, a). 
0 2 4 
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C 


C5 > 
i 1+ c() | 
UE) [25 
Bs 


Figure 5.6 


Using real parts one obtains now 
= 1 
px: [ R(x) dx = ——Im y Res(R(z)(log z)”, w) + 2 Im Res(R, 1), 
0 20 - 


where p.v. [5° R(x) dx = lims_,o ( md + [P23 ) R(x) dx (in this case the inte- 
gral I R(x) dx is not absolutely convergent). On the other hand, since R is real 
on R, the quantity Res(R, 1) = lim,—,; R(x)(x — 1) is also real. 


Example 5.45. 


The residue of R(z) = a5 at the point 1 is limz., R(z)(z — 1) = i. At the 


other two poles e? ah ei 5 the residues of R(z) (log z)? are 


; 20 20 \2 2 
—eF 1 4 4 
lim 7 — (log z)? ( z) 5 = ds ae 
ze! 3 =a 3(e' 3) 27 
; Arc 4m \2 2 
z—e' 3 I> 16 20 
lim TT Mlogz)” - ( 3) 5 = = el 
ze! F a 3(e'3) 7 
It turns out, therefore, that 
2 1 2 4 2 2 5 2 4 2 
1= 04 55 (4eos = + 16c0s 7) = a O 
3 27 3 3 3 2] 27 
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G)_ Letus compute, finally, some integrals which are often used in real or complex 
analysis 

Start with the integral J = i Log|1 — re?®|d0, O<r <1. 

Since J = Re 1 Log(1 — re?®) d6, one has 


1 dz 
I =Re- Log(1 — z)— =0 
! JC(0,r) 7 


Log(1—z) 
Zz 


because the function is holomorphic on the unit disc D. 


For r = 1 the integral fis ™ Log |1 — e?®| d@ is still absolutely convergent since 


Log |1 — e??| = 5 Log|l — el"? 


; Log((1 — cos 0)? + sin? 6) 


II 


II 


; Log(2(1 — cos 9)) 


has the same order as | Log 6| for 0 near 0 and the same one as | Log(2 — 6)| for 
6 near 27. In order to compute the integral, take the path of Figure 5.7. It follows 
that 


2-6 : 1 
if Log(t —e'*) de — f —Log(1—z)dz =0 
5 Cs 2 


because Lost) is holomorphic on C \ [1, co). Now, 
/ Log(1 — z) ds| 2 |Log (1 — z)| 
Cs Z izi= Z| 
Iz|s 
216 1 
< S (Log” |1 —z] + Arg?(1 — z))? 


2x8 
< 5 (oe 8)? gee Ss, 


Therefore, Hig Log |1 — e?°|d0 = Re fi Log(1 — e!9) d@ = 0. 
When r > 1, the integral J may be easily computed since 


20 : 20 1 : 
I a4 Log |1 — re’®| do = Logr re? 1] a0 
0 0 r 


20 1. 
=| (Lozr + Log re! —1/) d0 = 27 Logr. 
0 r 
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Figure 5.7 
Summarizing, the following formula has been shown: 
20 . 
/ Log |1—re!®|d@ =2nLogtr, r>0, 
0 
where Log" r is the positive part of Log r. 


Finally, combining the equality 


= 2i0 a it 
Log |1 — e*'"|d@ = = Log |1—e"|dt =0 
0 2 Jo 
210) — 


with the relation |1 — e |e? — e#9| — I\sin 6], one finds 


4 
: Log sin 6 dO = —z log2. 
0 
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Notice that throughout this section proper or improper integrals have been com- 
puted, without using antidifferentiation, which, thanks to the fundamental theorem 


of calculus, is the traditional process for computing definite integrals. 


5.9 Exercises 


: . ‘ 2 
1. Find the Laurent series of the function f(z) = 45 e!/2 on each annulus: 


C={zeEC:0<|z| < l}andC* = {z EC: |z| > 1}. 


2. Let f be a holomorphic function on the punctured disc D’(a,r), a € C, 
r > 0, which takes all its values in the upper half plane + = {z: Imz > 0}. 


Show that f has a removable singularity at the point a. 
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. Show that the Laurent series of the function =>; 
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. Suppose that f €¢ H(D'(a,r)),a € C,r > 0, has a pole at the point a and 


g is an entire function such that the function g(f(z)), z € D’(a,r), has also 
a pole at the point a. Show that g must be a polynomial. 


= za around the origin is of the 


form - 
1 1 B 
| 1 n-1 n 2n-1 
z 2° ae ) (Qn)t- 
n=1 
The numbers B,,n = 1,2,... are Bernoulli numbers. Prove the recurrence 
formula 


k-1 
k 

3 (-D*'B ol 1 

& (2k)!Qn—2k +1)! 2Qn)! Qn +1)! 


and compute B, forn = 1, 2,3. 


1(z—1) 
. Show that the Laurent series of the function e = , for tf € R, around the 


origin is of the form 
(oe) 


> Jn(t)z” 


n=—Co 


with J,(t) = s+ li cos (n@ —t sin@)d6,n € Z. The functions J,(t) are 
called Bessel functions. 


. Suppose that the series ‘Sear Cnz” has radius of convergence | and let f be 


the holomorphic function that it defines on D. Show that f has ameromorphic 
extension to a neighborhood of D with a unique simple pole at a point zg € T 
if and only if limy |¢n—1 — CnZo| < 1. Prove that this last condition implies 


: Cn 
lim, et 


= Zo. 


Show also that the condition limy cy, [Cn+1 = Zo, holds if f has a meromor- 
phic extension to a neighborhood of D which has a pole at the point zo € T 
of order greater than the orders of all the other poles located in T. 


. Show that any function f holomorphic on the half plane 1+ = {z: Imz>0} 


and 27-periodic (that is, f(z +2) = f(z),z € TIT) has acomplex Fourier 
series expansion of the form 


f@= Soe gene, 


n>=—-CO 


Find integral expressions for the coefficients cn. 


. Using the argument principle give an alternative proof of Theorem 4.32 with 


a more geometrical character. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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. Let f be a holomorphic one-to-one function on an open set U. For fixed 


a €U andr > O such that D(a, r) C U, show the formula 


f(w) = A. zf'(z) 


ile tow eee 


Prove that the zeros of a non-identically zero meromorphic function on a 
domain are isolated points. 


Let f be a meromorphic function on C. Prove that f is the logarithmic 
derivative of a meromorphic function on C if and only if all the poles of f 
are simple poles with integer residue. Similarly f is the logarithmic derivative 
of an entire function if and only if all the poles of f are simple with natural 
residue. 


Show that fora > 0 and w € C with |w| < a@?, p € N, the equation 
(z—a)?e” = w has exactly p different roots in the half plane {z: Rez > O}. 
Compute the smallest radius r < @ so that all the roots of this equation are 
contained in the disc D(a, r). 


Let U be a bounded domain of the plane with regular positively oriented 
boundary. Let f be a meromorphic function on a neighborhood of U without 
poles in OU, satisfying | f(z)| < 1 for z ¢ dU. Show that f takes on U every 
value w € C with |w| > 1, as many times as the sum of the multiplicities of 
the poles of f in U. 


Let f be an entire function satisfying Im f(z) = (Re f(z))? if and only if 
Im z = (Rez)?. Prove that f has at most a zero in C. 


Let f be an entire one-to-one function. Show that lim)z|-+o0 | f(z)| = 00 
and deduce that f must be a polynomial of degree 1. (See Exercise 20 of 
Section 4.7). 
For a € C fixed with |a| 4 1, prove that | Za4 | = | when |z| = 1. Use this 
fact to show that a rational function R, satisfying |R(z)| = 1 when |z| = 1, 
is of the form 


Z—ag 


R(z) =cz™ Il 
k= 


= 1—agz 
with c,ax, € C, jax| A landm e€ Z. 
Let u be a real harmonic function on the annulus C(a, R2, R;). Prove that 
there are constants a, 6 € R such that 
20 


— u(a + re’?)d@ =aLogr+B, Ro<r< Rj. 
20 0 
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If, in addition, u is bounded then w = 0 and B = u(a). 


18. Show the equality 


oo dx /n 
ae forn = 1,2,.... 
o L+x" © sin(s/n) 


19. Compute 


20. Compute 


°° ¥xLogx 4 °c Log x 
————dx an ————— dx. 
0 1+ x? o Vx(1+ x?) 


Chapter 6 
Homology and holomorphic functions 


The aim of this chapter is to give the homological versions of Cauchy’s theorem 
and Cauchy’s integral formula. Cauchy’s theorem asserts that if the function f is 
holomorphic on a domain U, then the integral f - F(z) dz is zero for certain cycles 
y in U. The description of these cycles is a topological question that has to be 
properly stated. Here this formulation is done by means of the notion of homology, 
based on the index of a closed curve. It may be done also by means of the concept 
of homotopy of curves, and the relationship between both points of view is briefly 
commented. 

On the other hand, homological versions of Green’s formula and Cauchy— 
Green’s formula are given. They may be considered as the multiplicity version 
of the classical Green’s formulae and have some interesting applications, among 
these the Cauchy theorem for differential forms. The obtained results may be ap- 
plied also to give several characterizations of simply connected domains in the 
plane. 


6.1 Homology of chains and simply connected domains 


In order to state properly the homological versions of both Cauchy’s theorem and 
Cauchy’s integral formula, it is suitable to extend the notion of line integral to a 
more general setting. Consider y1, y2,..., 7% paths, that is, piecewise C! curves, 
inside a domain U of the plane, and let 11,n2,...,nxz be integer numbers. The 
formal linear combination 


k 
PS Soni 
j=l 


is, by definition, a chain in the domain U. Hence, the set of chains in U is formally 
the free abelian group generated by the set of paths. In particular, if I), M2 are 
chains in U, other chains nT) + mI withn,m € Z may be defined. The range of 
Pisl* = yfUyzZU---Uysz. 

If f €¢ C(1*), we write, by definition, 


k 
[ r@az=Yon f(z) dz. 


j=l a 
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Therefore, if f € C(U) and Ty, 2 are chains in U, one has 
/ feydz =n | flzydz +m f f(z)dz, n,meZ. 
n¥y+mIp Ki YT 


One may have chains I’, I’ with different representations, 


k k’ 

/ / / 

P= inj, T= Dini. 
j=l j=l 


but f, f(z) dz = fp f(z) dz holds for every function f ¢ C(T* UI*). This 
is the case, for example, if I’’ is obtained from I’ doing permutations of the paths 
y;, Subdivisions, aggregations of paths, reparametrizations, etc. All throughout this 
chapter, given a chain I in U one will be primarily interested in the correspondence 


fro | feraz, f€ecv). 


If {- f(z) dz = fr f(z) dz, for every function f € C(U), it is said that T and 
I’ are equivalent chains and T will be identified with I’. With this convention, a 
statement such as the one in the following example may be made. 


Example 6.1. Consider the unit square Q = [0, 1] x [0, 1] divided into four equal 
parts O;,i = 1,2,3,4, and let’; = dQ; be the boundary of Q; positively oriented. 
Then 

TM+n+h3+l%4=99, 


because there are cancellations of the contributions of the inner sides to the integral 
of any continuous function (Figure 6.1). O 


“= “< 


4 Q2 Ui O1 I 


Figure 6.1 


6.1. Homology of chains and simply connected domains 209 


Observe the equality f, f(z)dz = J, f(z)dz and the fact that every dif- 


ferential 1-form @ = Pdx + Qdy with real coefficients may be written as 
o= $(f(z) dz + f(z)dz) with f = (P —iQ). It turns out, then, that two 


chains I’ and I’ are equivalent in U if and only if Ir o= Ir for all differential 
1-forms @ with continuous coefficients on U. One considers only forms of type 
F(z) dz just for convenience. 

A chain I’ on U is said to be a cycle provided it may be represented in the form 
T= ee nj yj, Where each y; is a closed path in U and each n; an integer. Then 
the index of with respect to a point z ¢ I’* is defined as 


k 
1 dw 
Se ae = dm Ind(yj,2). 


Obviously, Ind (1°, z) is an integer number and the relation 
Ind(m10y+n202,z) = ny Ind(T,,z)+n2Ind([2,z), z ¢ PPUTS, m1,n2 € Z, 
holds if , and [2 are cycles in U. 


Definition 6.2. A cycle I’, contained in a domain U, is said to be homologous to 
zero with respect to U and it is written T ~ O(U), if Ind(I,z) = 0 for every 
point z ¢ U. Two chains [';, 2 contained in U are homologous with respect to 
U,T; » T2(U), if 1) — M2 is a cycle homologous to zero with respect to U (if 
T,, [2 are cycles, this is equivalent to the condition Ind (T',, z) = Ind (12, z), for 
every point z ¢ U). 


It is worthy noting that the definitions of index of a cycle and homologous cycles 
are done according to line integrals of type Ir (w —z)~! dz, and therefore they do 
not depend on the way that I is represented as a combination of closed paths. 


Example 6.3. In Section 1.6 it has been seen that if U is a bounded domain with 
positively oriented piecewise regular boundary then dU = yf Uys U---Uyx, with 
y; closed Jordan curves such that for z € U, 


Ind(y1,z) =1, Ind(y,z)=0, i =2,...,N. 


If U is any domain with ogo oe then the cycle OU = y+ yo +--+ + yy is 
homologous to zero with respect to U. O 


Actually, [ ~ 0 (U) means that the components of C \ I’* with non-zero 
index lie in U. In Section 1.3 the concept of simply connected domain has been 
introduced as a domain U of C such that C* \ U is connected. Intuitively this 
condition has the same meaning as ' ~ 0 (U) for any closed path I in U, as the 
following result confirms. 
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Proposition 6.4. A domain U of the plane is simply connected if and only if every 
cycle contained in U is homologous to zero with respect to U. 


Proof. If U is simply connected and I is a cycle with T'* Cc U, the connected set 
C* \ U is inside the component of C* \ '* which contains the point at infinity and, 
therefore, Ind(I, z) = 0, for z ¢ U. 

Conversely, suppose U is not simply connected; then C* \ U has at least two 
connected components V;, V2, which are disjoint closed sets of C* \ U. So they are 
disjoint closed sets of C* and one of them, say V2, contains the point at infinity. Then 
V, has oo as an exterior point and it must be compact. Construct a grid of the plane 
formed by squares with sides parallel to the axis, of size ¢/2, with e = d(Vi, V2), 
so that a point P € V, will be within one of the squares (Figure 6.2). Consider 
now all the squares of the grid intersecting V,; there are a finite quantity of them, 


| 


Figure 6.2 


say QO;,i = 1,...,N, and none of them intersects V2. Let I’ be the cycle defined 
by [= yo 0Q;, where 0Q; is the boundary of Qj, positively oriented. Since 
VY, Cc LU; Qi itis clear that Ind(T, P) = ae Ind(dQ;, P) = 1. Once all possible 
cancellations are done one gets an equivalent expression of [’ such that '* does 
not intersect either V2 nor V;. Indeed I’* consists of some sides within |_); 0Q;. If 
S is a side meeting V; then both adjacent squares having S as a common side are 
among the Q;,i = 1,..., N, and hence S is cancelled. C 
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6.2 Homological versions of Green’s formula and Cauchy’s 
theorem 


6.2.1 The homological version of Cauchy’s theorem 
A general version of Cauchy’s theorem is the following. 


Theorem 6.5. [f U is a domain of the plane, T a cycle homologous to zero with 
respect to U and f € H(U), then 


[tea = 0. 


As a consequence, if 1 and V2 are homologous chains with respect to U and 


f € HW), then 
/ fleydz = [ F(z) dz. 
T) T> 


The shortest proof of this fundamental result is likely the one given below (due 
to A. F. Beardon), based on an integral representation formula by means of Cauchy’s 
kernel. 


Lemma 6.6. Let U be adomain of the plane, K C U acompact setand f € H(U). 


Then there exist a finite number of segments y, Y2,..., YN contained in U \ K such 
that ify = yi + yo +++: + yn, one has 
1 w 
fo=— i ais zeK, 


201 yw-Z 


Proof. Let ¢ be the distance from K to the complement of U. Consider a grid of 
the plane composed by squares of diagonal smaller than ¢ and consider the squares 
Q;,..., Om Of this grid intersecting K. If dQ; is the boundary of Q;, positively 
oriented as always, consider y = }°; 0Q;. Once all possible cancellations are 
done, it yields 


N 
v= ov 
j=l 


where each y; is a side of a certain Q; andy; CU \ K. 
Hence, for every continuous function g on (J F dQ;, one has 


2 N 
aie p(w) dw 2 g(w) dw = [ onan. 


Suppose now that the point z € K is not in any 0Q;. Then z belongs to a unique 
square, Q;,, of the set Q1,..., Om, and applying Corollary 4.3 to the function f 
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and Cauchy—Goursat’s theorem (Remark 3.3 a)) to the function @ —> —_= it turns 
out that 


m 


Le) 4 ee: f(@) 
ed - at 10, @—2" 


1 f(w) f(@) 
See ag a =e 2* de = F(z). 


00; Y—Z 


Hence, the lemma is proved if z is not in any 0Q;, and for the points of (); 0Q; 
it follows by continuity. 


Remark 6.1. In fact, under the hypotheses of Lemma 6.6 it may be asserted that the 
segments y1,..., YN forma system of closed Jordan polygonal curves T,,...,Un 
contained in U \ K such that 


Oe FN 5, z€K, if f ¢ H(U). 


jee li Ws 


Actually, one only needs to remember that segments y1,..., yn are the topological 
boundary of the compact set 0 = Uji Q;. Then each connected component 
of dQ is a compact and connected 1-manifold and by Theorem 1.31 it is a Jordan 
curve which in this case must be a polygonal curve. Moreover, Lemma 6.6 applied 
to f = 1 gives that every point of K belongs to one and only one of the polygons 
Int(T;),i =1,...,n 

This fact may be also proved, in a more direct way, using a combinatorial 
argument (see [3], p. 260, or [11], p. 155). 


Proof of Theorem 6.5. Suppose that [ ~ 0(U) and let f € H(U). Let further 
K =T* U{z @I™: Ind(1,z) 4 0}, which is the complement in C of the set 
{z €T*: Ind (I, z) = 0}. This last set is the union of some connected components 
of C \ I'*, among which there is the unbounded one that contains oo; therefore, 
K is a compact set and since [T ~ 0(U), one has K C U. Let now y be as in 
Lemma 6.6; one has 


[r@a= [foo [ Mavlar= [201 [She 


But for w € y* one has w € U \ K, so that 


/ TG rane or) 
T 


W—Z 


Notice oe Vad application of Fubini’s theorem is correct because the function 


(z,w) > LW) is continuous on the compact set [* x y*. O 
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6.2.2 Green’s formula with multiplicities 


We have just given a direct proof of the homological version of Cauchy’s theorem. 
The classical version of Cauchy’s theorem (Theorem 3.24) was obtained in Chapter 3 
as a particular case of Green’s formula (Theorem 3.22) when applied to the form 
F(z) dz, with f holomorphic. So one may ask if there is also a homological version 
of Green’s formula which gives rise to Theorem 6.5 when applied to f(z) dz. 
The answer is yes; this more general version of Green’s formula is based on the 
following integral representation given by Corollary 4.4, which is quoted here: 


Lemma 6.7. If f is a differentiable function on C with compact support and a f 
is continuous on C, then 


af 1 


c OW w— 


f@= 


dm(w), zeéC. 
Zz 


Theorem 6.8 (Homological version of Green’s formula). Let U be a domain of the 
complex plane, f a differentiable function with 0 f continuous on U and T acycle 
homologous to zero with respect to U. Then one has 


[rea = = 2 ff = ind (1, z) dm(z). (6.1) 


More generally, if = Pdx+Qdy isa\-forminU with differentiable coefficients, 
the function OQ — Py is continuous on U and VY ® 0 with respect to U, then 


4 o= , Pdx+ Qdy= IE (2 — =) Ind (1, z) dm(z). (6.2) 


In particular, if U is simply connected, formulae (6.1) and (6.2) hold for every 
cycle T contained in U. 


Note that, in fact, the integrals of the right-hand term of (6.1) and of (6.2) are 
taken over a compact set of U. 


Proof. Take K = T* U{z € T'*: Ind (I, z) ¥ 0}, as in the proof of Theorem 6.5, 
so that K is a compact set, K C U. Let wy € C™(U) be a function with com- 
pact support contained in U such that w is 1 on a neighborhood of K and apply 
Lemma 6.7 to the function g = wf. It yields 


A dg 1 
&@)=—5 ff Seas dm. 


Since g = f onI™, it turns out that 


[ seoaz= [ eeraz=-2 [ (ff sesame) ae 
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In order to apply now Fubini’s theorem it is enough to see that an iterated integral 
of the absolute value of the a is finite, 


oe|_1 | dm(w)|dz| < +oo. 


The inner na is taken over the compact set F = spt(g) where | 3 aa i is bounded; 
writing | 2 aa | oo = SUPF | al it turns out by Lemma 4.1 that the iterated integral is 


bounded above by 


Lec 
Tr 


0 
s | (m(F) + 2x)|dz| = Lr) 3€ | (m(F) + 22) < too. 
Ow CO 
Now apply Fubini’s theorem to obtain 


Bi | 
[r@a=-2 ff 5 8 (yp (f. =<.) dm(w) 


= 2i I °€ (w)Ind (T, w)dm(w). 


But Ind (Il, w) 4 0 gives w € K and g = f ona neighborhood of w; therefore, 
og = af at this point and this proves (6.1). 

In order to show (6.2) one may suppose that P and Q are real. If the form 

w = P dx + Q dy is C' applying (6.1) to the function f = (P —iQ) and taking 


real parts, one has 


[o=Re | f(z) dz 
— =2 ff Ind (T, w) Re (i oF) amu) 
= I Ind (T, w)(°2 - 3 ame) 
which is (6.2). 


Assuming now only that P and Q are differentiable and QO, — Py is continuous, 
and replacing P and O by Pw and Ow where w is the function of the first part of 
the proof, we may assume that P and Q have compact support in U. Next apply 
a regularization process to P and Q using an approximation to the identity ®,, 
defined by ®,(x, y) = e-70(2,2), « > 0, with 6 € C%(C), spt(®) Cc D, 
I[c Pdm = 1. That is, define 


P* (x,y) = (P * ®,)(x, y) = Il P(t,s)®,(x —t, y —s) dsdt, 


0°(x,y) = (Q* ®,)(x, 9) = i O(t,s)®,(x —t, y — 9) dedt 
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so that P®, O* are C™® with compact support in U, = {z € U : d(z,U°) > €} and 
P*® — P, Q* + Q uniformly when ¢ > 0. 
Accordingly one has 


[ P*’dx + Q*dy = |f (2-2 ae _) ind(P 2) dim) 


and if we check the equality 


dQ aP _ (72 *) ty, 
Ox oy 


it will suffice to let ¢ — 0 to finish the proof. 
Hence, one must show that 


AQ *®.) HP *®.) _ 9 I®. 8%. _ -) ae 
Ox oy ox oy 


To this end, take a bounded open set U c U with piecewise regular boundary 
such that spt(P), spt(Q) C U (cf. Lemma 6.6 and Remark 6.1) and apply Green’s 
formula (Theorem 3.22) to U and to the form 


P(x—t,y —s)®,(t, s)dt + O(x —t, y —s)®,(t, s)ds, 


with e > 0 small enough. We get 


0= [. P(x—t,y —s)®,(t, s)dt + O(x —t, y — 5s) ®,(t, s)ds 


= IE Foe Ss) ts t,y 9] 0.) 


d®, a0, 
+/f Se a9 2-6 os ] ava 
C ax oy 


which is the desired result. O 


Example 6.9. If I’ is a cycle such that /, f(z)dz = 0 for each f € C(I*), then 
Ind(T, z) = 0, for every point z ¢ I’*, because w > — € C(I*). Formula 
(6.1) leads to the converse: if Ind(T, z) = 0, for every point z ¢ I’*, then we can 
apply (6.1) to U = C and f € C'(C) to obtain f, f(z)dz = 0. Since every 
continuous function on ’* may be approximated by functions in C!(C), we get the 
expected conclusion. Hence, the closed curves that gives a line integral identically 


zero are exactly the curves with vanishing index. O 
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Example 6.10. By the previous example if I',, 2 are two cycles with Tf = I’ and 
Ind(I‘;, z) = Ind(T2, z) for every point z ¢ I'* = Tj, then one has Sr, f(z)dz = 
tr J (z)dz for each function f continuous on the compact set [f = T3. 

This is the case when Iz is a closed curve obtained from I by an orienta- 
tion preserving change of parameter; that is, [,: [a,b] > C, Ta: [c,d] > C, 
g: [c,d] > [a, b] with g’(t) > 0 and [2 = T) © g (see Section 3.1). O 


Example 6.11. Formula (6.1) may also be applied to compute complex integrals. 
For example, if f ¢ C'!(U), where U is a domain that contains the segment [—1, 1], 
T isacycle with T* c U \ [-1, 1], T = O(U) and g(z) is the holomorphic branch 
of Vz? — 1 on C \ [-1, 1] that is positive on (1, 00), by (6.1), it turns out that 


x i f@)e(2)d2 — Il 8 f(z)g(2) Ind(T, z)dm(z) 
1 
a —1na(r.0) | f(t)v1—t7dt. 
-1 


Taking, in particular, f(z) = z7, one has 


af z*/ 72 — 1dz = —ni Ind(I, 0). O 
c 


6.2.3 Cauchy—Green’s formula with multiplicities and Cauchy’s 
integral formula 


In this subsection the versions of Cauchy—Green’s formula and Cauchy’s integral 
formula which correspond to the homological version of Green’s formula (Theo- 
rem 6.8) are given. 

The first one is a decomposition formula that gives any function f as the sum 
of a holomorphic one and a term which depends only on a f. 


Theorem 6.12 (Homological version of Cauchy—Green’s formula). Let U be a 
domain of the plane, T a cycle homologous to zero with respect to U and f a 
differentiable function with 0 f continuous on U. Then for z € U \ T* one has 


Ind (T, z) f(z) = - A cw) 


1 of 1 
dw al AG woz mal: w) dm(w). 


Proof. Fixapointz € U\T* and take ¢ > 0 small enough such that D(z, e)NT* = 
® and D(z, €) C U. If y(t) = z + ee"*, 0 < t < 2m (the circle centered at z 
and radius ¢ travelled in the positive sense), the cycle Tl, = I — Ind (I, Z)y¢ is 
homologous to zero with respect to the open set U \ {z}. Actually, if w € U, since 
Ind (y,, w) = 0 and Ind (IT, w) = 0 (as F & 0(U)) one also has Ind (P,, z) = 0 
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and for w = z, Ind (P,, z) = Ind (1, z) — Ind (I, z) = 0. Applying equality (6.1) 
to the function £ (w) ¢, 1t turns out that 


[Mamas f 2 a LO) 4 =2i ff di w 
aa ff Zo 


Letting « > 0 and using the fact that w > af a 


1 
lim I dm(z) = 0, 
20 JJ 76) ~ w—Z 


and the result follows. O 


5 ind (T,, w) dm(w) 


7 ind (T, w) dm(w) — Ind (T, z) if : —  dm(w). 


D(z.e) ~ w-—Z 


When f € H(U), one has as a particular case, a homological version of 
Cauchy’s integral formula. 


Theorem 6.13 (Homological version of Cauchy’s integral formula). Jf U is a 
domain of the plane, T a cycle in U homologous to zero with respect to U and 
f € H(UV), one has 


Ind (TL, z) f(z) = af Raw. zeU\I%*, (6.3) 
and also 
Ind (T, z) f(z) = a fg an dw, z€U\I*,n=1,2,.... 


The second equality is obtained from the first one by differentiating with re- 
spect to z under the integral and bearing in mind that Ind (T, -) is constant on the 
neighborhood of a point z ¢ I*. 

The formula (6.3) may be obtained directly from Cauchy’s theorem (Theo- 
rem 6.5) applied to the holomorphic function 

w)— f(z 
g(w) = fw) f@) ifwAz and g(z)= f’(z). 

w-—Z 

Next some examples of applications of Cauchy’s theorem and Cauchy’s integral 
formula are given. 


Example 6.14. If U is simply connected, fF € H(U),a €U andT isacycle of U 
not containing a, the possible values of —— st ie £ oa d are Ind (I, a) f(a), that is, 


an integer multiplied by f(a). For example, = a7 fod a dw, where C is a circle 
not passing through 1, is 0 if 1 is in the exterior of C and e if 1 is in the interior 
of C. O 
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Example 6.15. Suppose that U is simply connected, f € H(U) (for example, 
U = C and f an entire function), a,b € U, a # b, and C is a circle inside U 
which does not pass through a, b (always positively oriented). Compute all possible 


values of i Fo) 
Zz 
acre [ Gone 


If a, b are in the exterior of C one has J = 0, by Cauchy’s theorem applied to 
the function g(z) = a. which is holomorphic on the interior of C. If a is 


inside C and 5 is outside, then J = La) , by Cauchy’s integral formula applied to 


g(z) = £@ , which is holomorphic inside C. Similarly, if b is inside C and a is 
outside, J = —_ by Cauchy’s integral formula applied to g(z) = = Consider 
finally the case both a and D are in the interior of C. Let C,, Cz be two small 
circles centered respectively at a,b, inside C and positively oriented. In the open 
set U \ {a,b}, where atthe is holomorphic, the cycle C is homologous to 


C; + Co; thus, 


4 FO) 4 fe) 
ee I, re ee iB EE 


_f@ , fb) _ fla— fe) 9 
Gh. bag  @=ob * 


Example 6.16. If y is the path of Figure 6.3, compute J = is ue dz. Using 
Cauchy’s integral formula for derivatives, it yields 


Ind(y, 0)(sin) (0). =. = =—2(—cos0). . 9 2x. 
I= rf 2ni = — 2a 


Figure 6.3 
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6.3 The residue theorem and the argument principle in 
a homological version 


There is also a homological version of the residue theorem that is, indeed, a gener- 
alization of Cauchy’s theorem (Theorem 6.5) when / has singularities. 


Theorem 6.17 (Homological version of the residue theorem). Let U be a domain of 
the complex plane and let A be a discrete and closed subset of U. Let f € H(U\ A) 
be such that each point a € A is an isolated singularity of f, and let T be a cycle 
inside U \ A, homologous to zero with respect to U. Then one has 


1 
201 


i f(z)dz = y— Ind (I, a) Res (f, a). 
r 


aca 


Remark 6.2. Both terms of the previous equality are well defined: the one on the 
left-hand side, because f € C(I*), and the one on the right-hand side is, actually, 
a finite sum because each bounded component of C \ I* is inside a compact subset 
of U that has at most a finite number of points of A. 


Proof. Let a1,...,ay be the points of A with Ind(I,a;) # 0. For each j = 
1,..., N let y; be a small circle centered at a;, travelled in a direct sense, not con- 
taining in its interior any other point a;,i # j, and not intersecting I’* (Figure 6.4). 


Figure 6.4 
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Then the cycle 
N 
T— 0 Ind (P, aj)y; 
j=l 


is homologous to zero with respect to the open set U \ A. By Cauchy’s theorem it 
turns out that 


— | f(z)dz = Sonar aj) = f(z)dz. 


j=1 


Ini 


Since each of the integrals of the right-hand side term is 277i Res (f, a; ), the theorem 
follows. O 


Cauchy’s theorem is the particularcase A = @ inthe previous theorem. Cauchy’s 
formula is also a particular case: if f ¢€ H(U), I ~ O with respect to U and 
z € U \ I%, apply the residue theorem to g(w) = ~~ with A = {z} and 
Res (g,z) = f(z), to obtain 


1 fw), 1 = 
- [ dw= - [ sew = Ind (T, z) f(z). 


201 w—-—Z 21 


Finally, the corresponding version of the argument principle may be stated. 


Theorem 6.18 (Homological version of the argument principle). Let U be adomain 
of C and f ameromorphic function on U. Let {a;} be the zeros of f in U, with 
nj; the multiplicity of aj, and let {b;} the poles of f in U, with m; the multiplicity 
of b;. Let T be a cycle inside U not passing through any pole nor any zero of f 
such that T = 0 with respect to U. Consider also a function h holomorphic on U. 
Then one has 


aa = | h(z Fo Sd ZS 2 Mass maa) 2 ee Ind (y, bj). (6.4) 


Proof. Proceed as in the proof of Theorem 5.25, but using now the homological 
version of the residue theorem (Theorem 6.17). C] 


Homological versions of Corollary 5.26 and Theorem 5.27, can be properly 
stated by the reader. 


6.4 Cauchy’s theorem for locally exact differential forms 


Cauchy’s theorem asserts that the integral of the form wm = f(z) dz, with f holo- 
morphic on U, along a cycle homologous to zero with respect to U, is zero. It is 
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natural to ask if this result also holds when is a general 1-formw = P dx+Q dy, 
locally exact. Note that a = f(z) dz is locally exact if and only if f is holomor- 
phic. The answer is affirmative and it is given by the following result (see [4]). 


Theorem 6.19 (Cauchy’s theorem for differential forms). Jf@ = P dx + QO dy is 
a locally exact 1-form in a domain U C C, with continuous coefficients P,Q on 
U and T is acycle, T % 0 with respect to U, then one has 


[o=o. 
r 


Consequently, if T', '2 are homologous chains with respect to U, one has ‘ r= 
Sr Oo. 


This result may be found in [1], Theorem 16. In this book, the author gives a 
geometric proof and asks if it is possible to modify the proof of Cauchy’s theorem 
so that it covers this more general case. Imposing the form w has coefficients 
P,Q € C}(U), then the answer to this question is ata 6.8. Actually, this 
theorem is a proof of Cauchy’s theorem (formula (6.1) when % of = 0) and formula 
(6.2) gives Theorem 6.19 when w is locally exact and C!, because then w is closed, 
that is, Py = Q,. The general case of Theorem 6.19, for w only continuous, 
may be proved with a standard process of regularization of the form w, making 
convolutions with an approximation to the identity. This process, already used in 
the proof of Theorem 6.8, appears in the proof of the following statement, stressed 
here because it is a characterization, by duality, of locally exact forms. 


Proposition 6.20. In a domain U of the plane, a continuous 1-form w = Pdx + 
Qdy is locally exact if and only if 


ff (238-02) anay =0 65 


for every C™ function gy with compact support contained in U. 


Proof. If w is exact ina disc D C U then w = dh, for some function h, and if g 
has support in D it follows by Green’s formula that 


ah dy a _ u 


Using partitions of unity we see that every C® function with compact support in U 
is a finite sum of functions of the same kind which have support in discs and then 
we obtain (6.5) for g € C™ with spt(g) Cc U. 

Conversely, if condition (6.5) holds, let ®, with « > 0 be an approximation of 
the identity, that is, ®.(x, y) = e-?@ (2, 2) with  € C%(C), spt(®) C D and 
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He ®dxdy = 1. Consider now forms w* = P*dx + Q*dy with 


P*(x,y)= | P(t,s)®,.(x —t, y —s) dtds, 
= (6.6) 


O° (x,y) = IL O(t, s)®,(x —t, y —s) dtds. 


Then w® is C® on U, = {z € U: d(z,U) > 8} and w* ——> w (ie. Pe > P, 
é> 


O° — OQ if e > 0), uniformly on compact sets of U. 
Now, if z = x +iy € Ug, one has 


age ape 
OIG ON = ff os) 


a®, 
- | P(t,s) — (x -t,y —s)dtds 
Cc dy 


=— | oG,s° (x —t, y—s)dtds 
Cc ot 


a®, 
-|f P(t,s)—— (x-t,y—s) ards| = 0, 
Cc Os 


by (6.5). Thus, w® is closed and of class C! and, by (6.2), jax w® = 0 for each 
triangle A contained in U and ¢ > 0 small enough. Since w* — w uniformly on 
A, one has ack @ = 0 and w is locally exact (Corollary 3.12). O 


a®, 
Ox 


(x —t,y — s)dtds 


Remark 6.3. Proposition 6.20 may extend to continuous 1-forms @ = )7}_, Pid x; 
in open sets U of R”. Then condition (6.5) must be replaced by ty w A dn = 0 for 
each (n — 2)-form 7 of class C° with compact support inside U. This condition, 
which is (6.5) when n = 2, replaces the condition dw = 0 that w satisfies when it 
is C! and locally exact. When it is satisfied we say that the equality dw = 0 holds 
in the weak sense (see Subsection 7.7.2). 


Proof of Theorem 6.19. Take the compact set K and the function y as in the proof of 
Theorem 6.8 and change P and Q by Pw and Ow, sow isnow Ww Pdx+w Qdy. 
Define, for ¢ > 0, the forms w*, as in the proof of Proposition 6.20; that is, 
w® = P*dx + O° dy with P*, O* given by (6.6) from Pw and Oy. 


Then one has 
o= lim | o%. 
T e—>0 T 


Now the forms w® are C! and, according to the proof of Proposition 6.20, satisfy 
Q‘. = Py ona neighborhood of K if @ is locally exact. Hence, we can apply (6.2) 
which yields f; w* = 0 and, consequently, /, w = 0. O] 
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6.5 Characterizations of simply connected domains 


There are several ways to characterize, from a topological point of view, simply 
connected domains. The aim is to rigorously state the idea that the domain has 
no “hole”. A result in this sense is Proposition 6.4, which uses the concept of a 
cycle homologous to zero. There is another characterization which only requires 
us to consider Jordan curves contained in the domain, and even another one taking 
account of the boundary. All of them are given in the following statement: 


Theorem 6.21. Fora domain U of the complex plane, the following are equivalent: 
a) U is simply connected, that is, C* \ U is connected. 
b) Every cycle contained in U is homologous to zero with respect to U. 
c) For every closed Jordan curve y with y* C U, one has Int(y) Cc U. 
d) The boundary of U in C* is connected. 


Proof. The equivalence between a) and b) is Proposition 6.4. The equivalence 
between b) and c) is a consequence of Remark 6.1 and the proof of Proposition 6.4. 
In order to prove the equivalence with d) suppose, without loss of generality, that 
U contains the point at infinity and so K = C* \ U is compact. If C is a connected 
component of K, one has 0C = C /™ OK; thus, each non-trivial component of K 
contains at least a non trivial component of dK = dU, a fact which proves that 
d) implies a). In order to show the converse, suppose U is simply connected, that 
is K is connected, and 0K is not connected. Then 0K is the union of two disjoint 
compact sets F,, FE. Let ¢ > 0 be the distance between F, Fp and consider, as in 
Lemma 6.6, a grid of the plane formed by closed squares of diagonal strictly smaller 
than ¢; let Q be the union of the squares which intersect £,; in such a way that E> 
is in the exterior of Q. Remark 6.1 shows that the boundary of Q is composed by 
closed Jordan polygonal curves Ty,..., 1°, so that every point of Ey is inside one 
of the polygons Int(I’;) and, by construction, these polygonal curves do not meet 
dK. Consequently, one of them, say I’, has a point of F; in its interior, Int(I’). 
Since EF, is a part of the boundary of U, Int(I’) intersects U and also K. The 
same may be said about the exterior of I’, Ext(I"), because it contains E. Hence, 
U intersects both Int I and Ext(I) and, being connected, will meet the polygonal 
curve I; similarly, the connected set K intersects Int(I") and Ext(I’) and, therefore, 
KOT #4 @. Summarizing, the polygonal curve I intersects U and also K and, 
therefore, 0K 1 I 4 © which is a contradiction. Ey 


Generically, one can say that local properties of holomorphic functions hold 
globally on simply connected domains. Moreover, the validity of these properties 
characterizes analytically these domains, as the following result specifies: 
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Theorem 6.22. For a domain U of the complex plane the following are equivalent: 
a) U is simply connected. 


b) For every function f € H(U) and every cycle T contained in U, one has 
Ip f(@adz = 0. 


c) Every holomorphic function on U has a holomorphic antiderivative on U. 


d) Every real harmonic function on U has a conjugated harmonic function on 
U and it is, thus, the real part of a holomorphic function. 


e) Every non-vanishing holomorphic function on U admits a branch of the log- 
arithm on U. 


f) Every non-vanishing holomorphic function on U admits a branch of the 
square root on U. 


g) For every function u, real and harmonic on U, there is a function f, holo- 
morphic and non-vanishing on U, such that u = Log | f | on U. 


h) Every locally exact |-form with continuous coefficients on U is exact on U. 


Proof. If U is simply connected, the conclusion of Cauchy’s theorem, f, f(z)dz = 
0, holds for all f € H(U) and for every cycle [ C U and, therefore, a) > b). On 
the other hand, b) > c) by Theorem 3.13. 

The implication c) = d) has already appeared in Subsection 3.7.3; if u is real 
harmonic on U, consider the holomorphic function f = ux —iuy. If F’ = f 
and v = Re F, then vy — ivy = F'= f=u,x- iuy; hence, Vu — Vv and, 
thus, wu — v is aconstant c. Then F + c has real part uv, and its imaginary part is a 
conjugated function of u. 

If d) holds and f € H(U) does not have zeros, consider h = Log|f|. This 
function is harmonic, by Corollary 4.31. If F is a holomorphic function with real 
part h = Log|f|, then e* is holomorphic and has modulus e®°* = | f|; this 
means that e~* f has modulus 1, and so it is constant. If e~* f = e!%, F + ig is 
a branch of log f and e) holds. 

If e) holds and f € H(U), f(z) 4 0 for z € U, there exists g € H(U) with 
f =e. Then the function h = e!/28 satisfies h? = f and f) follows. 

The implication f) => a) also holds. Actually if a) is false, there would exist, by 
Theorem 6.21, a closed Jordan curve y C U anda pointa ¢ U with Ind(y,a) = 1. 
Now, the function z + z —a is holomorphic and non-vanishing on U and it cannot 
have any branch of the square root, because if f €¢ H(U) satisfies f7(z) = z—a, 


1 _ 2f' 
=F , and so 


one would have —— 


- 4 dz. 1 f'(@) 
1 = Ind(y, a) = eee = A wo 1 @) a 
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This yields = . 4 dz= ;, but taking [ = f oy, this last integral is Ind(T, 0), 
which is an integer. Hence, f) would not be true. 

So far it has been proved that the first six assertions of the theorem are equivalent. 

Assertion g) is a consequence of d). Actually, if u is real harmonic, one will 
have by d) that v = Reg with g ¢ H(U). The function f = e® is holomorphic 
and non-vanishing, and | f| = e”, that is, uw = Log| /|. 

Furthermore, if g) holds, then f) may be proved. Indeed, if g ¢ H(U) has no 
zeros, the function + Log |g| is harmonic and there will be f € H(U), without 


zeros, with + Log |g| = Log|f|. This means 42 is holomorphic on U and has 


modulus 1. Therefore, it is a constant e’” and the function e%/2 f is a square root 
of g. 

Finally, the equivalence a) < h) is proved as follows. Let w be continuous and 
locally exact. If U is simply connected, every cycle T’ is homologous to 0 with 
respect to U and, by Theorem 6.19, one has Ir @ = 0, which means that w is exact 
on U. Conversely for every point a ¢ U, the form — dz is closed, and if h) holds, 
it will be exact. Consequently Ir Ae = 0, that is, Ind([,a) = 0 whatever the 
cycle I of U be, which means that U is simply connected. O 


Remark 6.4. It is clear that statement e) is equivalent to saying that every holomor- 
phic non-vanishing function on U has a branch of the argument on U, an assertion 
that, by f), is equivalent to the existence of a branch of the square root. 

Instead, in a non-simply connected domain there may be functions with a branch 
of its square root but without a branch of its argument (Example 1.21). 


6.6 The first homology group of a domain and de Rham’s 
theorem. Homotopy 


Let U be a domain of the complex plane. The relation Ty ~ I2 (U) (11, [2 are 
cycles homologous with respect to U) states an equivalence relation in the set of all 
cycles in U. Denote by I the equivalence class of [ and by H!(U) the quotient 
set; H!(U) is called the first homology group of U. 

Consider now the space of real 1-forms of class C! that are closed in U; this 
space will be represented as T(U). By Green’s theorem (6.2), if Ty ~ Tz (U) and 
w € T(U), one has Sr, o= Irs w. This means that 


is a good definition, that is, it does not depend on the chosen representative of the 
class T’. 

Within 7(U) there are the exact forms, namely the ones of type a = dh 
with h € C?(U), which form a subspace of T(U), represented by E(U). The 
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equivalence relation wj ~ @2 when @, — @2 is exact, has as quotient set the 
quotient space T(U)/E(U), called first differentiable cohomology group of U and 
denoted by E!(U). 

If w1 —@z is exact, then / @; = f; 2, for any cycle I’. Hence, (Tr, @) = fro 
just depends on the equivalence class of w in T(U)/E(U) = E! ‘ ), denoted by 
o. In short, 


is a well-defined duality between H!(U) and E!(U). Each @ € E'(U) gives a 
mapping 


which is a group homomorphism: 
T(@)(mTy + n2V2) =n 1) i) + n2l(@)T2),  m1,n2 € Z. 


The space of all homomorphisms H!(U) -> R is called the first cohomology group 
of U and is denoted by H!(U)*. 


Theorem 6.23 (de Rham’s theorem). The map ® +> I(@) is a bijection between 
E'(U) and H'(U)*. 


Injectivity here means that if @;, w2 are closed forms and Ir @, = ie @2, for 
every cycle T’ inside U, then m; — @2 is exact. This is already known. 

Surjectivity means that if one associates a real number a(T’) to each cycle I’ of U 
with a(T',) = a(T2) if Ty & M2 (U) and a(n, Ty +1202) = nya(T1) + n2a(12), 
then there is a closed form w such that Ir w = a(I) foreach. 

In the case U is simply connected, one has H!(U)* = {0} and de Rham’s 
theorem implies E!(U) = {0}, that is, every closed form is exact. 

It may be proved that H'!(U) is a free abelian group for every domain U. So 
if f;,i € J, are the generators, the numbers a(Ti), i € I, may be freely assigned. 
Thus, a closed form @ is exact if and only if Sr, @ = 0 for every i € J and 
moreover for any family (a;)jez of real numbers, there is a closed form w in U 
such that Sr, o=a;,,iel. 

The proof of Theorem 6.23 may be found in [13], p. 154. Here de Rham’s 
theorem will be justified only in the particular case that U is ann-connected domain. 
Recall this means that C* \ U has n connected components: the component Co, 
which contains oo, andn—1 bounded components C1, ..., Cy—1, which are compact 
connected sets of C. In this case it may be proved that H!(U) is the free abelian 
group Z”—!, generated by some closed paths y;, i = 1,2,...,n — 1 that wind 


6.6. The first homology group of a domain and de Rham’s theorem. Homotopy 227 


once around each “hole”, C;,...,C,—1 of U (Figure 6.5). It is enough to consider 
é <mind(C;,C;), j #1, cover each component C; by a finite number of squares 
with diagonal smaller than ¢ and take as y; the boundary of the union of these 
squares. 


U Coo 


I 4, 


qs 


Figure 6.5 


Since y1,...,Yn—1 are generators of H!(U), aclosed form @ on U is exact if 
and only if Jy, o=0,7 =1,...,n—1. In other words, de Rham’s mapping /(@) 


Y. J gee 


i 
It is easy to show that this mapping is onto. Actually, choose points aj € Cj, 
j =1,...,n—1; given ay,...,d,—-1 € C, the form 


is closed in U and satisfies 


-1 -1 
s 1 dz - 
o= y aj —— = y ajojk = ag. 
VK j= ani Jy, Z— Oj 


K j=1 


When w is of the form f(z)dz with f holomorphic on U, this also shows 
that E'(U) is isomorphic to H(U)/H(U), where H(U) denotes, as always, the 
space of holomorphic functions on U and H(U)’ is the subspace of functions with 
holomorphic antiderivative. This holds for any domain U, but it will not be proved 
here. Moreover, in the general case, in the definition of T(U) and E(U) the degree 
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of differentiability of the forms may be chosen. So, it is possible to work with C® 
forms in U or to consider that T(U ) is the space of locally exact continuous 1-forms 
in U and E(U) the subspace of exact ones (that is, which are the differential of a 
function in C!(U)). 

A concept related with the homology of paths is the one of homotopy. Two 
closed curves yo, ¥1: [0, 1] — U are homotopic in U if there is a continuous map 


H: [0,1] x [0,1] —~ U 


such that H(t,0) = yo(t), H(t, 1) = yi (t), for t € [0, 1], and H(0,s) = H(1,5), 
for s € [0, 1]. The function H is called a homotopy between yo and y;. One may 
think of H as a family of closed curves ys(t) = H(t, s) that change continuously 
from yo to y1. It is not difficult to show that two homotopic cycles in U, are 
homologous with respect to U. The converse is not true; for example, in the open 
set U = C \ {-1, 1}, let a, B be the closed paths given by a(t) = —1 + e?7"*, 
B(t) = 1—e?7'*, 0 < t < 1 and consider the cycles Ty = aBag!B-!, Ty = 
BoB ta! (here a~! denotes the opposite path to a and af the composition of 
paths, all of them parameterized on [0,1]). Then I'y, [2 are homologous with 
respect to U, but they are not homotopic in U. 


Example 6.24. Let U be an open set of the plane, starlike with respect to a point. 
Suppose, without loss of generality, that 0 € U and U is starlike with respect to the 
origin (this means that for each point z € U, the segment [0, z] is contained in U). 
Then, for each 0 < 1 < 1, the dilation z — Az transforms U into itself, and when 
A goes from 0 to 1, defines a homotopy between any closed curve y C U and the 
null curve reduced to the origin. Therefore, every closed curve of U is homologous 
to 0 and U is simply connected. A particular case is when U is convex, because 
then U is starlike with respect to all the points of U. O 


Fixing apointa € U andrestricting all the considerations to closed paths starting 
and ending at a, the relation y1 ~ y2 if y1, y2 are homotopic in U is an equivalence 
relation. The quotient set is called the first homotopy group or fundamental group 
with base at the point a, and it is denoted by II(U, a). For two points a,b € U, 
TI(U, a) and II(U, b) are isomorphic and one speaks, simply, about the fundamental 
group II(U). This group is not abelian in general. A basic theorem of algebraic 
topology states that H!(U) is the abelianization of TI(U) (the quotient of (U) 
by its commutator). 

Of course, if II(U) is trivial, then so is H'!(U). The example given above 
shows that two homologous cycles are not necessarily homotopic. But it is true that 
if H+(U) is trivial (all the cycles are homologous to zero), then TI(U) is also trivial 
(all the cycles are homotopic to a point). In particular, U is simply connected if 
and only if II(U) is trivial. 
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Example 6.25. If U is simply connected and y: T — U is acontinuous mapping, 
then y(T) is a closed curve in U that, as said, must be homotopic to a point. 
The function H(t, s) that defines the homotopy gives, for each s € [0, 1], a closed 
curve which may be parameterized by the circle with center 0 and radius s. Hence, a 
continuous extension of y to the closed disc D is obtained. That is, every continuous 
mapping from T to U, U being simply connected, is the restriction of a continuous 
mapping from D to U. O 


In summary, it has been shown that the equation dh = w = Pdx + Qdy or, 
equivalently, the system of equations 


oh oh 
oe 


with P, Q € C!(U) satisfying r = 2, has as many obstructions as H!(U) has 
generators. Simply connected open sets are the only domains where these equations 
may be solved without restrictions. 

However, the same question for 2-forms, that is, solving dw = gy dx Ady, where 
now w = P dx + Q dy is the unknown (see Subsection 3.6.4 for the definition of 
dw), is equivalent to the equation 


with ¢ a given function on U, and here there is no obstruction for a domain U of the 
plane. This is equivalent to the cancellation of a second homology group, H?(U). 

As an ending remark, it is important to say that the definition of H!(U) given in 
this section is specific for plane domains since it is based on the winding number. In 
general, homology groups in any topological space are defined using other concepts. 


6.7 Harmonic functions on n-connected domains 


According to Theorem 6.22, a domain U is simply connected if and only if every 
real harmonic function on U is the real part of a holomorphic function on U, that 
is, it has a conjugated harmonic on U. If U is not simply connected anda € C isa 
point of a bounded component of C \ U, the function Log |z — @| is harmonic on 
U and does not have a conjugated harmonic on U. 

Once again by Theorem 6.22, one knows that U is simply connected when 
every function u, real and harmonic on U, may be written as, uv = Log|/|, with 
f € H(U) non-vanishing on U. Theorem 5.20 shows that the general expression 
of a real harmonic function on an annulus U centered at the origin, the typical 
example of a 2-connected domain, is 


u(z) = aLog |z| + Re f 
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with f holomorphic on U anda e€ R. Setting 


-on( 2) 


it follows that every real harmonic function uv on U is written as a Log |g| with 
g holomorphic on U, non-vanishing, and a a real constant. Next the ideas of 
Section 6.6 will be used to generalize this fact to all n-connected domains. 

In the previous argumentation, if the constant a is an integer, one may write 
u = aLog |g| = Log |g*| with g* holomorphic (see Theorem 6.27). 


u = aLog 


Theorem 6.26. Let U be ann-connected domain, C,,..., Cy— the bounded com- 
ponents of C* \ U, y1, y2,..+5 Yn—1 @ system of regular closed curves which gen- 
erate H'(U) and aj; € Cj, for j =1,...,n—1. Then the general expression of a 
real harmonic function on U is 


1 n—-1 
u(z) = a Log |z —a;|+Re f 


where f is holomorphic on U and a; = i u ds (N is the exterior unit normal 


Yj ON 
vector to y;). Thus, u is the real part of a holomorphic function if and only ifa; = 0 


forj =1,...,n—-1. 
Also 


n—-1 


u(z) = )° bj Log| fj 


j=l 


’ 


with f; € H(U) non-vanishing and b; € R, is the general expression of real 
harmonic functions on U. 


Proof. Recall that the function u, harmonic on U, is the real part of a holomorphic 
function if and only if the holomorphic function h = ux —iuy = 29u has a 
holomorphic antiderivative on U; that is, if for every closed path y contained in U, 


one has 
[rea: =i / d*u =0, (6.7) 
Y Y 


with d*u = —uydx +uxdy and f, d*u = f, ae ds, where N is the exterior unit 
normal vector to y (see Subsection 3.7.3). 

As seen in Section 6.6, since y1,..., ¥n—1 are closed paths generating H'(U), 
condition (6.7) is equivalent to 


/ h(z)dz=0 j =1,...,n—1. 
Yi 
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Now, given uw a harmonic function on U, consider the associated holomorphic 
function h = ux — ivy, define the constants aj, j = 1,...,n — 1, by 


i h(z)dz =i | d*u=ia; 
Vj Yj 


and write 
1 n—-1 
v(z) = u(z) — 5 bac Log |z — @;|. 
j=l 
The harmonic function u;(z) = Log |z — a;| has the associated es func- 


n—-1 


tionh; = (uj)x —i(uj)y = <= oF =, so that ho = vy —ivy =h— j=1 4jh; is 
the associated one to the harmonic function v. 


Since 


ho(z)dz = iag — 
[ o(z)dz = iax oe f= a 
a deed. k =1,2,...,n—1, 


it turns out that io satisfies condition (6.7) and, hence, v = Re f with f holomor- 
phic on U. O 


Finally, one may ask which functions u, real and harmonic on a domain U, 
may be written as u = Log|g| with g holomorphic and non-vanishing on U. If 
u = Log |g|, one has 


e 
h=u,—-iuvy =—, 
x y z 


and, therefore, 


1 al 1 g'(z) 
a say | haz = Ind (go y, 0), 
20 ~ Oni y ez) 

which is an integer number, for every closed curve y contained in U. This necessary 
condition is also sufficient. 


Theorem 6.27. [f U is a domain of the plane, a real harmonic function u on U is 
of the form u = Log |g| with g non-vanishing holomorphic on U if and only if the 


integral 
1 
— | d*u 
20 Jy 


is integer for any closed path y contained in U. 
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Proof. The proof of the sufficiency will be done only in the case of n-connected 
domains. Using the notations of the proof of Theorem 6.26, one has aj = 27k; 
with k; € Z. Then, by the same theorem, it turns out that 


and g = Tare - a; )*i exp(f ) is holomorphic and without zeros in U. O 


6.8 


10. 


n-1 n—-1 


u(z) =) kj Log|z —aj| + Re f = Log | (z — aj) exp(f) 
j=l j=l 


Exercises 


. Let U be a domain of the plane. Show that if the boundary of U in C does 


not have any bounded component, then U is simply connected. 


. Show that a domain U is simply connected if and only if for every bounded 


open set V with OV Cc U, one hasV CU. 


. Let U;, Uz be two simply connected domains of C such that U; M U2 is 


connected and non-empty. Prove that U; U U2 is a simply connected domain. 


. Show that the union of an increasing sequence of simply connected domains 


is simply connected. 


. Consider the cycle FT = y; — yz with y;(t) = rjett for 7 = 1,2,0 < 


t < 2m and 0 < rg < ry, and let f ¢ C!(U) where U is an open set and 
T* U {z: Ind(T, z) 4 0} Cc U. Show directly that Green’s theorem holds 
for T and f (formula (6.1)). Use this result to provide a proof of Lemma 6.7. 


. Show that if y is a closed curve in C, then the bounded components of C \ y* 


are simply connected, while the unbounded component is doubly connected. 


. Prove that if K is a compact set of the plane and f a holomorphic function 


on a neighborhood of K, then f may be approximated, uniformly on K, by 
linear combinations of functions of the form z > oT with w ¢ K. 


. Prove that two closed curves which are homotopic in a domain U are also 


homologous in U. Show that the converse is true for the domain U = C\ {0}. 


. Let f : D > C be continuous and put y(t) = f(e!’),0 <t <2. IfweC 


and Ind (y, w) 4 0, show that f takes the value w in the unit disc D. 


Let f: D — D be acontinuous function. Show that f has a fix point in D. 
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11. Prove the fundamental theorem of algebra, that is, every polynomial P with 
degree greater than or equal to 1 has at least a complex root. Do this by 
computing Ind (y;,0), where y, is the image of the circle C(0,r) by the 
polynomial P. 


12. Show that in every domain U of the plane that has the points 1 and —1 in the 
same connected component of C \ U, a branch of the function V1 — z? may 
be defined. Determine all the possible values of the integral 


/ dz 
yw 1- z2 
when y is a piecewise regular closed curve of U. 


13. State and prove a version of Rouché’s theorem (Theorem 5.31) for two func- 
tions f, g continuous on a compact set K C C and holomorphic on the 
interior of K. 


14. Let f(z) = 72.9 cnz” in the unit disc D and let F C D be a closed set 
which contains the origin. Write m = inf{| f(z)|: z € OF} and let N be the 
number of zeros of f that belong to F’. Prove that 


m = |col + |e1| + +++ len. 
Show also that this estimate improves when applied to the sequence of powers 
of f. 


15. Let U be an annulus centered at the origin. Prove the following statements: 


a) If Ty and [2 are two cycles of U and f € H(U), then 


ind P,0) [ f(z) dz = Ind(Ps,0) f(z) dz. 


b) If f €¢ H(U) does not vanish on U, then f has a branch of the logarithm 
in U if and only if Ind(f oT, 0) = 0 for every cycle F of U such that 
Ind(T, 0) 4 0. Show that in this case one has indeed, Ind( f oP, 0) = 0 
for each cycle I of U. 


16. Let I’ be a cycle homologous to zero with respect to the domain U and 
f € H(U). Prove the following formulae: 


II 


_ [ FOS’ @dz = = IL | f'(2)[? Ind (P, 2) dm(z) 


= /f S> Ind (P,z)dm(w). 


zef—!(w) 
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18. 


19. 
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IfInd (I, z) € {0, 1} for every point z ¢ I*, setting G = {z: Ind (I, z)= 1}, 
the last integral is 


= te EG: f(z) = w}dm(w) 


and it represents the area of f(G) counting multiplicities (the notation #A is 
used to denote the number of elements of a finite set A). 


Let I’ be a regular cycle homologous to zero with respect to the domain U 
and f,g € C7(U). Prove the following formulae: 


i) 
[lt ge) eat +i f (rg 8) ee 
=5 |[ f@aa@ macrz)dme, 
+a ff OF ()28 (ema (Fz) dee). 
il) 
[¢- Ble = ff yae+ G4 Fe)@) marr, 2)dm 


iii) 


fr Sur fE-%—EBomarrame 


As usual, ie N denote the unit tangent vector and the exterior unit 
normal vector to I’, respectively. In formula i) a complex number and 
the corresponding vector of R? are identified. 


Compute 


/ sh 5z 
C(0,3/2) (1 + 27)z? 


Let y be the ellipse centered at the origin with semi-axis a,b > 0, travelled 
in the positive sense. Compute 


i dt 
9 a2cos?t + b2 sin? t 


using Ind (y, 0). 


6.8. Exercises 235 


20. Let U be an n-connected domain of C and Cy, C2,..., Cy—1, Coo the con- 
nected components of C* \ U (co € Coo). Prove that there exist cycles 
T,,%2,...,P,-1 in U such that 


Ind([j,a)=1 ifaec,, = 
Ind(I;,a) = 0 ifae(C\U)\U,, J=l,...,n P 


Show now that for any cycle I in U there exists a unique linear combination 
ayly +--+ + ay—-1Ty-1 With a1,...,a,—1 € Z such that 


T x a,l) +-+++a4n-10Tn-1 with respect to U. 


Chapter 7 
Harmonic functions 


With the results of Section 3.7 it has been established that, in the case of domains 
of the complex plane, there is an important link between complex analysis and the 
theory of harmonic functions. Just recall, for example, that every real harmonic 
function is locally the real part of a holomorphic function. More significantly, holo- 
morphic functions correspond locally with vector fields that are both conservative 
and solenoidal, and these vector fields are exactly the gradients of the harmonic 
functions. 

In this chapter, harmonic functions and the Laplace operator will be studied 
systematically in the context of real variables. The main problems to deal with are 
the Dirichlet problem, the Neumann problem and the solution of the Poisson equa- 
tion. The Poisson equation, with boundary conditions, leads to non-homogeneous 
Dirichlet and Neumann problems. 

Since much of the development is in terms of real variables, we have chosen to 
work on domains of k”, highlighting explicitly the specifities of the case n = 2 
and their relation with the theory of holomorphic functions. 

The Laplace operator appears in most of the equations of classical mathematical 
physics, a major reason why the relation between harmonic or holomorphic func- 
tions and problems of physics is of great interest. The chapter starts by describing 
in detail some examples of this relationship. 


7.1 Problems of classical physics and harmonic functions 


7.1.1 Distribution of heat in the stationary case 


Suppose that a substance fills up a body C in the space R3, on which a heat flow is 
distributed. Denote by T(x, t) the temperature at the point x € C at the instant r. 
When the temperature does not depend on f, one says that the distribution is sta- 
tionary. Consider also the heat flow vector field H (x,t) which, at any point and 
at any instant, indicates the direction and the quantity of the heat flow. This way, 
if S is a closed surface contained in C and N is the unit normal vector exterior 
to S, fof 5 (H, N ) dA represents the amount of heat flow that leaves C through S. 


Fourier’s law states that, at any instant, H = -kVT holds, where k > 0 is the 
thermal conductivity. This equation translates the intuitive fact that the heat flow 
goes from the warmer areas to the colder ones, with an intensity proportional to 
the difference of temperatures. Other variables that take part here are the density p 
and the heat capacity c of the substance that fills up the body C; one may think of 
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c(x) as the amount of heat required to increase by one degree the temperature one 
gram of a substance located at the point x. Suppose that B is a ball inside C' with 
boundary S; the heat flow that enters through S between two instants ft; < f is 


BP he am op ar 
i, [eir.Myaaa = [ [ie Saaar 
ty S th S oN 


If there are heat sources with known density F(x, ft), the quantity of heat that has 
entered inside B during a time interval (f,, t2) is 


to tz oT 
/ [rava+ [ [aaa 
th B ty S oN 


This quantity of heat has been invested in passing from the distribution T at the 
moment f; to the distribution 7 at the moment fz; therefore, it is equal to 


[ (x) p(x (T(x.t) — Txt) dV(x) = i i © els)00) 5 dt dV(x). 


Equating and applying the divergence theorem to the integral over S, it turns out 


that 
i, ij. (corpoa a div(koy¥7)) dt dV(x) = i [ F dtdv. 


Since this holds for every ball and every time interval, this leads to the partial 
differential equation that controls the heat diffusion, 


e(x)px) oe — div(k(x)VT) =F, 


When c, pe and k are constants one finds 


PL ee 2 
ot 


with a constant. 

In general, in order to find the distribution of heat T(-, f) at every instant t > 0, 
one needs to know the initial distribution 7 (-, 0) and the boundary conditions on C. 
In the stationary case, one gets AT = —F and so the distribution of the temperature 
is a harmonic function on the domains where there is no heat source. The boundary 
conditions might be to know T (room temperature) or a (insulation meaning that 
this derivative is zero) at the boundary. The problem 


AT =0, T(x)= (x), x €2C, 
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with a function g defined on dC, is a first example of Dirichlet’s problem, and the 
problem 


oT 
AT=0, —s(x)= Q(x), x€dC, 
oN 


with a function g given on dC, is an example of Neumann’s problem. 

The level surfaces of T, T(x) = c, are the isothermal surfaces. The problem of 
the distribution of heat may be also stated on a plane domain. In this case T(x) = c 
defines the isothermal lines. If the harmonic function T has a conjugated harmonic 
function 7, the level lines of T, which are perpendicular to the isothermal lines 
(Section 3.7.3), are the ones followed by the flow. 


7.1.2 Newtonian vector fields 


A newtonian vector field on R? is a vector field given by a mass distribution, accord- 
ing to Newton’s law of universal gravitation. In the case of a point mass located at 
the origin, the vector field is, except for some constant, 


=> x 
X (x) = ~ [x/3” xe R?. 


If the mass distribution is given by a density p in a body C, one has to add the vector 
fields given by all infinitesimal masses p(y) dV(y) and so the field is given by 


¥@ = -{~= 00) V0. 


A newtonian vector field is always conservative: just observe that, in the case of a 
point mass, one has 


[x|° [x] 


In the case of a density p, summing up it turns out that 


- 1 
- | seoravoy = 9 [ —— avo. 
c|lx—y| y| 


c |x 
so that 


(x) = Ls -aty) dV(y) 


is the potential function of the vector a This potential is called newtonian 
potential. The same considerations hold for electric fields, since Coulomb’s law is 
formally equal to Newton’s law. 

An easy computation shows that for the unit point mass the equality 


div-—=0 ifx 40, 
|x|3 
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holds, and hence also 
div | ~—-pydv(y)=0 its #C. 


This means that the flow of the vector field ¥ is zero on every surface that 
contains no mass in its interior. Now, newtonian vector fields are not solenoidal; 
for a point mass, if S is the sphere of radius r centered at the origin, the scalar 
product (X .N ) equals —. Therefore, the flow through S is 


/ (X,N)dA = —4n. 
RY 


This will be also the flow through any closed surface having the point mass inside, 
as it may be seen applying the divergence theorem to the difference between the 
surface and a sphere. If S = 0C is a surface that wraps a body C and there is no 
mass on S, it yields Gauss’ law, asserting that the flow of a vector field through S 
is —427.M, where M is the total mass contained in C. It may be formulated with 


the equality 
[@. tad =a f pdv. 
Ss Cc 


Over domains where the vector field ¥ and the potential ® are regular enough, 
the divergence theorem gives [5(X,N)dA = fo div X dV and one has 


div ¥ = —4rp, or div(grad ®) = Ad = —4zp. 


This last equation is an example of Poisson’s equation. In particular, the po- 
tential ® is a harmonic function on the regions without mass or charge. So far, the 
setting has been R*; now, if p is independent from one of the three variables, so is 
®, and hence it is also interesting to study Poisson’s equation in dimension 2. In 
this chapter it will be seen in detail when the vector field or the potential are regular 
enough and how Poisson’s equation must be interpreted in general. 


7.1.3 Flow of an ideal fluid 


a) The continuity equation. Consider a region of the space where a fluid flows, 
a liquid for example. How may the motion of the fluid be described? At first one 
must consider a velocity vector field X (x,t) which indicates the velocity of the 
particle that at the instant ¢ is at x and also the density of the fluid, p(x, t), so that 


/ p(x.t)dV(x) 
Cc 
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is the total mass of fluid contained inside the domain C, at the instant t. Furthermore, 
we can consider the trajectories ¢;(x) that denote the position, at the instant ft, of 
the particle that at the instant tf = 0 is located at x; the trajectories are the solutions 
of the system of differential equations 


dy 3s 
— = X Jt), 0O)=x. 
dt (yt), y(0) 
Impose, now, the law of conservation of mass. Consider a region C at the instant 
t and compute in two different ways the rate of change of the mass of fluid that it 


contains: on one hand, it is 


d dp 
— x,t)dV(x) = —(x,t)dV(x). 
& fecnavey =f Pe.nave) 
On the other hand, the mass that leaves C through the boundary, does it with a rate 
equal to 


/ pr. (Fe. W)) aac) = f div(pX) dV(x). 
aC Cc 


Changing the sign of the second rate and equating to the first one, it yields the 
continuity equation: 

0 = 

xr 4+ div(pX) = 0. (7.1) 
This equation may be reached also by imposing that the mass of fluid contained in 
¢;(C) at the instant ¢ is constant over time, and it will be useful to reobtain (7.1) 
from this point of view: if J;(x) denotes the Jacobian of the transformation ¢;, one 


has 
/ o,f) dV) = / o(Gr(x),t) F(x) dV(x). 
o1(C) C 


Imposing the conservation of mass means that the equation 


d dp = 0 
0 = S(p(Gu(x). S09) = J( 2 + erad(oy) + p(x) 
dt ot ot 
must hold. A computation shows that ZS, 1(x)) = Je (x) div(X ) and dividing by 
J; the continuity equation is found again. 
The same calculus is useful to differentiate integrals as 


— p(x,t)F(x,t)dV(x), (7.2) 
dt Jo,(C) 


where F is a scalar or a vector function. Actually, doing the same change of 
variables as above, differentiating under the integral sign and using that pJ; has 
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null derivative with respect to ¢, one obtains for (7.2) the expression 


d 
= i. p(be(x,t), 1) Js (x) F (Gy (x), 1) dV (x) 


0 pee 
= i plex). 1)00)( 5 Gr).1) + (¥, FF (u(2).0)) )aV00. 
Cc 


Changing the variables again, it leads to 


d 
dt J9,(c) 


OF isd 
= i p(x. (5 + (¥, FF.) dV(x). 


p(x,t) F(x, t)dV(x) 


Here VF acts componentwise if F is vectorial. It is common to use the notation 


for the operator 5 X; ae so that the last term may be also written as 
p ax y 
j 


(X,V 
(X,V)F. 
b) Perfect fluids: Euler’s equations. When F = x , the expression (7.2) is the 
variation of momentum, which, according to Newton’s second law, must be equal 
to the net force that acts at the instant ¢ over ¢;(C). This force has two components, 
an external one and an internal one. It is supposed that external forces are described 


by means of a density of external force by unit of mass f(x, ft), so that 
[wes fe. 0 dVOx) 
$r(C) 


is the external net force acting on ¢;(C). Cauchy’s principle establishes that the 
internal forces act on the surface that limits ¢;(C) and are described by an area 
density of force U(x, N,f), so that 


; E(x, N,t)dA(x) 
0¢;(C) 


is the internal net force. As always, N denotes the normal vector to dg; (C). 
Moreover, E(x, N, t) is linear in N, that is, L(x, N, t) = (S(x, fr), N), where S is 
a matrix, called the stress tensor. Using the divergence theorem one may write the 
internal net force in the form 


/ div(S(x,t))dV(x), 
$(C) 
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where the divergence operator is interpreted as acting on each row of S. Applying 
Newton’s law, one obtains Euler’s equations 


per.( 4X ¥)¥(x.0) = p(x,t) f(x,t) + divS(x, f). 


A fluid is said to be perfect if the internal forces acting on each region do it only in 
the normal direction to the boundary, at each point. That is, if S(x,t) = —p(x, tI 
holds for a certain function p, called the internal pressure of the fluid, I representing 
the identity matrix. In this case, Euler’s equations may be written as 


2) aa oven Ly 
p(x. (S + 9) XO.0) = pee. fee.) — Vero. 


Observe that so far there are four equations, one establishing continuity, the 
other three obtained by taking components in Euler’s equations. But there are 
five unknowns: the three components of x , p and p. Therefore, the problem of 
describing the motion of the fluid is not to be determined. 


c) Incompressible fluids. A fluid is said to be incompressible if the volume of 
¢:(C) remains constant with respect to t, for any region C; this is equivalent to 
imposing J;(x) = 1, that is, div(X ) = 0; by the continuity equation, it is also 
equivalent to cs p(¢;(x), x) = 0, which means that the density is constant along 
the trajectories. For a perfect and incompressible fluid there is one more equation, 
altogether five, and these five equations should suffice to determine the motion, for 
fixed initial or boundary conditions. If the fluid is, moreover, homogeneous, in the 
sense that the density o is constant with respect to x, then it is incompressible when 
p is constant also with respect to ¢. Euler’s equations which control the motion of 
the fluid are in this case, supposing p = 1, 


~ + (X,V)X(x,t) = f(x,t) -Vp(x,t), div(X)=0. (7.3) 


In order to determine the motion completely, one will need initial conditions on p, x 
and also boundary conditions on X. For example, if the motion takes place inside a 
tube with an impermeable wall, a natural boundary condition is (X ; N ) = 0, where 
N is the normal vector to the boundary. 

An important concept is the vorticity, E, of a fluid. This quantity measures the 
tendency to ) spin of the velocity vector field X and it is defined as the rotational of 
X, that is, — = = rot(X )= V x X. The fluid is called irrotational if E= = 0. For 
perfect, incompressible and homogenous fluids (suppose p = 1) the equations of 
motion may be expressed in terms of the vorticity in the following way: 
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In order to simplify, suppose that there are no external forces acting, that is, 
Ff (x,t) = 0. The identity 


l= > = 3 Sas 
5 VIX)? =Xx(Vx X)+(X,V)X 
substituted in the first equation of (7.3) gives 


ae eo 7 Se . 
ar + gVUXI) —X x (WV x X) = —VG, 0). 


Taking rotationals the gradients disappear and it turns out that 


Gx (¥ x8) =0, 


or 
= — {E, W)X — EV, X) — (¥, VE + X(V,8)} =. 


The last term is zero (divergence of a rotational) and using div(X j= (Vv, xX )=0, 
Euler’s equations are written as 


= —(E,V)¥ + (X,V)E=0, div(X) =0. (7.4) 


d) Fluids on a plane. In the case of plane fluids, the only effective component of 


the vorticity £ is the third one, which is denoted by &, and the second term of the 
first equation of (7.4) vanishes. Euler’s equations are then 


— +4(X,V)E=0, div(X) =0. 


Suppose that the region U of the plane where the motion takes place is simply 
connected; then the incompressibility condition on the vector field X= (u,v) is 
Ux + Vy = 0, which says that —v dx + udy is a closed form and, hence, exact. 
There exists, then, a function w(x, y,¢) such thatu = py,v = —Wy (it is common 
to write ¥ = Vw). For ¢ fixed, the streamlines are the level curves of yw. In 
terms of y, the vorticity is § = —Awy. If the condition X -N = O holds on the 
boundary of U, then this boundary must be a level curve and, adding a constant, one 
may suppose y = 0 holds on the boundary. With all this, the motion of a perfect, 
incompressible and homogeneous plane fluid is described by the equations 


—4+(X,V)E=0, AV=-& Ww) =0, x€0U, X=V'y. 
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Knowing & at an instant f, then y is also known and, therefore, also X at the 


same instant. Hence, & determines as so one just needs to know the initial vorticity. 
If the motion of the fluid takes place in an open set U of R?, simply connected, 


there a is a potential function ® such that X = V®andone gets Laplace’s equation 
Ad = V?6 =0 


on U. In this case, the natural boundary conditions consist of prescribing the value 
of (X,N) = ae on the boundary of U and this poses a Neumann’s problem. 


7.2 Harmonic functions on domains of IR” 


7.2.1 The Laplacian 


The presence of the Laplace operator in mathematical physics equations may be 
explained by means of laws of physics, as it has been done in the previous section. 
But it can be also justified from a mathematical perspective. 

Laws of classical physics use measures of position and time referred to a co- 
ordinate system and an origin of time. Let the coordinates (x1, X2,..., Xn) denote 
the position of a point in R” with respect to certain cartesian axes and an origin 
of coordinates. Considering other cartesian axes and another origin means passing 


from the coordinates (x1, ..., X,) to coordinates (y1,..., Yn); the relation between 
= x] 23 Bal 
the column vectors X = ( : ) and Y = ( : ) is 
Xn yn 
Y=A+OX 


where A is a translation vector and O isa unitary transformation, that is, it preserves 
the scalar product and so satisfies O‘ = O~! (O° is the transpose of O). The 
transformation ¥ — Y is called isometry of R” and the set of all isometries is a 
group of transformations of R”. 

The linear differential operators are written, in a system of coordinates x = 
(X1,X2,...,Xp), as 


L= DE. dg(x)D®. 
lal<N 
Here, @ = (@1,...,@,) with a; € IN is a multi-index, |a| = a, +--- + ay is its 
length, 
Gs a 
One dia” 


and d(x) are functions. The natural number JN is the order of the operator. Differ- 
ential operators act on functions u according tou tr Lu =)" al<N 4a(x)D%u (x). 
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If g: R” — k” is a diffeomorphism (a general change of coordinates), g* L will 
be the operator defined by the equation 


(y*L)(v)og = L(vog). 


IfL = gin 4a(x) DE, then y* L will have an expression )° bg (y) D8, obtained 
by iterating the chain rule and identifying coefficients in the equality 


S> bay) Dov = Yo aa(x)DE(v 0 g). 


We say that L is invariant under ¢ if g* L = L, that is, if (Lv) og = L(vo @) for 
any function v. 

Clearly, the laws of classical physics do not depend on an arbitrary selection of 
the axes and the origin of coordinates. In other words, if one describes phenomena 
invariant under isometries, the operators that one uses must also be invariant. 


Theorem 7.1. The differential operators L which are invariant under the group of 
isometries are, exactly, the ones of the form L = P(A) where P is a polynomial 
in one variable and A the Laplacian. 


Proof. First observe that the natural rules 


(y7 2 G3 )(L) = (1° G2)" (LZ), 

gp (Li °L2) = "Li og" Lo 
hold for @1, @2 diffeomorphisms of R” and L,, Lz linear differential operators. 
Therefore, in order to see that every operator P(A) is invariant under the group of 
isometries, it is enough to show that A is invariant under translations and unitary 
transformations. The invariance under translations is obvious. If g is a unitary 
transformation with matrix O = (uj;), then yj = g(x) = ae ujjX; and one 
has 

A(v o g)(x) = A[u(gix,..-.Gnx)] 


=a (Daa aw) 


n 
a2 
= aes oan) | 
k=l 7k j j 
n n n n 
0 dv 07 
= a Uk » De U pkUjk 
k=1 Ox p=1 OY» k,p=1j=1 U0), 
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& 
ae) 
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Conversely, assume that L = )°dq(x)D® is invariant under isometries. The 
invariance under translations forces each dg to be constant. Put the function v¢(x) = 
e(§*) in the equality (Lv) o O = L(vo OQ), valid for every unitary transformation 
O. Since vg(Ox) = (60x) — e(O'EX) we get 


L(vg 0 ON) = Yaa D*fel"F)] = [Yan (O'e)t! ... (OE ef", 


which may be written as ba? dg(O* £)%] ef (0'§.x) On the other hand, Lug(x) = 
(ey AgE*) € (&,x) and Lug(Ox) = = (Soy daE%) e (§,Ox) — (So a a€*) el (O'E,x) 


Consequently, one must have 
5 Gue* =>. a Oley" 
Qa Qa 


for every unitary matrix O. This is the same as saying that the polynomial }°, a, 
is radial, that is, it takes constant values on spheres, which forces it to be of the 
form P(|&|?). O 


In this chapter we will often use Green’s identities, which are integral formulae 
involving the Laplacian that follow from the divergence theorem. Let U be a 
bounded domain in R” with oriented regular boundary, that is, dU is a regular 
hypersurface oriented with the exterior unit normal N. If u, v are functions twice 
differentiable on a neighborhood of U with Au, Av continuous on U and if we 
apply Theorem 3.32 to the vector field X= uVv, we obtain the first Green’s 
identity: 


a — 
ij va [Sutuyav+ [ uAv dV. (7.5) 
aU aN U U 


Permuting u and v in (7.5) and subtracting the two equalities we get the second 
Green’s identity: 


/ (vu - v=) dA = [ wAv—vaway, (7.6) 
au \ ON oN U 


In particular, taking uv = v in (7.5) and v = 1 in (7.6), it turns out that 


3 7 
/ ud =f upav + [ phedy. 
au = ON U U 


/ Oe ff [ auav. (7.7) 
au ON U 
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These formulae hold when both members make sense and are finite. For example, 
when u is harmonic on U and continuous on U it yields 


/ ue da | \Vul2 dV, (78) 

au =ON U 

/ ae i, (7.9) 
au ON 


As a particular case, one finds again a result in Section 3.7: if u is harmonic, the 
vector field Vu is conservative and solenoidal. 


Example 7.2. Green’s identities, in the case n = 1 and U = (a,b), become 
/ 16 dv Poof " 
u(b)v' (b) — u(a)v' (a) = u— = (u'v' + uv) dx, 
afab) ON Ja 


b 
u(b)v'(b) — u(a)v'(a) — v(b)u'(b) + v(a)u' (a) = / (uv” — vu") dx 


which are consequences of the fundamental theorem of calculus. O 


From now on, if U is an open set in k”, the following notations will be used: 


C'(U) ={f: U —R: f has continuous partial derivatives up to order r}, 
0 <r < +00, with C°(U) = C(U); 

Ci(U) ={f € CU): spt(f) is compact}, 0 <r < +00; 

Li.(U) ={f:U +R: f is integrable on each compact set of U}; 

L2(U) ={f €L?(U): spt(f) is compact}, 1 < p < +00, 


where L?(U) are the usual Lebesgue spaces. 


7.2.2 The mean value property 
Recall the definition of harmonic function given in Subsection 3.7.2. 


Definition 7.3. A real-valued function u, twice differentiable on an open set U of 
IR”, is harmonic if the equation 


Au=) >>; =0 on U (7.10) 
F Xx; 


holds. 
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Throughout this chapter the case n = | is also considered, and, in fact, will 
help sometimes to better understand the situation when n > 2. What is a harmonic 
function on an interval J of R? In this case, equation (7.10) is uv” = 0, which is 
equivalent to u’ = a, a constant, hence to u(x) = ax + b, with a, b constants. 
That is, harmonic functions in one variable are exactly linear functions. 


Example 7.4. Let us analyze when a polynomial P(x) = )°, cax® is harmonic. 
Here a = (a1,...,@n) is a multi-index and x* = eee .. xn”, One may write 
P=)°, Pr, where P, gathers all the terms with |w| = @ + a2 +-:-+a, =k; 
P;, is a homogeneous polynomial of degree k. Observe that A P; is a homogeneous 
polynomial of degree k — 2, and consequently P is harmonic if and only if each 
term Px isso. When k = 1 (linear terms), P; is always harmonic. A homogeneous 


polynomial of degree 2, 


n n 

P2(x) = as: ae >. Ajj XiXj, 

i=l i,j=l 

ifxj 
is harmonic if and only if ay + az +---+ a, = 0. Fork > 3 it is not easy to 
characterize when a homogeneous polynomial of degree k is harmonic, in terms of 
its coefficients. The coefficients must satisfy a system of linear equations, which 
number depends on k and n. For example, ifn = 2, k = 3 the homogeneous 
polynomial P(x, y) = ax? + by? + cx?y + dxy? is harmonic if and only if 
3a + d = 0and 3b +c = 0, that is, if and only if it is a linear combination of the 
polynomials x? —3xy?, y?—3yx?. Ifn = 3,k = 3 the number of coefficients (the 
dimension of the space of all the homogeneous polynomials) is 10 and the number 
of equations is 6, so that the dimension of the space of harmonic homogeneous 
polynomials of degree 3 on R? is 4. O 


The term harmonic is rather associated to solutions of the equation 
Au=dAu, AER (7.11) 


(eigenfunctions of the Laplacian). In one variable, the solutions of (7.11) are known: 
if A > 0, the solution is 


u(x) = Aev** 4+ Be~V3*, 


and if A < 0, 
u(x) = Asin V—Ax + Bcos V—-Ax, 


where A, B are constants. The unique solutions that remain bounded when x € R 
are the functions sin /—Ax, cos V—Ax, which are the ones that appear in the 
expansion in harmonics of periodic functions. In dimension n > 1 it is more 
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complicated to study equation (7.11), called Helmholtz’s equation. Among its 
solutions there are spherical harmonics, functions that, to some extent, play the 
same role as the sine and the cosine in one variable. 

Recall that the notation |x| is used for the norm of x in R” and B(a,r) = 
B,(a) = {x € R": |x —a| <r} is the ball with center a € R” and radius r > 0. 
Also, S(a,r) = S;(a) = 0B(a,r) = {x € R": |x —a| = r} is the corresponding 
sphere. We will write B= B(0, 1) and S = S(0, 1). 

In order to understand what condition Au = 0 imposes on a twice differentiable 
function wu on the domain U, consider the Taylor expansion of u around a point 
acu: 


u(x) = u(a) + (Vu(a), x —a)+ 5 Hulayn a,x —a) +0(|x —al’). 


Here Vu(a) is, as always, the gradient of u at the point a and Hu(a) is the Hessian, 
so that the homogeneous term of order 2 is 


n 


1 07 u 
5S WO - aio — 45). 
i,j=1 ! J 


5 Hu(ay(x a,x-—a)= 

With the aim of isolating in this expansion the terms of second order withi = /, 

take a ball centered at a, with radius r > 0 small enough to get B (a,r) C U and 

integrate the Taylor expansion of u on the sphere S(a,r). In other words, put 

x = a+rw with |w| = 1 and integrate with respect to dA(x) = r”"!do(w), 
where do is the measure on the unit sphere, S = S(0, 1), of R”. One then has 


/ u(x) dA(x) =r"! i u(a + rw) do(w). 
S(a,r) S 


Denote by c, = do(S) 2x ifn = 2, 4x ifn = 3,...) the area of S. The mean 
value of u on S(a,r) is, then, 
1 


Cyr?l 


/ u(x) dA(x) = =| u(a +rw)do(w) 
S(a,r Cn JS 


? 


n 


1 07u 4 . ; 
= u(a)+ ee d ae [wi do(w) + o(r*). 


Here we have used the fact that /, w;do(w) = 0 and f, wjw; do(w) = 0 if 
i # j, because we are dealing with functions that have integrals of opposite sign 
on each hemisphere. Now, it is clear that Is w? do(w) does not depend oni and 
its value is, therefore, ae Hence, denoting by M(u,a,r) the mean value of u on 
S(a,r), it turns out that 

M(u,a,r) —u(a) 


r2 


1 
— Au(a) = lim 
2n r>0 
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This equality implies the following fact: if M(u,a,r) = u(a) fora € U andr 
arbitrarily small, then Au(a) = 0. 


Definition 7.5. If u is a continuous function on the domain U of R”, it is said that 
u satisfies the mean value property on U if 


u(a) = —— I, oO dA(x) = = fa + rw)do(w), 


cyr?l 


2 


whenever S(a,r) Cc U. 


Example 7.6. In dimension n = 1 the mean value property for a continuous 
function uv on R is written 


a+b 1 
u( 7 ) = je + uO, a,beR. 


Functions having this property are exactly the linear ones: u(x) = m+ nx, 
with m and n constants. Indeed, first it is immediate to check that a linear function 
u(x) = m+ nx has the mean value property. Conversely, suppose that wu has 
the mean value property and let v be the linear function which coincides with u at 
x = Oand x = 1, so that h = u — v has the mean value property and vanishes at 
the points 0 and 1. Then h(5) = 0 and iterating, it turns out that h(4) = h(3) = 0. 
Applying successively this argument, it follows that vanishes at all the dyadic 
points x, k = 0,1,...,2”, and since these points are dense in [0, 1] and A is 
continuous, we get that / is identically zero on [0, 1]. Taking a = 0 and b € [1, 2] 
the mean value property implies that / vanishes on [1,2] and so on. This gives 
h = Oand u = v is linear. O 


It has just been seen that on the line the functions that fulfill the mean value 
property are the linear ones, that is, the harmonic functions. The aim now is to prove 
the same fact in any other dimension. Before Definition 7.5 it had been observed 
that if u is twice differentiable and has the mean value property, then u is harmonic. 
Now, it turns out that the mean value property for u implies that w is infinitely 
differentiable. Actually, let y be a C® function with compact support contained in 
the unit ball B, radial (that is, y(x) = W(|x|) for some function y) and normalized 
by f x(x) dV(x) = 1. Take ye(x) = & "y(x/e). If d(x, U*) > e, the function 
y +» xe(x — y) has support contained in B(x, ¢) C U and one has 


(u * y)(0) = / u(y) xe(x — y) dV) = [ u(x — y)xe(y) 4V) 


(x,e) 0,6) 
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= / u(x—y)e"x(y/e)dV = i u(x — ey)x(y) dV(y) 
B(O,e) B 
1 
= ; [ u(x — ery) w(r)r”! do(y) dr 
0 S$ 


1 
= cuts) [ wir)r” | dr = u(x) [ x0) aV(x) = u(x). 


So (u * 7-) — the convolution of u and x, — coincides with u on {x: d(x,U)* > e} 
if wu has the mean value property. Since ¢ is arbitrary and u * 7, is C™ (see 
Proposition 7.36), it yields ue C©(U). 

Therefore, a part of the following theorem has been proved: 


Theorem 7.7. A continuous function on the domain U fulfill the mean value property 
if and only if it is harmonic on U. 


Proof. Jt only remains to show that every harmonic function satisfies the mean value 
property. Looking at the derivative with respect to r of the mean value M(u,a,r) 
of the harmonic function u on S(a,r), one has 


1 
Mbp bah a a u(a+rw)do(w) 
dr drcn Js 


7 = fe Pom +rw)w; do(w) 


1 
= — un + rw) da(w) 
Cn JS ON 


1 du 

Se ea 7 — (x) dA(x) =0 
Cyr” S(a,r) ON 

according to (7.9) applied to the domain B(a,r). Therefore, M(u,a,r) is con- 

stant with respect to r, and since lim;.9 M(u,a,r) = u(a), it turns out that 

M(u,a,r) = u(a). Hence, the theorem is proved. O 


Observe that it has been also proved that every harmonic function is of class C™. 

If a function u has the mean value property on the domain U in the sense of 
Definition 7.5, it also has the mean value property with respect to balls, in the 
following sense: 


u(a) = 2 


“| u(x)dV(x) if B(a,r) CU. (7.12) 
Chl” JB(a,r) 
The coefficient before the integral is justified since the volume of the ball B(a,r) 


is ns im a eat To prove (7.12) integrate in polar coordinates and use the 
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mean value property with respect to spheres: 


Ves cil ae [ [ u(a + sw)s"~! do(w) ds 


=} s” le,u(a) ds =  cqu(a). 
0 n 


A useful consequence of the mean value property is the following: 


Theorem 7.8 (Liouville’s theorem for harmonic functions). A bounded harmonic 
function on R" is constant. 


Proof. If the function u satisfies the hypothesis of the theorem, applying (7.12) for 
each a € k” and each r > 0 big enough, it turns out that 


u(a) —u(0) = moe men dve)— J uc dV} 


SL 


If || |]oo = sup{|u(x)|: x € R”} one has 


n 
hula) — 4(0)| = Hlloo| f avix)+ f avis} 
Cyr B(a,r)\B(0,r) B(0,r)\B(a,r) 
n 
< zy llulloo dV({x: r — lal < |x| <r + lal}) 
Cnt 
— Uttlloo yn 2) = O(p7} 
=, Ae lel =O =) ) See"), 
Letting r > +00 we get u(a) = u(0), for every point a € R”. O 


In the case n = 2, the relation between holomorphic and harmonic functions 
may be used to give a stronger version of the previous theorem. 


Theorem 7.9. [fu is a harmonic function on the plane and satisfies 
u(z) = cLog|z| + O(1) when |z| > oo, with c constant, 


then u is constant. In the same conditions, if u(z) = c Log|z| + o(1), then u is 
identically zero. 


Proof. If f is an entire function with Re f = u, then F = eS is also entire and 
[F(@)| = FO =e" = O((2|") 


for some natural number NV. By Exercise 11 of Section 4.7, F is a polynomial and, 
being of the form F = e/, F does not vanish; consequently F' is constant. This 
implies that f and wu are also constant. O 


7.3. Newtonian and logarithmic potentials. Riesz’ decomposition formulae 253 


7.3 Newtonian and logarithmic potentials. 
Riesz’ decomposition formulae 


Which examples of harmonic functions on a domain U of R” are known at present? 
When n = 2, there are a lot of them: just take uw = Re f with f holomorphic. 
But if nm > 2, the only obvious harmonic functions are the linear ones, u(x) = 
yes a,x; + b with a;,b € R. 

Since the Laplacian commutes with rotations (the unitary transformations), it 
seems natural to look also at the radial functions. How musta function g: (0,00) > 
R be so that u(x) = g(|x|) is harmonic? Setting r = |x| it turns out that, by a 
direct calculation, 


Or oy Ou pe. OU Pete wield. Xj 
ie ae yee ee gee ee Pee 
" / 1 ! 1 " n—1 ! 
Au=g'(r) +ng (r)- p (r)- =o (r)+ aoe (r). (73) 


It yields, then, the equation g”(r) + 21 g(r) = 0, which gives g(r) = Cr!~™”, 
C constant, and 


g(r) =k? "+k, ifn >2, 
g(r) =k,Logr+k, ifn=2, 


with k;, kz constants. These functions have a singularity for r = 0, that is, they 
tend to oo when r — O. Therefore, there are no radial harmonic functions on a 
disc different from a constant. There is also a direct relation between the fact that 
a radial harmonic function on a ball is constant and the mean value property. On 
one hand, it is clear that if u is radial on a ball centered at a and has the mean value 
property (that is, it is harmonic), then w must be constant, u = u(a). On the other 
hand, if uv is harmonic, the invariance of the Laplacian with respect to the group & 
of rotations implies that the function 


1 |e 
v=— [ wosydg wa=— f u(e!?z) dO ifn = 2) 


is harmonic too and, being radial, it must be constant. 
The function 
ailerre- stn Ss 2, 
G(x) = 
dz Log|x| ifn = 2, 


is called the fundamental solution of the Laplacian with pole at the origin. The 
constant d, is a constant of normalization which will be chosen later. It is known 


254 Chapter 7. Harmonic functions 


that G(x) is harmonic on R” \ {0}. Moving to a point a € R”, G(x — a) is called 
the fundamental solution of the Laplacian with pole a. 


Example 7.10. Clearly, if m <n and uv is a harmonic function of m variables taken 
among X1,%2,...,Xy,, the same function looked at on R” as a function independent 
of the n — m remaining variables is also harmonic wherever it is well defined. 
For example, if i, 7 are different arbitrary indexes, the function Log(x? + x7) is 


harmonic on U = {x € RY : x7 + x? # O}. If 2 < k < mand one takes k 


coordinates of x, for example the first k ones, the function (x? + ae tere Ke) ee 
is harmonic on U = {x € R® sx? +x} +--+ + x2 A 0}. 


Since G(x — a) is harmonic for x ¥ a, it turns out that the function 


N 
u(x) =) ciG(x — ay) 


i=1 


is harmonic on R” \ {a,,...,ayn} if cj are constants and aj,...,ay € R”. 
One may also consider “infinite sums”, that is integrals, instead of finite sums 
and put 


u(x) = [ $(y)G(x — y) dV), 


where K is acompact set of R” and ¢ is continuous on K. 
To give sense to these integrals one needs to prove the local integrability of G. 


Lemma 7.11. For fixed x € hk”, the function y +> G(x — y) is integrable on each 
compact set of R”. 


Proof. It is enough to prove that G(y) is integrable on a ball B(O, R). Using polar 
coordinates, if n > 2, one has 


- 


? 


Gi) dV) = / daly 2" dV(y) 
) (0,R) 


R 
= a, f r2—""—-lo, dr =c R* < +00, c constant. 
0 


If n = 2 the computation is a little bit different, 


R 
/ G(y) dm(y) = dz Log |y|dm(y) = 2nd | rLogrdr 
D(0,R) D(O,R) 0 


> 


2 72 R R2 R2 
= 2nd2|— L ——| = 2zd2|— Log R— — 
nda| ogr al nda| 5 og | 


< +00. O 
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If ¢ is a continuous function on a compact set K of positive measure, @ is 
bounded and Lemma 7.11 implies that the function 


u(x) = GN) = | HOG AV) (7.14) 
is well defined for all x € R”. Outside K, u is harmonic because 

au(x) = fo) Ast = y) dV(y) = 0. 
Moreover, by the dominated convergence theorem, G(@) vanishes at infinity if 


n > 2. The function u defined by (7.14) is called the Riesz potential of ¢. 
When 7 = 3, the function 


u(x) = Gay's) = ds [| PO avy) 


is the potential created by the distribution of charge (or a) given by the density 


_ F(x,y) 


function @. Actually, an easy computation shows that an pal SI = xy? F(x, y) 


being the vector y — x. Therefore, on R? \ K, one has 


3 F(x, y) 
Vulx) = ds fo) 7 avo). 
K |x —y| 
which, by Newton’s law, is the vector field of forces created by the density @. 
For this reason u is called newtonian potential. When n = 2, the corresponding 
potentials 


u(x) = G(b)(x) = do [ $(y) Log |x — y|dm(y), 


are called logarithmic potentials. 

Every potential in dimension k may be interpreted as the restriction to R* ofa 
potential on R",n > k. Write R” as the product R* x R”~* and use the notation 
x = (x',x”), with x’ = (x1,...,X%), x” = (XK41,-.-,Xn). Consider a potential 
corresponding to a function ¢(y) independent from y”, that is, 


wy= fi Ie yao) 


= [60 ( / js -yP avn") dV(y’), 
K’ Rk 


where K’ is a compact set of Re. Suppose k > 2; evaluating at a point x € R* 
(x = 0) the previous integral, it yields a constant multiple of |x’ — y’|?~* 
and one has that u(x’,0) is, except for constants, the k-dimensional potential 


256 Chapter 7. Harmonic functions 


of ¢. In order to obtain logarithmic potentials (k = 2) consider the n-dimen- 
sional potential of (y’) 1 (y”), where 1y stands for the characteristic function of 
fy” € R"-*: |y”| < N}. Then the previous integral becomes 


/ Ix — yl?" Vy"). 
B(O,N) 


Now with the change y” = tr’w, |w| = 1, where r’ = |x’ — y’|, it is recognized 
as a multiple of 
[’ ‘dame: 
0 (1+12)2-1 


With AN fixed, this last integral is of the order of Logr’ for r’ small and one finds 
the logarithmic potential of ¢(y’). This calculus explains the interest in logarithmic 
potentials, although the emphasis is on newtonian potentials. 


Example 7.12. Riesz potentials may just be computed explicitly in situations where 
there is a lot of symmetry. Suppose, for example, that ¢ is a radial function of the 
form $(x) = h(|x|), where A is continuous and supported in the interval [1, 2]. 
Then the potential G(@) is also radial on the unit ball B; indeed, if T is a linear 
transformation given by a unitary matrix, one has 


ce@ry=f | G(rx—yynly) avo) 
Bz (0)\B1 (0) 
=f Ge Thy dV. 
Bz (0)\B1 (0) 
We now change variables in this integral, introducing z = T~!(y) as anew variable, 


to get G(f)(x). Since G(@) is harmonic and radial on the unit ball B, it must be 
constant: 


[Ge =yyhllyaVO) =C. [xl <1. 
Bo (0)\Bi (0) 
Outside B(0, 2), for the same reason, G(@) must satisfy 

G()(x) = kyG(x) + k2, ky, k2 constants. 


If n > 2, letting |x| > oo we get ky = 0, and multiplying by |x|"~? and letting 
again |x| — oo one finds ki = { ¢(y) dV(y). The same conclusion is reached in 
the case n = 2 looking at the behavior of G(¢)(x) for |x| big enough. O 


In Section 7.7 Riesz potentials will be studied in detail and it will be proved 
that they satisfy the equation AG(¢) = ¢, in a certain sense, on the compact set 
K supporting the function ¢. For the moment we will see that these potentials 
appear in a natural way in the Riesz decomposition formula, which is the analogue 
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of Cauchy—Green’s formula for the Laplacian. This is the following theorem, which 
includes the choice of the constant d, in the definition of G(x). The notation = 


RA 
indicates that the derivative is taken in the normal direction to the boundary of the 
domain, with respect to the variable y. 


Theorem 7.13 (Riesz decomposition formula). Let U C IR” be a bounded domain 
with regular boundary oriented by the exterior normal N. If u is a function, twice 
differentiable on a neighborhood of U with Au continuous on U, then, forx €U, 
one has 


0 
wos) = [HO EGO— y)— GO = ()} 40) 
aU ONy 
(7.15) 
+ [Gx yyauyyaviy. 
Proof. Proceed as in the proof of Cauchy—Green’s formula. Fix x € U, consider 


B(x,e) C U and apply the second Green’s identity to the domain U \ B(x, ¢) and 
to the functions u, v(y) = G(x — y). We obtain 


(cat fu) tance y)— G(x — y) ()} 440) 


= / _ {uQAyG@a — y) — Ge — y)Au(y)} dV) 
U\ B(x,e) 


a iA _ Ge —y)Au(y) dG). 
U\ B(x,€) 


For y € S(x,e), the unit exterior normal derivative is the opposite of the radial 
derivative, +-, where r is the distance to x. Since G(x — y) = dyro” in S 2 


and G(x —y) = apes = 2, one has 2G(x- y) =d,(2—n)r! ifn > 2 
and 2G(x —y) = dzr—! ifn = 2. Therefore, 


0 
/ HO) Gx — y) — G(x) (faa 
S(x,€) ON. 


x 


=e tae) ordain + (o cell cy OMMALY: 


The second term is O(e?~")O(e”—!) = O(e) ifn > 2, and O(Loge)O(e) = 
O(eLoge) ifn = 2, and in both cases it tends 0 0 when ¢ — 0. The first term, 
choosing d,(2 —n) = x ifn > 2 and dy = = ifn = 2, is the mean of —u on 
S(x, €) and, hence, it tends to —u(x) when € Es 0. 
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On the other hand, since Au(y)G(x — y) is integrable with respect to y on U 
by Lemma 7.11, the limit of its integral on U \ B(x, €) is the integral on the whole 
domain U. O 


As has been said in the proof of the previous theorem, d, = 1/27 ifn = 2 and 

n = 1/(2—n)cy if n > 2 have been fixed. Recall cy is the (n — 1)-dimensional 
measure of the unit sphere. 
An integral of the kind 


/ $()G(x — y) dAQ) 
aU 


is called a simple layer potential and it is, clearly, a harmonic function on R” \ dU. 


Example 7.14. Once again, simple layer potentials may only be explicitly computed 
when there are symmetries. In a similar way to Example 7.12, it is easy to see that 
if @ is constant and equal to C on the sphere S(0, R), the simple layer potential 
Cc Sso.r) G(x — y)dA(y) is constant on the ball B(O, R) and has value k,G(x), 
with k, constant, on the exterior of this ball. The value of the constant on B(O, R) 
is the value at x = 0, that is, 


R 
cf Guida) =C5~— 


> 


ifn > 2 and CR Log R if n = 2. The value of ky is 


lim C G(x — y)dA(y) = Cen R”"|, 
|x| 00 G(x) J’ s(0,R) 

so that the potential for |x| > R is Co ifn > 2 and CR Log |x| ifn = 2. 
This means, in particular, that an electrical field created by a homogenously charged 
sphere is zero inside the sphere. Observe also that this potential is a continuous 
function on R”. O 


Example 7.15. Think once again of R” as the product R* x R"-* and use the 
notation x = (x’,x”), with x! = (x1,...,x%), x” = (Xe41,...,Xn). Consider 
the potential 


u(y = [O66 - 0'.0) dV, 


defined for x ¢ R¥, that is x” 4 0, provided that 


[POP V0) <ox. 


When k = n — 1 it is formally a simple layer potential on the boundary of a half- 
space of R”. The function u is harmonic in x and, by definition, depends on x’ and 
|x’. O 
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An integral of the kind 
0 
J eae - dao 
au aNy 


is called a double layer potential. This is because when setting 


G(x — y —eN(y)) — G(x — y) 
= ; 


i) 
é>0 
y 
then, formally, the previous integral may be written as 


1 ae 
im =f bOGx= y eNO) day) = f 606 -»)dA0)| 
0U 0U 


ede 


. 1 

=tim {ff aoyew-2aae)- [donee »aay}, 
e>0 € LJ (aU) au 

where (OU), consists of points y +eN (y), y € OU. Double layer potentials are also 

harmonic functions on R” \ dU; to see this it is sufficient to set that the function 


5a G(x — y) is harmonic in x, for y € OU. Actually, if Ny has components 
vy 
(Ai(y),..-,An(y)), then 


n 
ay) = DAO) Ge -y) 
aNy = OY 
and each term in G(x —y) is aharmonic function of x, because A, in G(x-y)= 
Fe AxG(x —y)=0. 

Hence, Riesz’ decomposition formula expresses u as a sum of a harmonic func- 
tion on U, which at the same time is the sum of a simple layer potential and a 
double layer potential, plus another term that is a Riesz potential and only depends 
on Aw. Recall that, analogously, Cauchy—Green’s formula decomposes a function 
u into the sum of a holomorphic function plus another term depending on du and 
Cauchy’s kernel. 


Corollary 7.16. [f U is a bounded domain with oriented regular boundary and u 
is harmonic on a neighborhood of U, then 


0 0 
u(x) = i {10 ’-G—y)-Ge-y) ~(»)} 440, ifx €U. 
aU ONy oN 


We can see now the form this formula takes in dimension n = 2. Write w = 
u + iv instead of y, z = x + iy instead of x, G(w) = st Log |w| and 


s ) ) ) 
w = Ai(w)+iA2(w), =S- = Ai(w)=— + Ar(w)—, 
aN. du dv 


Ww 
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where A;(w), A2(w) are two real functions. If follows that 


0 u—Xx v= 
—— Log |z — w| = Ai(w) x + A2(w) = 
Nw Iz —w| |z—w| 

— Re A\(w) +iA2(w) = Nw . 
w—z w—zZ 


If U is a bounded domain of C with positively oriented regular boundary and w = 
y(t) a local parametrization of OU, then Ny = —iy'(t)/|y’(O)|, ds = |y’(|dt 
and dw = y'(t)dt. It turns out that 


: d 1 aie 

— | u(w)— Log|z— wl ds(w) = = | nee Oa: 

peng Nw 2x Jau w-Z 
ie u(w) i 


2nri Jay W-Z 
This proves: 


Corollary 7.17. [f U is a bounded domain of C with positively oriented regular 
boundary and u is harmonic on a neighborhood of U, thenu is the sumu = uy +u, 
where uy = Re f with f holomorphic on U and uz is a harmonic logarithmic 
potential on U. 


Suppose now that, in Theorem 7.13, U is the ball with center x and radius R. 
The same computation done in the proof of this theorem but changing the sense of 
the exterior normal derivative, gives 


where 


d,R?2", dyn <Oifn > 2, 
G(ix-y)= for y € S(x, R). (7.16) 
dzLogR ifn =2, 


If u is twice differentiable on B(x, R), formula (7.7) yields 


du dn R?™ ou 
G(x — y) s=(y) dAQy) = —=(y)dA 
[66-9 500440) = | } fen aao 


af Ga AudV(y) 
= sek th 7 oe 


With all this, Theorem 7.13 gives the following result: 
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Corollary 7.18. [fu is twice differentiable on a neighborhood of the closed ball 
B(x, R) with Au continuous on this ball, one has 


1 
ui= aa fo wo dao + [Gaver »)Au(n) dV). 
Cn S(x,R) B(x,R) 
with Gacx,r)(x,¥) = dn(|x — yl?" — R?) ifn > 2 and Gay,r)(x,y) = 
dz Log ev ifn = 2. 


Observe that the previous corollary proves again that a function uv, with the noted 
regularity conditions, has the mean value property if and only if it is harmonic. 

The function Ggcx,r)(x, y) of Corollary 7.18 is always less than or equal to 
zero when y € B(x, R). As a consequence if Av > O on an open set U and 
B(x, R) CU, then 


u(x) < 


u(y) dA(y), 
S(x,R) 


2 


Cn Rt-} 


that is, the function u is always below its mean over spheres. When a continuous 
function on U has this property, it is said to be subharmonic on U. The twice 
differentiable functions uv that are subharmonic are exactly the ones that satisfy 
Au > 0. In dimension n = 1, subharmonic functions are those satisfying the 
condition 


u(x) < sus th)+u(x—h)) forx,heR, 


that is, the convex functions. 
Later on, in Section 9.4 subharmonic functions will be dealt with again. 


Remark 7.1. It is appropriate to explain the meaning of previous considerations in 
the case n = 1. First, the fundamental solution is G(x) = c|x|, c constant. The 
analog of (7.15) is, for u € C?({a, b]), 


1 b 
U(x) = u(b) + ula) — (|x — blul(b) — |x — alul(a)) + / |x — ylu"(y) dy. 


a 


This formula may be obtained by integrating by parts. The last integral is 


x b 
i i Nee i w"(y)\(y — x) dy 
b 


= [u' (ye — IE + 1 u') dy + WONG — HE — ; u'(y) dy 


a x 


u'(b)(b — x) — u(b) + u(x) — u'(a)(x — a) + u(x) — u(a). 


II 


Therefore, c = 5 and G(x) = 5 |x| is the fundamental solution when n = 1. 
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7.4 Maximum principle. Dirichlet and Neumann 
homogeneous problems 


Recall that when talking about harmonic functions, one refers to real-valued func- 
tions. If the function wu is harmonic on a neighborhood of the closure of a bounded 


domain U with regular boundary oriented by the exterior normal N , one has, by 


(7.8), 
i ui aa= | |Vul? dV. 
au aN U 


This implies that if u is zero on dU, then u vanishes on U,, because 7, \Vu >dV =0 


means Vu = 0, that is, w is constant and being zero on 0U, this constant is zero. 
Hence, every harmonic function on U is determined by its values on U. Equiva- 
lently, every twice differentiable function u with Au continuous is determined on 
U by its values on OU and by Au: if uy = uz on OU and Au, = Avz2 on U, then 
U =U, — U2 isO0on dU and it is harmonic on U, so then uy = wp. 
Similar considerations apply when replacing the value of u on dU by its deriva- 
du 


tive with respect to the normal, ai? also on OU. Now, it turns out that if wu is 


harmonic on U and oe = 0 on OU, then wu is constant. Every harmonic func- 


tion on U is determined, except for constants, by me on dU. Equivalently, every 
twice differentiable function uw with Au continuous is determined on U, except for 
constants, by the values of aa on dU and Au on U. 


What has been just said shows that there is necessarily some redundance in the 
statement of Corollary 7.16. This result expresses the value of the function u at the 
points of the domain U in terms of u and u on AU. However it should be possible 
to express the values of u on U only in terms of u on dU or only in terms of ou on 
dU, except for constants. 

Since to consider the values of wu on dU no condition on the regularity of OU 
is needed, Dirichlet’s problem (homogeneous) is stated for an arbitrary bounded 
domain U: if U is such a domain of R” and ¢ is a function continuous on the 
boundary of U, Dirichlet’s problem consists in finding a function uv, harmonic on 
U, such that for each point y € dU the equality 


jim w(x) = oY) 
xeU 


holds. Another way of expressing the properties of the function u is to say that 
u € C(U), u is harmonic on U and Blas = q. In particular, u must be bounded. 

There is a more general version of the problem without assuming U is bounded; 
in this case, one must impose g € C(dU) is bounded and look for a solution u, 
bounded on U too. 
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Dirichlet’s problem models, for example, the stationary distribution of tempera- 
tures (independent of time) on U when 0U has a distribution, also stationary, given 
by ¢ (for example, the outside room temperature). Another situation modelled by 
Dirichlet’s problem is given in electrostatics. Suppose that U C R? represents a 
region filled with a charged conductor material and one puts an electrical charge q at 
apoint P € U. Then there is a redistribution of the charges on dU to achieve a new 
equilibrium. Let u be the electrostatic potential caused by the charge distribution 
on 0U; as explained in Subsection 7.1.2, u is a harmonic function on U. The total 
potential on U is u + m3 where R is the distance function to P (4 is the potential 
caused by the charge at the point P). The equilibrium of charge over dU means 
that the potential u + 4 is zero on OU. Therefore, u is the solution of the Dirichlet 
problem on U with data—% on 0U. 

When 0U is regular, formula (7.8) gives the uniqueness of solution of the Dirich- 
let problem. In order to prove it in general one needs the maximum principle. 


Theorem 7.19 (Maximum principle). Let U be adomain of R" and u a continuous 
function on U satisfying the mean value property, that is, u is harmonic on U. 
Suppose that there is a constant M > 0 such that u(x) < M for all x € U and 
that there is a point Xo € U such that u(xo) = M. Then one has u(x) = M for 
allx € U. 


Proof. Consider A = {x € U: u(x) = M} which is a closed subset of U; it is 
non-empty because x9 € A. It is enough to prove that A is open: if a € A and 
B(a,r) C U, by the mean value property on balls, one has 


M =u(a) = és 


/ u(x) dV (x), 
B(a,r) 


Cyr” 
that is, 
1 
V(B(a, r)) B(a,r) 
Since u(x) — u(a) = u(x) — M is acontinuous function, less than or equal to zero 


and has integral zero on B(a, 1), it must be identically zero; therefore, u(x) = M 
on B(a,r), that is, B(a,r) C A and A is open. O 


(u(x) — u(a)) dV(x) = 0. 


Clearly, there is also a corresponding minimum principle replacing u by —u. 


Corollary 7.20. If U is a bounded domain of R", ue C (U ) and u is harmonic 
on U, then the maximum and minimum values of u in U are achieved in OU. 
Consequently, if u = 0 on OU, thenu = 0on U. If uy, uz € C(U) are harmonic 
on U and uy, = u2 on OU, then uy = u2 on U. 

Proof. Since U is compact and u € C(U), u has a global maximum: u(x) < 


u(xo) = M, for all x € U, with x9 € U. If xo € OU there is nothing to prove. 
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If x9 € U, then, by the maximum principle, 1 = M on U, and the conclusion is 
obvious. Arguing with —u, a similar result for the minimum is found. O 


Corollary 7.21. The solution of the Dirichlet problem, if it exists, is unique. 


Proof. Let g € C(U) and suppose there are v1, U2 € C(U) with Au; = Au2z = 0 
on U and uy = v2 = yon dU. Then u = uy — v2 isOond0U and Au = OonU. 
By Corollary 7.20, u must be identically zero in U. O 


Example 7.22. Consider in R? the harmonic polynomial P(x, y,z) = x7—3xy?+ 
x? + y* —2z?. The global maximum and minimum of P in the closed unit ball are 
reached in the sphere and may be calculated by the Lagrange multipliers method. 
The solutions are (+1, 0,0), (+5, +8, 0), (0,0, £1), the global maximum is 2 
and the global minimum is —2. O 


Neumann’s problem (homogeneous) is stated in a bounded domain U with dU 
regular and oriented. If N denotes the unit exterior normal vector field to OU ‘ 
and g € C(dU) is a given function, Neumann’s problem consists in finding a 
function u € C!(U), harmonic on U, such that i = gy in dU. By (7.9), the data 
gy € C(AU ), must satisfy the necessary condition 


/ gdA=0. 

aU 

This problem models, for example, a stationary distribution of temperatures on a 
domain U when there is a controlled heat flow, i = g, on OU. The solution 


of Neumann’s problem, if it exists, is unique except for constants, because if v1, 
U2 are solutions, u = uy — U2 is harmonic on U and hi = 0 on OU. Therefore 


Vu =0 by (7.8) and wu is constant. 
Evidently, Dirichlet’s problem is trivial if » = 1, but however it should be 
mentioned. Recall that, in this case, harmonic functions are the linear functions. In 
a connected open set U = (a,b), giving g € C(dU) is just giving two values at a, 
b, say A, B. Then the solution of Dirichlet’s problem is the line that joins (a, A) 
with (b, B), that is, 4 
B- 
i b-a 


(x — a). 


7.5 Green’s function. The Poisson kernel 


Let U be a bounded domain of R” with regular boundary oriented by the unit 
exterior normal vector field NV. As we have seen in the previous section, every C? 
function u on a neighborhood of U is determined by the values of Au in U and 
by the values of u in OU. In particular, if u is harmonic, it is determined by way. 
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As a strategy to study the existence of solutions of Dirichlet’s problem one should 
find, first, in which way u is determined by Au and way. In other words, suppose 
there is a solution of Dirichlet’s problem and try to express it in terms of the data 
at the boundary. To do this it is necessary to remove the term ay in the Riesz 
decomposition formula (Theorem 7.13). 

Let u € C?(U) be given and let v be any function, also of class C? on a 
neighborhood of U, harmonic on U. By the second Green’s identity, one has 


Ov Ou 
0= [ ubv dV(x) = / ; (0 (9) = v0) ~()) dA(y) 


a / v(y)Au(y) dV(y). 
U 


Subtracting this equality from (7.15), it yields 


0 Ou 
= — (Gx Gx —|dA 
u(x) [se v)=( =) (y) 


y 
< i (Gy — v)(y)Au(y) dV), 
U 


with G,.(y) = G(x — y). The idea is now, for x € U fixed, choosing vx such that 
vx(y) = Gx(y) if y € OU. Inthis case, the function Gy (x, y) = G(x—y)—vx(y) 
would satisfy 
0 
u(x) =f w)-Gutx.») da) + ff Gu(e.y)Auy) dV). 77 
au aNy U 


Hence one would find v,, harmonic, such that v.(y) = G(x — y) if y € dU. This 
is a particular Dirichlet’s problem, one for each point x € U. If this particular 
problem is solved the function Gy would be defined and one might expect that the 
solution of Dirichlet’s problem Au = 0onU, ujay = g, with g € C(AU) is given 
by 
uy = fe Gute.») dA. 
au ONy 

The function Gy (x, y) is called the first Green’s function of U with pole x or, 
simply, Green’s function of U with pole x. If Gy(x, y) exists and everything 
makes sense, the function Py (x, y) = oy Gu y),x €U, y € OU is called the 


Poisson kernel of U. The solution of Dirichlet’s problem Au = 0 on U,u = yg on 
dU would be then 


u(x) = i _ Pale 9)0(9) 40. 
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The existence of Green’s function may be considered for any bounded domain 
U, not necessarily with regular boundary, because it is about solving a Dirichlet’s 
problem with data G(x — y) at the boundary; if it exists, it is the only function 
Gu(x, y) harmonic on U \ {x}, as a function of y, that satisfies Gy (x, y) = Oif 
y € OU and Gy (x, y) = G(x — y) — vx (y) with v, harmonic. 


Proposition 7.23. Let U be a bounded domain of R" ; if Green’s function Gy (x, y) 
exists, then it satisfies Gy(x, y) = Gyu(y,x)forx,yEeU,xF#y. 


Proof. The proof of this result for any bounded domain is subtle and goes beyond 
the level of this book. Here we will only give an idea of the proof. In the special 
case that the domain has a regular boundary, a rigorous proof is provided. 

In general, if v,, is the solution of Dirichlet’s problem with data y(y) = G(x—y), 
one needs to check that vx(y) = vy(x). At first, for x1, x2 € U the maximum 
principle gives 


|v, (y) — vx2(y)| < max |G(x1 — z) — G(x2 — 2), yeu, 
zeaU 


an inequality implying that v,.() is continuous with respect to x on U. One proves 
now that this function is harmonic in x, checking the validity of the mean value 
property. If B(x,r) is a ball with center x contained in U, the mean 


Cyr?} 


fo)=—— / ve(y)d A(z) 
S(x,r) 


is a harmonic function in y and is continuous on U. Their boundary values are 


1 


or 


/ G(z—y)dA(z), y «€ dU. 
S(x,r) 


Since G(z — y) is harmonic in z, these boundary values are G(x — y). Therefore, 
f is harmonic with boundary values G(x — y), that is, f = vy. This proves 
that v,(y) is harmonic in x. In order to show that vx(y) = vy(x), thanks to the 
uniqueness of solution of Dirichlet’s problem, it is enough to show that vx (y) has 
a continuous extension to x € dU and that it is G(x — y). When y € QU, this is 
true by construction, and when y € U, one needs a more elaborated version of the 
maximum principle than the one in Theorem 7.19. 

In order to have a rigorous proof supposing now that U has a regular boundary, 
we just need to apply the second Green’s identity. Taking the domain U \ (B.(x) U 
B.(y)) for x,y € U, x # y and é > 0 small enough and the functions u(z) = 
Gu (x,Z), v(z) = Gu(y, Z), we get 


0 0 
/ (us =) dA(z) --| (ws - 0) dA(z). 
S(x,€) aN oN S(y,6) aN aN 
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The limit, when ¢ — 0, of the left-hand side termis —v(x) = —Gy (y, x). The limit 
of the right-hand side term is —u(y) = —Gy (x, y), as the proof of Theorem 7.13 
shows, and this gives the stated result. O 


Proposition 7.24. If Green’s function Gy (x, y) exists, then it satisfies Gy(x,y) < 
0, forx,yEU,x Fy. 


Proof. As said, Gy(x, y) is harmonic with respect to y on U \ {x}. Consider 
U \ B(x), ¢ > 0. When y € 0U, Gy(x, y) is zero, and if y € S,(x), 
Gu(x,y) = G(x, y) — vx(y) tends to —co when e€ > 0. The maximum prin- 
ciple gives G(x, y) < 0. al 


In order to solve Neumann’s problem, one could try, similarly, to find a harmonic 
function v, such that sax a oa G(x — y)if y € OU, for x € U fixed. In 
y vy: 


general, this is inconsistent, because it is known that I. aU sex dA = Osince vy is 
harmonic. Put, then, 


fate a 
A(OU) Jau aNy 


with A(QU) = f,,, dA. 
Since G(x — y) is harmonic on U \ {x}, one has, for e > 0, 


G(x — y) dA(y), 


0 0 
/ _" Gx—y) dA) = / !-G(x— y)dAQ) = 1, 
au ONy S(x,e) ONy 


the last equality following from (7.16). Therefore, m = 1/A(0U) is independent 
of x. Now state the particular Neumann’s problem: Av, = 0 on U, wax (y) = 
A 


a G(x — y)—m on OU, so that now the data at the boundary has integral zero. If 
y 


one could find the solution v,, of this problem, the function Hy (x, y) = vx(y) — 
G(x — y) would verify 


1 ou 
"= Tam i (Ma dA) + / Ho) dAQ) 


- [ Hy (x, y)AudV(y), 


and one might expect that the solution of Neumann’s problem Au = 0 on U, 
ou = y on OU (with g € C(AU) and f,, dA = 0) is given by 


u(x) = / Hy (x, y)g(y) dA(y) +c,  c constant. (7.18) 
dU 


The function Hy (x, y) is called the second Green’s function of U with pole x. 
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Example 7.25. Once again it is worth considering the case n = 1. Calculate first 
Green’s function of U = (a,b) with pole x € (a,b). Here G(x — y) = 5 |x — yl. 
Therefore, v, is the linear function on (a, b) taking the values sla —x| ata and 
$|b — x| at b; that is, 


_ 1 _llb-x|-la—--| 
va(¥) = 5la—xl + 5 ——" y -a) 
oe! lb-—x—-—(x-a) 
=5@-a)+ 5° yo) 
1 lb+a—2x 
= 5-4) +59 ya) 
and it turns out that 
—y\(b— 
I ile 212] ox *) ify <x, 
Gy (x,y) = —|x-—y|- — a 
—__— _ ifx<y, 
b-a 
making clear that Gy (x, y) < 0. O 


7.6 Plane domains: specific methods of complex variables. 
Dirichlet and Neumann problems in the unit disc 


The relation between harmonic and holomorphic functions makes it possible, in 
dimension 2, to apply specific methods of complex variables to solve Dirichlet and 
Neumann problems. First of all, it will be seen how to find Green’s function of 
the unit disc in a direct way and, consequently, to solve Dirichlet’s problem in 
the disc. Later it will be shown that holomorphic transformations leave harmonic 
functions invariant, as well as Dirichlet and Neumann problems. This fact will 
give the solution of these problems in other plane domains by means of conformal 
mappings. 


7.6.1 First Green’s function and Poisson kernel in the unit disc 


According to the previous section, to obtain the first Green’s function of the unit 
disc D one needs to find, for z € D fixed, a harmonic function v on D such that 
v(w) = G(iz-—w) = Log |z — w| if w € 0D = T, that is, if |w| = 1. For 
z = 0, evidently v = 0 works. Now, if |w| = 1, one has |z — w| = |1 — w2Z|, and 
the function 


1 
v(w) = — Log|1l — w2|, 
20 
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actually, satisfies u(w) = G(z — w) if |w| = 1. Since 1 — wZ is holomorphic with 
respect to w with a unique zero at the point Z, which is outside the disc, it follows 
that Log |1 — w2| is harmonic on D. Hence, one finds that the first Green’s function 
of the disc is 


Gp(z,w) = = bos | ——|. 
1—wz 


Compute now the Poisson kernel, Pp(z, w) = oe Ow (z,w). Write w = re’? 
Ww 


a a — 0 = = 
and observe that rz- = wa, + Wa. Ifr = |w| = 1, one has 


a 0 _ 0 
Pp(z,w) = 5, GD. w) = (u— + o-—)Go(z.w) 


| 
a 

€ 
=| 2 
Qo 
Si] 2 
eee” 
- 
gq | 


II 


uf P -a2)(1 ae —_) 
i on Oe ee ee 


1 1—|z/? 1 1—|z|? 


On |l—w2|2 2m |w—2|2" 


So formula (7.17) may be written, in the case of the unit disc, as 


1 1— [2/7 1 — 
u(z) = =| JO yw) do(w) + — / Log | 7 7 | Au(w)dm(w). 
2n Jr |Z -—w 2x Jp 1—w2z 


Recall that do is the length element on the unit circle, that is, do(w) = dé if 
w =e? 

The discussion in Section 7.5 shows that a harmonic function on D, u, continuous 
on D, is determined by its values on T according to the formula 


_y|,[2 
u(z) = al pail Ny do(w). (7.19) 
Qn Jo |Z — wl? 


As a consequence, in order to solve Dirichlet’s problem in D with data g € C(T), 
one must consider the function 


2 
u(z) = aa z= Sp o(w) daw), zeD. (7.20) 


To prove that, in fact, the function defined by (7.20) is the solution of Dirichlet’s 
problem, some properties of the kernel Pp(z, w) are needed: 


1) For every point w € T, the kernel Pp(z, w) is a harmonic function in z for 
z € Dand satisfies Pp(z, w) > 0. 
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2) / Pp(z, w) do(w) = 1, forz € D. 
T 
3) For fixed wo € T and 6é > 0, one has 


lim Pp(z, w) do(w) = 0. 
20 JT\Ds(wo) 


Property 1) may be directly checked, by calculating A, Pp(z,w), but it will 
be more useful to show that the Poisson kernel is the real part of a holomorphic 
function in z. Write Gp(z, w) = x Log | | and observe that Gp is the real 
part of x log (55: This last function, for w fixed with |w| < 1, is holomorphic 
on D(0, |w|). Therefore, Pp(z, w) is the real part of the holomorphic function in z, 


( r) n=) (= —.) —( w WZ ) 
+ W>= (0) = = t = 
aor dw | Qn oa 2n\w-—-z I1-—zw 


1 w — wz? 1 w*—2z? lwt+z (7.21) 


2n (1 —zw)(w — z) ~ Qn (w—z)? Www—-z 


_ll+z6 1 2 ; 
%l—-zo IwWl—-zw — 


Property 2) is obtained from (7.19) taking u = 1. Property 3) is immediate: if 


|w—wo| > 6 and |z—wol < & then |w —z| > Sand Pp(z,w) < +4(1-|z|); 
therefore 


2m §2 


4 
Pp(z, w) do(w) < —(1— |z|) > 0. 
62 zZ>wo 


T\Ds (wo) 


Theorem 7.26 (Solution of Dirichlet’s problem in the unit disc). [fg € C(1), the 
function u defined by equality (7.20) is harmonic on D and satisfies 


iim u(z) = 9g(w), foreachweT. 
Proof. First, 
Au(z) = af Po(z, w)o(w) do(w) = L Az Pp(z, w)y(w) da(w) = 0, 
by property 1) and so u is harmonic on D. 


Now one must show that lim;-+», u(z) = g(wo), if |wo| = 1. Using prop- 
erty 2) and Pp(z, w) > 0 one has, for 6 > 0, 


u(z) — o(wo) = fe (p(w) — o(wo)} Po(@, w) dow), 
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lu(z) — p(wo)| < is (p(w) — o(wo)| Po(z, w) do(w) 


< ij + i =I+11. 
T\D5(wo) TNDs5(wo) 


Part II can be estimated as follows: 


I < supp moles 1p(w) — o(wo)| i. FACE OE COS 
TNDs(wo) 


so that given e > 0 we get II < ¢/2 for every z, if 6 > 0 is small enough, thanks to 
uniform continuity of g. Now, with this 6 fixed, property 3) yields 


1 <2llgllec i Po; w)do(w) <¢/2 
T\Ds(wo) 


if z is close enough to wo and this ends the proof. O 


The solution u — called the Poisson transform of g and represented by P[g] —is 
expressed sometimes in a slightly different way. Write w = e’”,0 <t < 22,z= 
re’9: then |z—w|? = |re!? —w|? = 1+r?—2Rerwe!? = 14+-r?—2rcos(@—1). 
Hence, defining functions u, by u,(e!’) = u(re?®), 0 < r < 1, it turns out that 


1—r? 


20 
id) _ it 
UNE Qn [ 1 p= Do =n) ae 


That is, u; is the convolution of the data g with the function 


1 1—r? 
2n 1 +r2—2rcost 


P,(t) = P(r,e) = 
as functions defined on the multiplicative group T. In summary, one has 
ur(e'") = u(re'?) = (y * Pr)(e'”). 


The fact that the solution is expressed in this way comes also from the rotation 
invariance of Dirichlet’s problem: if there are two data ~1, @2 and one of them is 
obtained from the other by means of a rotation, g2(w) = gi(Aw) with |A| = 1, 
then the respective solutions u1, uz satisfy the same relation, w2(w) = ui (Aw). 
The relevant fact is that every operator g +> u with this property can be written as 
a convolution of g by a certain kernel. 
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Now one may calculate the expansion of the harmonic function u in power series 
of z and Z (Theorem 4.19) and see how coefficients of this expansion depend on 
Fourier coefficients of g. First observe that the equality 


2 [o-e) 
=2 wy)” 
l1—zw Ga) 


holds uniformly for w € T, if |z| < 1. Therefore, by (7.21), one has 


2 [o,@) 
2nPp(z,w) = Re (— - 1) = 2Re )\(z0)" - 1 
1—zw j 


=) Gi)" + Gu)" -1 = Dn)" + Do Gu)", 
0 0 0 1 


also uniformly on T. Now, recalling that the n-th Fourier coefficient of g is 


@ny= x mi gle )e™ dt = + a p(e'")w" do(w), one finds 


u(z) = >> 2"0n) + y52"@(-n). 
0 1 


In other words, P(t) = P(r,e) = °t& r'"lei"? and assuming that g(t) ~ 
> @(njei"’, then 


+00 
u(z) = (y * Py)(e!") = Yoramye™, Fare". (7.22) 
—0o 
The solution corresponding to g(t) = e’”* is z” = re!" ifn > O and Z” = 


rltleitt ifn <0. 


Example 7.27. Let us compute the solution of Dirichlet’s problem in the unit 
disc when the data is g(e’") = cos” t. We find first the Fourier expansion of 9, 
expressing cos ¢ in terms of complex exponentials: 


g(e'*) _ (4(et an ey = Ca aye ae ere); 
The solution is, therefore, u(z) = $(z? + 2+ 27) = (1+ x? — y?). 


More generally if g is a polynomial in cos ¢ and sin?f, then the solution u is the 
sum of a polynomial in z and a polynomial in Z. O 


Tacitly, in the formulation and the solution of Dirichlet’s problem in the unit 
disc it has been supposed that one deals with real functions. Considering separately 


7.6. Plane domains: specific methods of complex variables 273 


real and imaginary parts, a complex Dirichlet’s problem can be solved: given any 
continuous function g: T — C, there is a unique harmonic function wu: D > C, 
ueCc (D), with uj = @, also given by (7.20) and (7.22). Hence, representing by 
h(D) the space of harmonic functions on D, one has a one-to-one correspondence 


C(T) — C(D)Nh(D), 
pg +> u= Pig, 


that associates to gy the function u = P[g], the only one continuous on D and 
harmonic on D such that uj7 = ¢. 

A subspace of /(D) is the space H(D) of holomorphic functions on D. The class 
C(D) NM H(D) which, therefore, consists of holomorphic functions on D that have a 
continuous extension to D is called the disc algebra and is denoted by A(D). In the 
correspondence y > u = P[g], the subspace A(D) C C(D)  A(D) corresponds 
to the subspace A(T) C C(T) formed by functions g € C(T) such P[g] € H(D); 
in view of (7.22), one has 


A(T) = {g € C(T): O(n) = 0, ne Z, n < Of. 


One should be aware that, by Weierstrass’ theorem, every function of C(T) is the 
uniform limit on T of a sequence of polynomials in x, y, and so, of a sequence of 
polynomials in z, Zz. Observe, however, that if 


j 7 
y CnmZ 2 


is a polynomial in z, Z, using the fact that zz = 1 if |z| = 1, it turns out that the 
restriction to T of the previous polynomial is the sum of a polynomial in z and a 
polynomial in Z. Hence, when solving the Dirichlet problem Au = 00n D, u = g 
on T for a data gy € C(T) by means of the function v = P[g], polynomials in z, Z 
which approximate g uniformly on T are explicitly provided. If one looks for a 
polynomial P(z, Z) such that |g(z) — P(z,Z)| < e if |z| = 1, write 


+00 
ity, li ity _ li ~ |n| pint 
gle") = lim u(re") = lim Lr e 


with uniform convergence on T. Now choose r such that |g(e"") — u(re'’)| < e/2 
and after that, a partial sum Dinksw O(n)r'"le’”* with N big enough such that 
|u(re’’) — Dien O(n)rle'"*| < ¢/2, using uniform convergence on the circle 
|z| = r. Hence, it is not true that 


gle’) = slim, > @(n)e’™ ~— uniformly inf, 
In|<N 
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but, instead, it is true that 


y(ei) = lim lim ys O(n)re!" uniformly in f. 
|n|<N 


If g € A(T), the polynomials that approximate g — the previous partial sums — are 
polynomials only in z. It is worth mentioning that, as said before, it is not true in 
general that trigonometric polynomials 


Su(y)= D> @(njei™ 


|n|<N 


converge to g uniformly on T ify € C(T) (but itis true ifin addition g has bounded 
variation). Another classical way of constructing polynomials that approximate 
uniformly a function g € C(T) is using Fejér sums oy (@), arithmetic means of 
the polynomials Sy (¢), defined by 


1 
0 = ——_(So(y) + +--+ S 
n() wal! o(Y) n(9)) 
In the following statement, which describes the space A(T), the item a) says that 
A(T) is the “half” of C(T), the part generated by polynomials in z. 


Proposition 7.28. a) A(1) is the subspace of C(1) formed by functions that can 
be approximated uniformly on T by polynomials in z. 

b) A function g € C(T) belongs to A(T) if and only if J p(z)z"dz = 0, for 
n> 0. 

c) A function g € C(T) belongs to A(T) if and only if 


/ a) dz=0, for|w|>1. 
= 


Z—W 


d) The functions g € C(T) that can be approximated uniformly on T by poly- 
nomials in Z are the ones of A(T) (conjugates of functions of A(1)) and are 
characterized by the condition 


/ g(z)z"dz=0, forn>0, 
. 


or by 


1 a ae 
=f IO | gle) dt, |wl <1. 
2ni Jp Z—w 2m Jo 


e) Let Ao(T) denote the subspace of functions gy € A(T) with @(0) = 0 
(a condition which means that the function u € A(D) with boundary values 
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satisfies u(O) = 0). Then a function gy € C(T) belongs to the space Ao(T) if and 
only if @ is perpendicular to A(T) by the scalar product of L?(1) given by 


1 20 : es 
(o.W = [ plelt we dt. 


Proof. It has been already seen that g € A(T) if and only if @(m) = 0 form < 0; 
ifm = —n,n > 0, then 


1 20 , . 1 
Q(m) = =| gle" )e™" dt = =| y(z)z" | dz 
a Jo 2n Jr 


and b) is proved. In the considerations made before the statement of this proposition, 
it was observed that every function g € A(T) can be approximated uniformly by 
polynomials in z on T. The converse is immediate, since every polynomial in 
z = e’' gives effective Fourier coefficients only for n > 0. The integral in c) may 
be written, expanding in geometric series the integrand, as 


p(z) 1 
[a- -[ Oma” 


— a — = —n—-1 n 
wor and dz S w [oe dz, 


n=0 


and then c) follows from b). Conjugating in b) one has g € A(T) if and only if 
[{ o(2)z"dz = 0,n > 0 or, equivalently, { y(z)z"dz = 0,m < —2. The second 
integral in d) is then 


I LF ee 
= [0 a= f oy S= = [weve 


Item e) is obvious, because Ag(T) is generated by the functions 2” with n > 1 and 
A(T) by the functions z” with m > 0 and 


1 2a : 
(22 y= = | elimtnyt dt — 0, O 
H JO 


The calculation done to prove item d) of the proposition above shows that the 
Cauchy’s integral of a function g € C(T) is 


eee. -¥ a(nyw". 


2ni JT Z-—Ww 


Now, this function is not necessarily continuous on D. 
In Chapter 10 a more general version of Proposition 7.28 will be given. 
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7.6.2 Relationship between the Cauchy Kernel and the Poisson 
kernel 


If f is a holomorphic function on a neighborhood of the closed unit disc D, then 
the Cauchy integral formula may be written as 


1 of f@) , 


f@)=5— 
nmi Jy w-Z 
i . (7.23) 
1 1 TU L 
ee ees re / PD i ew 
2n Jp 1—wz Qn Jn 1—e tz 
with w = e!° if |w| = 1 and do(w) = dé 
A holomorphic function is harmonic, and, therefore, one also has 
fo=— ff f(w) ate do(w), zeéD. (7.24) 


Hence, both Cauchy kernel and Poisson kernel are reproducing kernels for holo- 
morphic functions from their values on T = 0D. The difference between both 
kernels 


oe fee 1 \ 1 pe 1 
Qn \\l—wz|2? 1-wz) 2wl-—wzli-wz 


1 wz—|z? _ Z(w —z) Zz 1° 2 


~ In |l—wz|2 2n(1 — wz)\(1 — w2) ~ Inw(1 — wz) ~ In 1— Fw 


is, therefore, a kernel that cancels holomorphic functions in the sense that 


1 1 zZdw 
xf fw ==5 | fo ZS =0 
2a JT 1 2ni Jr 1—Zw 
This equality is also a consequence of Cauchy’s theorem because the function 
f(w) zz is holomorphic on a neighborhood of D. 
Another way to obtain Poisson’s formula for the holomorphic function f is 


applying Cauchy’s formula, to the function h(w) = f(w)/(1 — Zw), for fixed z. 
Then it yields 


1 h 1 
I) =h(z) = =f ww) do(w) = ‘a a4 do(w). 


1—|z|? l1—wz 2 


It is worth observing that the Cauchy kernel is a universal kernel, that is, it is the 
same for all domains, while the Poisson kernel depends on the domain (likewise, in 
the first case the integral is with respect to dw — also universal — and in the second 
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case, with respect to do (w), which depends on the domain). The Poisson kernel is 
only explicit in domains with a lot of symmetries, as it is the case of the disc. 


Writing the Cauchy kernel, C(z, w) = ss fu , as before in the way C(z, w) = 
wt ae , and using (7.21), the following relation between the Poisson kernel and 


the Cauchy kernel is found: 


1 2 
Po(zZ,w) = on Re —-1 


1—zw 


1 1 Ww 
= Re + Zw 
20 1—zw 


, zéeED, |wl=1. 

This formula has an interesting consequence related to the following observa- 
tion. It is known that a function f holomorphic on D is determined by its real part 
except for an imaginary constant. This real part is a harmonic function determined 
by its values on T. In conclusion, f is determined, except for an imaginary con- 
stant, by its real part on T. The kernel pez makes the reconstruction of f in D 
explicit from the values of Re(f) on T. 


Theorem 7.29. If the function f is holomorphic on a neighborhood of D and 
u = Re f, then one has 


fey = 5 [= E ucwy dow) + 11m £0), zeéeD. 


Proof. The integral defines a holomorphic function on D that, as it has just been 
seen, has real part u. Its difference with f has real part zero and, therefore, is an 
imaginary constant. O 


Consequently, the conjugated harmonic function of u, say v = Im f, satisfying 
v(0) = Ois given by 


1 1 I 
v(z) = =< fm mee u(w) do(w) = -[ ope) daw, 


The kernel 
1l+zw 


1—zw 


appearing in Theorem 7.29 is called the Herglotz kernel, and the formula represent- 
ing f in this theorem is also written 


2H pit 
f@=—f S a cule) dt +i lm f(0), zeD. 
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Corollary 7.30. Every function f, holomorphic on a neighborhood of D and non- 
vanishing on D, may be expressed in terms of the values of | f | on T by means of 
the formula 


1 1 w 
fl) = hex = f sae Log|f(w)|do(w), zéeD 
2x Jy l-—zw 
with € C, |A| = 1. 
Proof. Just apply Theorem 7.29 to a branch of the function log f. O 


Example 7.31. Apply the formula of Theorem 7.29 to the principal branch of the 
logarithm of f(z) = z —a, witha real anda < —1: 


1 (el +z 
Log(z — a) = / : Log |e’? — al dt. 
2m Jo ef —Z 
Taking z = 0 one finds 
1 20 
Log |a| = all Log(1 + a? — 2a cost) dt. 
4n 0 


Since Log |e!“ + 1| is still integrable, one may a tend to —1 to obtain 


20 
/ Log(1 + cost) dt = —2m Log 2. O 
0 


7.6.3 The solution of Neumann’s problem in the unit disc 


In order to compute the second Green’s function of the unit disc D one has to find, 


for fixed z € D, a harmonic function, v = v;, on D such that a = ae — oo if 
|w| = 1. At first, calculating, one has 
dG 0 0 1 
—(w) =w + W | ( Log |z wl) 
aN dw awit \2n 
1 1 1 
= Re ss = Re —, 
20 w-z 20 l-—wz 
dG 1 1 1 1 WZ 
—(w) = Re = lj = Re —, 
aN 2x 20 l1—wz 2 1—wz 
Now it is clear that the function v(w) = — 3 Log |1 — wz| works, because 
dv 0 _ 0 ( 1 _ ) 1 WZ 
>= — Log |1 = —R =e 
aN Way t Paghr Qn eee | In 1— wz 
= —< 1 aT : 
Hence, Hp(z, w) = v(w) — G(z —w) = —5 Log(|z — w||1 — wz) is the second 


Green’s function of D. 
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Theorem 7.32. Suppose that 9 € C(T) satisfies the compatibility condition 


J ¢do = 0. Then the unique solution of the problem Au = 0 on D, hi =q@on 
T, that vanishes at the origin, is the function 


u(z) = [ Hoe. wow) do(w), zéD. 


Proof. According to (7.18) this is the expected solution. Let us check that it is so. 


When |w| = 1, one has Hp(z, w) = —+ Log |Z — w], which is harmonic in z, and 
therefore u is harmonic. By the same computation done above, it turns out that 
) 1 Z 1. wz—|z|? 1 (1—|z|? 
— = Hp(z,w) = —Re = —Re ial = | T 1). 
aN za w-z 4 |w — z| 2 \|w —-2z| 
This means 


du 1 1— |z|? 1 
2) = 55 fa petw) dow) — 5— | gw) dow) = Plelte. 


2x Jt |Z -— wl 


That is, ae is the Poisson transform of g and, then, has value g on T. O 


Remark 7.2. Speaking properly, the function u is not of class C ! on D. It has just 
been proved that oe is continuous on D, and in order to set the continuity of the 


whole gradient, Vu, y must fulfill some additional properties. 


7.7 The Poisson equation in R” 


7.7.1 The Riesz potential of a measure 


The Poisson equation is 
Au = @, 


where, to start with, ¢ is supposed to be a continuous function with compact support 
in R”. If this equation has a twice differentiable solution u, then it has infinitely 
many, because adding to u any harmonic function, another solution is obtained. In 
order to distinguish a particular solution one must impose some other condition. 
The maximum principle suggests one such condition, since every function u is 
determined on a domain by Av and the values of u on the boundary. 


Proposition 7.33. a) If u is a twice differentiable function on R", vanishing at 
infinity (that is: lim)x| +00 u(x) = 0) and such that Au is continuous with compact 
support (in particular if u € C?(R")), then one has 


u(x) = a G(x — y)Au(y)dV(y), x ER”. 
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b) Given a function @ € C,(R”), if there is a twice differentiable solution u 
of the equation Au = ¢, vanishing at infinity, this solution is unique and it is the 
Riesz potential 


u = Gx) = [Ge —»O)dVON). 


Whenn = 2, anecessary condition for the existence of the solution u in item b) 


is [odV =0. 


Proof. Suppose, for the moment, n > 2 and apply Corollary 7.18. Denoting by K 
the support of Aw and using that w(x) — 0 when |x| = R — +00, it turns out that 


u(x) = lim Gax,ry (x, y)Au(y)dV(y) 


R->+00 B(x,R 


II 


lim J Gary (%, y)Au(y)dV(y) 
R>+00 JK 


/ G(x — y)Au(y)dV(y) — lim dy? / Au(y)dV(y) 
K R--+00 K 


II 


= [, G(x — y)Au(y)dV(x). 


If n = 2, R?—” is replaced by Log R. In this case, the existence of the limit at 
infinity implies /; x Au(y)dV(y) = 0 and a) is proved. Obviously b) is a conse- 
quence of a) (observe that the uniqueness is also a consequence of the maximum 
modulus principle). The necessary condition when n = 2 follows from the fact 
that {, AudV = 0, as said. O 


The particularity of the case n = 2 in item b) is explained by the following 
remark: if nm > 2, every Riesz potential uv = G(@) of a continuous function ¢ 
with compact support K vanishes at infinity because sup, <x |x — yl?" > Oif 
|x| + oo. Ifn = 2, this is not true, but assuming /, 6(y)dV(y) = 0, then 


/ Log |x — yl@(y) dV) = | (Log |x — y| — Log |x) 6()4V(). 
K K 


and now Log i a | uniformly for y € K. 
[>| |x| 00 


Item b) of Proposition 7.33 does not show that given a function @ € C,(R”) 
(with f dV = Oifn = 2) the Riesz potential vu = G(¢) is a solution of Au = ¢, 
vanishing at infinity; it only says that if there is a solution, it is this one. In order 
to study the existence of solutions of the Poisson equation, one needs to analyze 
the properties of Riesz potentials. To this end, and also for the applications, it is 
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advisable to extend the definition of Riesz potential given in (7.14) changing ¢dV 
by areal measure ju defined on R” with compact support K and finite total variation, 
|u|(K) < +00. Recall that the support of a measure j1, spt(j1), is the complement 
of the biggest open set on which jz vanishes. One may think about jz as a charge or 
mass distribution, which may go from being absolutely continuous, as in the case 
p = $dV, to be point charges pp = >> cj6q,, with }° |c;| < +00 and 4, denoting 
the mass | at the point a; (Dirac delta at a;). In an intermediate situation, 2 may be 
the measure of integration on a curve or a hyper-surface or, for example, a charge 
distribution on a sphere. 

Given, then, areal measure jz on R” with compact support K and |u|(K) < +00, 
consider the Riesz potential of ju: 


u(x) = a Gx — yuo) & GW. (7.25) 


Hence the simple layer potentials 


/ $()G(x— y)dAQ), 
0U 


that appear in the Riesz decomposition formula, are a particular case of Riesz 
potentials. If 4 = >°; cjda; is a discrete measure, then u(x) = )°; ciG(x — aj). 
One may start specifying the definition of the function G(x). 


Proposition 7.34. The potential G(1) is defined at every point not belonging to 
K = spt(2) and is a harmonic function on R" \ K. 


Proof. The proofis done inthe casen > 2. Ifx ¢ K,onehas|x—y| > d(x, K) > 0 
for y € K; then G(x — y) is bounded on K and G(,z)(x) is well defined. Moreover 
G(x—y) is of class C! on aneighborhood of x and continuous for y € K; therefore, 


IG(x—y)-Gz—-y)| = C(x)|x—-z], yekK 


for |x — z| < d(x, K) and some function C(x). Then |G(jz)(x) — G(2)(z)| < 
|u|(K)C(x)|z — x|; this proves that G(jz) is continuous on R” \ K. Now one can 
check that G(jz) has the mean value property. If B is a ball with center xo not 
intersecting K one has, by Fubini’s theorem, 


za5 |, coda) = | aa [ G(x yd) bdu(y), 


Now, G(x — y) is harmonic in x, for y € K; hence, the inner integral is G(xo — y) 
and one gets G(jt)(Xo). O 


Does the function u(x) = G(j)(x) make sense at the points x of K? In general, 
the answer is no. The clearest case is when one takes as jz a point mass at y, uw = dy; 
then u(x) = G(x — y) tends to co when x —> y. 
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In some special cases the potential is defined at the points of the support of 
the measure; for example, this happens for simple layer potentials. If jz is the 
measure of integration on a manifold M of dimension k, in the space R”, n > 2, 
the function |x — y|?~” is locally integrable on M if and only if2—n+k > 0, 
that is, ifk > n—2. If k <n —2, (for example n = 3 and M is a line) u(x) 
becomes infinite on M. If n = 2, Log|x — y| is integrable on lines and curves. 
When G(x — y) is integrable with respect to jz, in general wu will be continuous; 
otherwise it will have discontinuities. Hence, in general, simple layer potentials are 
continuous functions. 


Example 7.35. When ju is the measure of integration on S(0, R), R > 0, it has 
been seen in Example 7.14 that the corresponding (simple layer) potential has value 


sR (RLog R if n = 2) for |x| < R and oar (R Log |x| if n = 2) for 
|x| > R. In this case the potential is a continuous function at the points x with 
|x| = R, but the derivatives have discontinuities. O 


Next, potentials of type 


cx) = [| 6-600), 


where ¢ is a bounded function with compact support, will be analyzed in detail. 
They are the convolution of the functions G and @, and that is why it is conve- 
nient to know some general properties of convolutions. Recall that ELAR") is the 
space of measurable functions on R” which are integrable on each compact set 
of R” and L}(R”) is the space of integrable functions on R” with compact sup- 
port. Analogously, LP°(IR”) denotes the space of measurable functions that are 
essentially bounded on compact sets and L?°(R”) the space of essentially bounded 


measurable functions with compact support. 


Proposition 7.36. Consider a convolution 
(«py = [ke oOdVO) 


with k € Li.(R”) and @ € L&(R"). Then one has: 
a) The function k x @ is defined and continuous on R". 
b) If ¢ € CL (R"), thenk * @ € C1(R") and 


a(k 0 
Py =f  @-konavon, 


that is, Di(k * 6) = k * Dig, i = 1,2,...,n. 
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. : . ok ok 1 
c) If the partial derivatives an exist at every point of R” and ix € L 


loc 
fori =1,...,n, thenk «¢ € C!(R”) and one has 
ak * @) Ney 
= forse - avo». 
Xj 
that is, Di(k * @) = (Dik) * ¢, i = 1,2,...,n 
The hypotheses k € Li.(R”), 6 € L&(R”) in item a) may be replaced by 
k € L1(R"), @ € L©(R") or by k € L} c(R"), gd € LRCR”). eee in b) one 
may suppose k € L!(R”), @ € C!(R”), Vo € L™(R") and inc): #£ € L!(R"), 
ge L*(R"). 
The meaning of items b), c) is that in equalities 


(R”), 


kd) = i ok — y)dVQ) = i k(x — dV) = @ * DQ), 


one may differentiate under the integral sign in any of both integrals provided that 
resulting integral is absolutely convergent. 

Before proving Proposition 7.36, recall the general rule of differentiation of 
integrals depending on a parameter. Denote by (x, y) a point of R” x R” and let 
f(x, y) be a function defined on R” x R” that is integrable in y for each fixed 
point x € ee Take F(x) = f, pr J (x, y)d V(y) and suppose that there exist partial 


derivatives ue es F (x, y),i =1,...,n, for almost every point (x, y) and, furthermore, 


for each point x9 € R” ice is a neighborhood U(xo) in R” and an integrable 
function H such that 


i (x.9)| = #09, y eR", x € U(xo), i = 1,2,. 

Then the partial derivatives ie F (x) exist and 5 2Fix) = — (pees te (x, y)dVQ), 
i = 1,...,n, holds. This is a consequence of ite dominated convergence the- 
orem tee TI, p. 721). 


Proof of Proposition 7.36. All conclusions are of local character and, for x9 € R” 
fixed, we just need to analyze (k * f)(x) in the ball B(xo, 1). If k € Li,.(R”) and 
@ € L&(R”) has support in B(0,r), then in B(xo, 1) we may change k by ky, 
where y is a function in C2°(R”) that has value | on an appropriate neighborhood 
of xo, without changing k « @ in B(xo,1). Suppose, then, that k € L1(R”). 
The convolution is continuous because, translations being continuous in the space 
L'(R”), one has 


(k * b)(x + h) — (k * $)(x)| <[. k(x +h—y)—k(x— y)|l@O)| dV) 


< |IPlloo a lk(z +h) — k(2)|d Vz) —> 0. 
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Under the hypothesis of b) it is 


—oU — k)| = a (c= y)] KODE C(I, C constant, 


and the equality in b) is justified by the rule of differentiation of integrals depending 
on a parameter. Now by a) it turns out that a (k * @) is a continuous function for 
i=1...n,thatisk «@ € C!(R”). 

The proof of c) is similar. One needs to see 


k + he; k ok 
[oon Ree) _ eo av) — 0 
Rk” 1 Xj h->0 


and it is enough to check 


i 


Writing k(xo + he; — y) —k(xo — y) = ri = ok. 3x, (XO + the; — y)dt, for almost 
every point y € R”, it yields 


I 


k(xo +he; —y)—k(xo—y) 0k 
h OX; 


es yfavo) — 0. 


[ (Kee + the; — y) ovo y))atlavo) 


k 

<f [| o + the —y) (xo Jar avo) 
n ae Oxi 
ak 

-[' Le p+ the; — y)- (x9 — avon at. 
n an OX; 


Finally, the continuity of the translation in L!(R”) applied to the integrable function 
oe allows one to ensure that this last expression is arbitrarily small, ifh +0. O 


Proposition 7.37. If ¢ € C?(R"), then the potential G(@) is a function of class 
C? on R" and satisfies AG(¢) = ¢. If d € C¥(R"), then G() is also of class C* 
on k”. 


Proof. The function G is locally integrable, by Lemma 7.11. Applying twice item 
b) of Proposition 7.36 and summing up with respect toz7 = 1,...,n, it turns out 
that 


AG + 9)x) = 6 86x) = [ GOVAB- AVON. 


By item a) of Proposition 7.33, this integral equals (x). O 
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This result may be considerably improved using the fact that partial derivatives 
of G, 


aG 1 x; 
Oe ma AOROT). aio. 
j Cn |ze|* 


are still locally integrable, because 


R 
/ ave) = | Isl! "avGy =e: f dr=c-R, 
B(O,R) |X|" B(O,R) 0 


with c constant. Hence, applying items b) and c) of Proposition 7.36 one gets that 
G(@) is of class C?(R”) if ¢ € C2(R"). This is so because one can differentiate 
once each factor in the integral defining G(@): 


2 
) OD) 5 =f Ogee y)dV(y), i, fj =1,2,...,n. 


OX; Ox; n OX; 


In particular, one has 


acnx) = | ee 1 yd VO. 


One may check that this expression coincides with #(x) using Green’s identities; 
later it will be seen that if G(@) is of class C?, then AG(#) = ¢ holds automatically. 

If @ € C-(R”), the potential G(@) is not necessarily of class C, but it is really 
close to it: 


Proposition 7.38. If ¢ € L°°(R"), then the potential G(@) is of class C! on R" 
and all its first-order derivatives satisfy a Lipschitz condition of type 


[VG($)(x) — VG(g)(z)| < Ci|x — z| Log (7.26) 


1 
|x —2|’ 


on every compact set L C R", with a constant Cy, depending on L. 


Proof. It has been observed that VG € L}. 
by Proposition 7.36 c), one has 


0) 


(R”). Let K be the support of ¢; then, 


=— | oo ay dV 0): a ee eee 


Now, if L is a compact set and x, z € L, it yields 


1 i Vi 
D,G(@\(x) ~ DiGO)2) = — | dO) - Nave 
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and it is enough to prove the inequality 
/ Xi — Yi Zi— Yi 

ki|x—y|" |z- |" 
where C(K, L) is a constant depending on L and K. 


Let 6 = |x — z| and break the integral over K into the integrals corresponding 
to the four regions (Figure 7.1): 


1 
dV(y) Ss C(L, K)|x—2| TRE Te oa X,ZE€ L, 
X—Z 


A 
l= :|y—x| <=, 
» a 
) 
T=yjy:|y—x| <|y—ZI,|y x) > fi 
m= {y: <5} 
= yi ly af 
) 
V=jy:|y—x| > l|y-2|, ly x| > 54. 
IV 
I 
Figure 7.1 


On region J the integrand is bounded by the sum of moduli: 
fo (e-vi + [2-91 av09. 
Bs2(x) 
The integral of the first summand is 0(6), and the integral of the second one is 


bounded by _ 
()""r(a(«8)) = 


Similarly, the contribution of region JI is of the order 0(5). On region JJ the 
estimate 


Xi — Vi Zi — Yi 
[A= yl [z= oF 


_ Gi yi) |z —y" —@i — yi) |x — y|* | 
|x — y|" |z— y|* 
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holds. The numerator of this expression is |(x; — Z;)|Z — y|" + (4; — yi) (z—y|" 
|x — y|”)|. Using the inequality 


|A” — B”| = (A= Bae" + A"-2B +--+ AB"? + BP})| 
<n|A— B|[max(A, B)]""', 
for A, B > 0, we get 
I|z — y|" — |x — y|"| <nlz—x| max (\z — y|, |x — yl)? = nlz—x| |y—2|" 7. 


So the numerator of the integrand is dominated by |x — z||y — z|” on region IJ, 
and the contribution of the corresponding integral is bounded by 


1 
|x —2| |x — y| "dV(y) = 0(8108 7 
K\Bs/2(x) 8 


A similar estimate holds for the integral on region JV. O 


Example 7.39. Let the function ¢ be given by ¢(x) = h(|x|), where / is continuous 
on (0, +00) with [."°° ¢|h(t)|dt < +ooifn > 2and f.°t| Logt||h(t)|dt < +00 
ifn = 2. According to Example 7.12, the potential G(@) is a radial function, 
G(¢)(x) = H(|x|). The calculus of the function H in the case n > 2 is the 
following: if |x| = s, one has 


+00 
Hs) = [ miyyGe-yavoy= [ney 


The integral on the sphere S(0, 7) has been computed in Example 7.14; its value is 


G(x — y) a4(y)) dr. 


(0,r) 


xy ifs <r and es if s > r. This yields 


Ss +00 
H(s) = — Ga) rh(r) dr +f rh(r) ar) . 


The hypothesis on / guarantees that H and, hence, G(@) is continuous. One may 
also differentiate H , twice, 


H'(s)=s'™ [ r™h(r) dr, 
0 
A" (s) = (1—n)s" - r’h(r) dr + h(s). 
0 
The Laplacian of a radial function appears in equation (7.13), and it turns out that 
AG()(x) =H") +"—H'). 


Changing H’ and H” by the expressions found above equality AG(¢)(x) = h(s) = 
(x) is proved. 
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7.7.2 Weak solutions 


Proposition 7.34 may be improved because, indeed, the Riesz potential of a measure 
is defined at almost every point, with respect to the Lebesgue measure of R”: 


Proposition 7.40. The integral giving the potential u(x) = G(t)(x) of a measure 
[L with compact support in (7.25) is absolutely convergent at almost every point 
x € R” and defines a locally integrable function on Rk”. 


Proof. If L is acompact set of R” and K = spt(j), by Fubini’s theorem one has 


[ mooiaven < ff 1ee@-yialaoaven 


= tf IG lave ain) 

K L 

< | {| IGeolavohaialo». 
K L-K 


Here L— K = {x-—y:xe€EL, y € K}. Since L — K is compact, it is contained 
in a ball B(O, R) and Lemma 7.11 implies that the integral on L — K is dominated 
by some constant C(R). Finally, it holds that 


[ weoiaves) < C(R)|u\(K) < +00 


and, in particular, |w(x)| < +o for almost every x. O 


Since in general the potential G(jz) of a measure or even the potential G(@) of 
a function is not defined at every point, and in general not twice differentiable if 
defined everywhere, it makes no sense to apply the operator A to it. To know if 
G(¢) € C?(R”) and the equality AG(#) = ¢ holds (besides the case @ € C?(R”) 
considered at Proposition 7.37), it is very convenient to generalize the concept of 
solution of the equation Au = ¢, or Au = yp, so that it does not require the 
differentiability of u beforehand. 


Definition 7.41. Given a measure ju of locally finite mass in a domain U of R”, a 
function u € Lj,.(U) is said to be a solution of the equation Au = yu in U in the 


weak sense, if for every function g € C2(U) one has 


/ u(x)Ag(x) dV(x) = i ox) du(x). (7.27) 
U U 


Remark 7.3. The hypothesis on the measure jz means that |w|(K) < +00 for 
every compact set K C U. Observe that both members of (7.27) make sense. 
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A measure jz on U is determined by the integrals te (x) du(x) with @ € 
C2(U); hence, if u € Li.(U) and Au = 1, in the weak sense, the measure ju 
is unique and is well determined by uw. An important remark — which justifies the 
definition — is the following: if u € C?(U) and v = Au € C(U) is the classical 
Laplacian, then one also has Au = v dV in the weak sense, that is, 


‘ u(x)Ag(x) dV(x) = / g(x) dV(x), 9 € C2(U). 
U U 


This follows from the second Green’s identity (7.6) applied to a domain U with 
oriented regular boundary such that spt(g) C U CU. Asa consequence, if 
u € C?(U) and Au = yp in the weak sense then px = v dV, because v as well as 
ju are weak Laplacians of wu. In other words, the weak Laplacian is a concept that, 
extending the concept of the classical Laplacian for u € C?(U), allows to consider 


Au for non-differentiable functions u € Li,,(U). 


Theorem 7.42. Let u be the Riesz potential of a measure jt with compact support 
on R” and finite total mass. Then Au = yt on R" in the weak sense. Consequently, 
if @ € C-(R”) and G(¢) is of class C*, one has AG(#) = ¢ in the classical sense. 


Proof. By Fubini’s theorem, if ¢ € C?(R”), then one has 
[ucraeeaven =f | [) Ge-»yduoy} sow aven 


=f [6 nae avix)| dys(y). 


Now just note that the inner integral equals g(y) by item a) of Proposition 7.33. 
O 


Example 7.43. As a particular case of Theorem 7.42 taking j4 = do, the Dirac mass 
at the origin, it turns out that the function G(x) satisfies AG(x) = 69 in the weak 
sense. This is why G(x) is called the fundamental solution of the Laplacian, as it 
has been said in Section 7.3. Similarly, Green’s function Gy (x, y) of a domain U 
with pole x € U satisfies AyGy(x, y) = 5, in the weak sense, and vanishes on 
the boundary of U. O 


Example 7.44. In general the weak Laplacian of a function in Lj,.(U) is not 


a measure. Consider, for example, u(x) = |x|* in R” with a > —n so that 
u € Li.(R”). Since u is C® on R” \ {0}, if there was a measure ju such that 
Au = yp in k”, in the weak sense, then jz should necessarily be the classical 


Laplacian outside zero; taking g(r) = r® in (7.13) yields that this Laplacian is 
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Au = a(a — 1)|x|*-? + ola le = |x|%~?[a(a@ — 1) +n — 1]. In particular, 
it should be 


i lx|*-2[o(a — 1) +.» — Ip) dV) = / o(x) d(x) 
IR” Rv 


whenever ¢ has compact support in R” \{0}. This implies that |x|*~7[a(a—1)+n—1] 
must be also locally integrable, an impossible fact if —n < a < —n + 3. For 
example, if > 2 anda = 1 —n, the function u = |x|'~" is in Li,.(R”), but there 
cannot be any measure jz with compact support such that Au = py, in the weak 
sense. O 


Observe that it does not follow from Definition 7.41 that the equation Au = 0 
in the weak sense, implies u is harmonic. This fact is the content of the following 
statement. 


Theorem 7.45 (Weyl’s lemma). If u € Li,.(U) and Au = 0 in the weak sense, 
then u is harmonic, that is, Au = 0 in the classical sense in U. 


Proof. It will be proved that uv is continuous and satisfies the mean value property 
in U. Then Theorem 7.7 gives the harmonicity of wu. 

Take afunction¢ € C2°(B(0, 1)) with f ¢dV = landput¢,(x) = e7'P(x/e) 
and U, = {x: d(x,U°) > e}. If Ww € CO°(U;), one has y * de € CO°(U) and 
u* de € C~(U,). Therefore, by the second Green’s identity (7.6) applied to 
an open set with regular boundary contained between U, and spt (yr), one has, 
considering all integrals extended to R”, 


[a0 «bs)W dV = [o « be) Aw dV 
= ff we —»b-oy avonaven avin 
= ff wordele - »yavonaye avon) 
= f uo [ bee = yayeravin avin) 
= fuoy [ ee awy +2aveavo) 


= fue ( [mowo+ 2)aV(2)) dV(y). 


The hypothesis is that f u(y)Ay(y) dV(y) = 0 if y € CO°(U). This is the case 
when x(y) = f be(z)W(y +z) dV(z). Therefore, A(u * ¢,) = 0, that is, u * be is 
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harmonic on U,. Writing the mean value property on balls for the function u * 
yields 


(u * be)(X) = 


z i, beeper AVON. (7.28) 
Cn JB(0,r) 


rch 


for x € U,r > 0 small enough. Due to the fact that uw € L}.(U), it follows that 
ux od, > uin Li. (U) when ¢ — 0 and, in particular, in L!(B) for every ball 
B CU. Formula (7.28) applied to u « d, — u * ds shows that u * dg is uniformly 
convergent on compact sets. Hence, u * ¢, tends to u uniformly on compact sets 
and, therefore, u is continuous. Now each u * ¢, being harmonic has the mean 
value property on spheres in U,. Letting e > 0 if follows that u has the mean value 


property on spheres and so it is harmonic. O 


Weyl’s lemma implies, for instance, that the two properties AyGy (x, y) = dx 
and Gy (x, y) = Oif y € dU characterize Green’s function of a domain U, if it 
exists. 


Remark 7.4. Throughout this section it has been tacitly supposed that n > 2, but it 
is interesting to consider also the case n = 1. Recall that in this case G(x) = + |x| 
(d; = 5); the analog of Proposition 7.33 a) is 


1 +00 
o=5 fe Olx—vldy tpec2R. 7.28) 
—oo 
Theorem 7.42 now asserts that the function 
1 +00 
uay=5f bx-yldui) 
—0o 

has weak Laplacian Au = 2, if 4 is a measure with compact support. An elemen- 


tary classical version of this fact is obtained taking up = f dx with f continuous 
and with compact support. Then 


+00 
uy=5 fbx yiforay 


satisfies u” = f. Actually, one has 


u(x) =[-+[~ =f &-nrora+ [o-vtorey 


and differentiating twice, 


+00 


2u'(x) = [ foydy—f > fO)ay. 2") = f@)—CFO) = 2f0. 


292 Chapter 7. Harmonic functions 


Now go back to the casen > 1. 


Theorem 7.46. Let ¢ € C,(R”) be locally Lipschitz, that is, satisfying a local 
Lipschitz condition with positive exponent: 


lp(y) — o(x)| < e(x)|y — x|*, @ > 0, c(x) = 0, whenever |y — x| < 5(x). 
Then the potential u = G(¢) is of class C? on R" and satisfies Au = @. 


Proof. In the proof of Proposition 7.38 it has been seen that u € C!(R”) and that 
the equalities 


ou 1 Xi — Vi : 
my =— foo avoy, 1H 1.2.00 
OX: Cn Jpn |x — y| 


hold. Now one cannot differentiate again under the integral sign as before, because 


0 Xi -Yi - bij (xi — yi) (xj — Yj) 
ax; z= yh [x= yl" laa yer 


behaves like |x — y|~” and so is not locally integrable. Instead we will use that the 
integral over any sphere centered at x is zero, 


a ee 
/ — 2 gA(y) =0 (7.30) 
S(x,e) 9X; |x — y| 


(if i ~ 7 the integrand is odd with respect to the i-th axis, and if i = j both 
resulting terms from differentiation have the same integral). In particular, one has 


0 ie Ape 
/ ——' " dViy)=0 if0< 8 <R. 
Br(x)\Be(x) OX; |X — y| 


Fix x and let R be such that the support of @ is inside the ball B(x, R). Take a 
function y € C%™(R) such that y(t) = 0 in (—1, 1) and y(t) = 1 if |t| > 2 and 


consider i | | 
j Xi — Vi x—y 
he =— f dy (F— Javon. 
Cn JRn |x —y| é 


so that vi(x) > 2 (x) pointwise, if « — 0 (uniformly on compact sets indeed). 
I 


We can apply Proposition 7.36 to the function v4(x) to obtain 


du; 1 0 ( Xi Vi x— 
=f pone (H=*) (avon 
OX; Cn J B(x,R) OX; |x — y| é 


1 xXi-—yi lL xXjV-y; |x — | 
+ — oy) ——.- 2 d y( dV(y). 
Cn JB(x,R) |x—y|* € |x—yI E 
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Using (7.30) and the fact that y and y’ are radial, it turns out that 


re 2f o-oo (2) (Javon 
1 Qi = ily =2) (( 
E 


x—y|rrl 


+—f 90) Javon 


B(x.R) el 
= A,(x) =F C,(x). 


In polar coordinates, y = x + rw, one has 


2€ 
C.(x) = ~f oe + rw) Bh ty (2) dr do(w) 
= aff @(x + tew)w;w; x’ (t)dt do(w). 
Ch JS J1 
Ifi A j, then f> wiw;do(w) = 0 and 
1 é ; 
c= — ff OG + 120) 66) wrw))x/ at dow) 


is O(e*), uniformly for x on a compact set. If i = j, then f w?do(w) = cn/n, 
which yields 


2 
Co) = — [ / ($(x + tew) — (x) w?y/(Odt dow) 


2 
1 ge) ( | dt) ( i uPdotw)) = 0(6%) + + a(x). 
Cn 1 T n 


Hence, C,(x) > Oifi A j and C,(x) > +(x) if i = 7, uniformly on compact 
sets when e > 0. On the other hand, from |¢(y) — ¢(x)| = O(|y — x|*) and 


(At) = 00x- 91. 


dx; \|x — y|" 


it follows that the integral 


As) = ff bod on “(= = )) avy 


is absolutely convergent because the integrand is 0 (|x — y|*~”). In addition, 


|A,(x) — A(x)| < cf |x — y|* "dV(y) = O(e*), cc constant. 


B(x,2e) 
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In summary, it has been shown that 


9 
— I. - (p(y) — $(x)) Gea) dV(y) + C(x) 


? 


for ¢ > 0, where C(x) = Oifi # j and C(x) = +(x) if i = 7 with uniform 
convergence on compact sets. This implies u is of class C? on R”. Equality 
Au = ¢ comes then from Theorem 7.42; however, it follows also from previous 
computation, since 


: ov! 
Au(x) = lim d 9x, © 


=[ 0) 909) (Dae (Es =) ave 


»R 


~ > “$(x) = $(x), 


i=1 


because )-"_, i (S58 Sr) = = Oif y ¥ x (it is the Laplacian of G(x — y)). O 
Summarizing the results in this section, one may state: 


Theorem 7.47. [f ju is a measure with compact support and finite total mass, the 
potential u = G(2) is a function in L},.(R") such that Au = 2 in R" in the weak 
sense. If n > 2, it is the unique solution of Au = in the weak sense which 
vanishes at infinity; ifn = 2, it is the unique solution of Au = w in the weak sense 
which satisfies u(x — +00, and, in this case, one has 
c= sc (K) if is supported on K. If 1 = ddV and ¢ is bounded, then u is of 


class C! on R" and Vu locally satisfies a condition of type 


3 = 1 
|Vu(x) — Vu(z)| = 0(Iz — x| Log eau): 


If & € Ce(R") is locally Lipschitz, then u € C?(R") and Au = ¢ in the classical 
sense. 


7.8 The Poisson equation and the non-homogeneous Dirichlet 
and Neumann problems in a domain of R” 


The Poisson equation Au = ¢ may also be stated in a bounded domain U Cc R”. 
Given, for example, a function @ € C(U), one wants to solve the equation Au = ¢ 
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witha function u € C?(U). One possible solution is simply to consider the measure 
[LL = ¢ dV and the corresponding potential 


G@)(x) = if Gx — yoy) d Vy) 


only at the points x € U; for this purpose it is better to assume @ € ha (8) ). 
According to the results of Subsection 7.7.2, one will have G(¢?) € L!(U) and 
AG(@) = ¢ in the weak sense in U. Observe that in this situation one cannot write 
G(p)(x) = fy GI) o(x — y)dV(y). 

In order to apply the results obtained in Section 7.7 it will be supposed that @ 
is a bounded function on U. In this case, Proposition 7.38 and Theorem 7.46 give 
directly: 


Theorem 7.48. Let ¢ be a bounded function on a bounded domain U of R". Then 
the potential G(@) is a C! function on U and VG(¢) satisfies a Lipschitz condition 
of type (7.26). If ¢ is locally Lipschitz, then G(o) € C?(U) and AG(¢) = ¢ inU 
in the classical sense. 


On the other hand, one can prove that for 6 € C(U) (possibly unbounded), 
there always exists a function u € C!(U) that satisfies Aw = ¢ in the weak sense 
and in addition u € C?(U), provided ¢ locally satisfies a Lipschitz condition. For 
the case n = 2, this will be proved in Chapter 10. 

Unlike the case U = R”, when U is an arbitrary domain, the Riesz potential 
G(¢@) is not a distinguished solution of the equation Au = ¢ in U. The general 
solution is obtained by adding to G(@) a harmonic function on U, and to determine 
a particular solution one needs to impose some boundary condition. For example, 
since in R”, G(@) is the only solution vanishing at infinity, it would be natural to 
consider among all the solutions of Au = ¢ on U that one which vanishes on the 
boundary, if it exists. More generally, in a non-homogeneous Dirichlet’s problem 
or general Dirichlet’s problem, one starts from two data in the bounded domain 
U Cc Rk": afunction g € C(dU) anda function ¢ € L°(U). The problem consists 
in finding a function u € C(U) that satisfies 


Au = in U, 
? : (D) 
ujau = in OU, 


where the equality Au = @ is taken in the weak sense. 

The solution to this problem, if one exists, is unique. Indeed if u1, uz are 
solutions, then uv = uy — uz is harmonic, by Weyl’s lemma, and has value 0 in dU. 
Therefore u = Oin U and uy = up. 
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Problem (D) splits into two problems corresponding to ¢ = 0 and to g = 0, 
respectively: 


Au=0_ in U, Au=@¢ inU, 
D D 
(Pr) , (D2) ‘ =0 in du, 


where equations for the Laplacian are in the weak sense. 
The first problem or homogeneous Dirichlet’s problem has been considered in 
Section 7.4. Problem (D2) reduces to problem (D,) considering the potential 


v(x) = G@)() = a Gx — yy) dV). 


By Theorem 7.47 one has v € C!(R”) and Au = ¢ in the weak sense in U. Let 
gy € C(0U) be the restriction of v to dU and let uo be the solution of Aug = 0 in 
U,uo = gin dU. Then u = v — uo satisfies Au = Av — Aug = ¢ in U and 
Ujay = 0 in OU. With this the following statement is proved: 


Proposition 7.49. If the homogeneous Dirichlet’s problem (D1) has a solution for 
every function gy € C(dU), then the general Dirichlet’s problem (D) has a solution 
for every pair of functions 9 € C(dU), ¢ € L*©(U). 


If the domain U admits a first Green’s function, then the solution of (D2) exists 
and is explicit: 
Theorem 7.50. If the bounded domain U admits a Green’s function, Gy (x, y), 
then the solution of the problem (D2) for ¢6 € L*®(U) is 


u(x) = i Gua. yo )dVO), x €U. 


If @ is locally Lipschitz, then u € C?(U) and Au = ¢ in the classical sense. 


Proof. Recall that Gy(x,y) = G(x — y) — vx(y) where vx, € C(U) satisfies 
vx(y) = G(x — y), y € OU and vx is harmonic on U. With this, u has the 
structure described above, 


u(x) = [ G(x — 60) dV) — [ v,(9)6(9) dV(y) = GM)(x) — uo). 


Now one only has to check that uo is the solution of problem (D,) with data 
y = G(¢) in OU. Let us first prove that wo € C(U). By Proposition 7.24, 


G(x —y)—vx(y) = Gu(x — y) < 0; 


therefore, one has |v,.(y)| < |G(x — y)| ifm > 2 and |v,(y)| < |G(x, y)| + K(U) 
ifn = 2, where K(U) is aconstant which just depends on the domain U. Moreover, 
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by Proposition 7.23 one has vx(y) = vy(x), which is continuous on U in one of 
the variables when the other is fixed. This allows us to prove that uo € C(U). 
Actually, one has 


ner ine [ (ve(y) — ve) OO)EVO). 


Choose § > 0, x,z € U with |z — x| < & and break the integral into two parts 
I, II corresponding, respectively, to the regions of integration U M B(x,6) and 
U \ B(x, 6). When z — x, part II converges to zero by the dominated convergence 
theorem; using the estimate of vx just seen before, part I is bounded above by 


i (IGG — | +160 — 2) 4VO), 
UNBs(x) 


which also converges to zero when 6 — 0. Since vx(y) = vy(x) is harmonic in 
x, the mean value property and Fubini’s theorem imply that uo is harmonic on U. 
Finally, when x € 0U, vx(y) = G(x — y) and, therefore, wo = G(@) in OU. 

If ¢ is locally Lipschitz on U, ¢ is automatically continuous and Theorem 7.47 
gives that G(#) is of class C? on U. Then u also is C? (uo is harmonic and, hence, 
ug € C*(U)) and Au = AG(@) = ¢ in the classical sense. a 


The function u of Theorem 7.50 is called Green’s potential of the function $ 
inU. = 

Assume now U has regular boundary (oriented by the vector field NV) and Poisson 
kernel associated to Gy, Py(x, y) = 5a Gul, y), solves problem (D;) in U. 
Then as a consequence of Theorem 7.50, the solution of the general Dirichlet’s 
problem (D) is given by 


u(x) = [ _ PO Pale 9) dQ) + [ Gu (x. )$(y) dV). 


Example 7.51. In the particular case that U is the unit disc, D, Theorem 7.26 and 
Theorem 7.50 give the function 


uty = 5 foc EF dou) + 5 f L08| ==" | ot dm) 


(7.31) 


1- 


as a solution of problem (D). 

Once it is known how to solve Dirichlet’s problem in the disc D, itis also possible 
to solve it in any other disc D(a, R). One simply goes from one disc to another by 
means of transformations z +> €=a+Rz,6CHz2= = If u is of class C? on 
D(a, R), then the function v(z) = u(a + Rz) is of class C? on D and one has the 


298 Chapter 7. Harmonic functions 
formula 


v(z) = a [ou =e nae 


20 
1 Z—Ww 
+5- | Los | — | Av(w) dm(w) 
2x Jp 1—wz 


| 


o(w) 


|z|? 


II 


x [ma + Rwy do(w) 


Z 
|z — w/? 


1 = 
+ =| Log| ape | R?Au(a + Rw)dm(w). 
2x Jp 1—wz 


When |w| = 1, & = a+ Rw describes {&: |E — a| = R} and ds(€) = Rdo(w); 
when |w| < 1, = a + Rw describes {€: |§ —a| < R} and dm(&) = R* dm(w). 
The change of variables § = a + Rw in the previous integrals yields 


1 t=)? 
u(a + Rz) = —; u(§) ——,, ds(&) 
27R C(a,R) F Bee ue 
1 zZ— ia 
aa Log | —=— | Au(&) dm(é). 
2m JD(a,R) os 


In terms of € = a+ Rz, it is written as 


R? —|f—al? 
"= aR Ig tO Lae OO 
(E-OR ee 
to hustle ata en 
Hence, the Green’s function of D(a, R) is 
_ RE —) 
Goontte)= 7-18 ae peal 


Observe that this is no more than composition of the Green’s function of D with the 


transformation ¢ > ee In particular, one has Gpq@,r) < 0. Making ¢ = a, one 
finds 


soa 


1 
ua= 7, preys =| Log |>—"| Au(&) dm@é). 
wR 20 D(a,R) 
As well the Poisson uae of the disc D = D(a, R) is 
1) R= |f—aP 
Pole.) = paar g-al=R(f-al<R 


2mR |§—-f) 
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The potential u of Theorem 7.50 makes sense for functions that are not neces- 


sarily bounded on U; one may even change ¢ dV by a measure pu of locally finite 
mass, as done with Riesz potentials, and define 


u(x) = i Gu (x, y)duy) 


whenever the integral is convergent. For example, in the case of the unit disc D, 
where the function Gp is explicit, this analysis may be done in detail. 


Proposition 7.52. Let j be a measure of locally finite mass in D such that 


fo — |w|P)d |ye|(w) < boo. 


(2) — f = 
ulzZ) = = O 
wig l= 


defines a function u € L\(D) that satisfies Au = 2 on D in the weak sense. 


Then the potential 


| du(w) 


Proof. One has 


[werlamey = © f alujcw) f |Log| "| ame. 


Applying formula (7.31) to the function u(z) = |z|? for which ¢ = Au = 4, one 


finds 
1 


Qn 


oe 2 
| Los | -— =| dime) = (lw iy 


so that 


1 
[wey ameey = 5 f= lwP)aiul(w, 


a finite quantity by hypothesis. To check Au = y in the weak sense, repeat the 
proof of Theorem 7.42. For g € — one has 


[ u(z)Ay(z)dm(z) duu) i Log |=— "| apt) dm(z) 
D 


on 
/ p(w) dye(w), 
D 


1- 


II 


because formula (7.31), bearing in mind that g(z) = 0 if |z| = 1, gives 


1 Z—Ww 
p(w) = = | Log | -| Ag(z)dw(z). Oo 
Jp 1—wzZ 
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Example 7.53. Suppose that ¢ is radial on the disc D with #(w) = h(|w|), where 
h satisfies 


1 
: (1—r)|h(r)| dr < +00. 
0 


Then Green’s potential of the function ¢ in D is: 


1 20 
u(z) =| h(r)r (= [ Log at) dr. 


The inner integral only depends on |z| = s; since the function Log |1 — rsn| is 
harmonic with respect to 7 for |n| < 1 and has value 0 at the origin, thanks to 
the mean value property, the integral of Log |1 — rse’’| is zero. Hence, the inner 
integral is 


z—re'! 


1—reitzZ 


1 20 ; 
=| Log |s — re’’| dt. 
20 0 


If s > r, by the mean value property the integral equals the value of Log |s — z| at 
the origin, which is Logs. Since |s — re'’| = |r — se'’|, the integral equals Log r 
for s < r, and so 


Ss 


1 
u(z) = Logs [ rh(r) ar+ [ rh(r)logr dr. 
0 S 


In this case, one may directly check that for continuous h, the function wu is of class 
C? and has Laplacian equal to ¢. O 


Similar considerations may arise for a general Neumann’s problem or non- 
homogenous Neumann’s problem. In a bounded domain U with regular boundary 


oriented by the exterior normal N , the data are now yg € C(dU) and gd € L~(U). 
The problem consists in finding a function u € C!(U) such that 


a 
Au = ¢@inU inthe weak sense and - = gy in du. (N) 
N 
The data g, ¢ must fulfill the compatibility condition 
du 
gdA= —dA=]| AudV=|] @¢dV. 
aU au ON U U 


As in the homogeneous case, this problem, if it has a solution, has only one 
except for constants. Indeed if u1, v2 are solutions, w = u 4 — uz is harmonic on 
U and ou = 0 on OU. Therefore (7.8) implies 


/ |\Vul2 dV =0, 
U 


and u is constant on U. 
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Neumann’s problem splits into two corresponding problems 


F 
ao fat, “hae Gee (N)) 
aN 
du 
Au=@ in U, — =0 indu. (N>) 
aN 


The way the equation Au = ¢ is dealt with is similar to the case of Dirichlet’s 
problem. First, one looks for solutions in the weak sense, and afterwards one ana- 
lyzes how properties of ¢ influence regularity of vu. Analogously to Proposition 7.49, 
the following result holds: 


Proposition 7.54. [f problem (N;) has a solution for every function g € C(dU) 
satisfying (i gdA = 0, then problem (N2) has a solution for every function 
@ € L®(U) such that [y ¢dV = 0. If ¢ is locally Lipschitz, then there is a 
solution of problem (N2) in the classical sense. 


Proof. Consider the Riesz potential 
Gx) = [ G«— 60) AYO. 
U 


By Theorem 7.47, G(#) is of class C! on R”, it is harmonic outside U and satisfies 
AG(¢) = ¢ in U, in the weak sense. Since i o@dV =0, one has 


Geox) = [ (Gey) - Ge)eO) AV. 
Vows) = | WG») -VEEHe dV. 
Now, a computation shows that |V.G(x —y)- VG(x)| <c|x—y|~”,c constant, 
uniformly in y € U for |x| big and, therefore, IVG(¢)(x)| = O(|x|~) for |x| > 


+oo. Apply now (7.7) to the function G(@) and the domain B(0, R) \ U for R big. 
It turns out that 


[ IG) 44 | 9G) 34 =a _ AG(¢) dV =0. 
es P B(O,R)\T 


aN u aN 
Since | {5(0,p) ae dA| < c® az, 0» © constant, we get that p = a) 


satisfies hau gy dA = 0. If now x is a solution of (N1) with data g, it follows that 
u = G(¢) — uv is a solution of (N2) with data @. 

If ¢ is locally Lipschitz, then G(@) is of class C? and AG(¢) = ¢ in the classical 
sense. So, Au = ¢ also holds in the classical sense, since uv, is harmonic. = 
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Assume U admits a second Green’s function, Hy, so that the function 


u(x) = I, Hy (x, y)g(y) dA(y) +c,  c constant 


solves problem (N,), according to (7.18). Then the function 
u(x) == f) Hos») dV) 


will be the solution of Au = ¢, A =Oinol i [¢adV =0. 


Consequently, the solution of the general Neumann’s problem (N) will be given 
by the function 


u(x) = [ _ Hols se) 4A) — i. Hy (x.y) dV(y) +c, © constant. 


In the case of the unit disc, the previous formula with 
1 
Hp(z, w) = —=— Log(|z — w||1 — wz) 
20 
(Subsection 7.6.3) gives, in fact, the solution of the general Neumann’s problem. 


7.9 The solution of the Dirichlet and Neumann problems 
in the ball 


In the case n > 2, itis also possible to use the symmetry of the unit ball B = B(O, 1) 
of R” to calculate Green’s function and the Poisson kernel. In this case, for x € B 
one needs to find a harmonic function v, such that 


in) =GR—y)=a,|e-9)" for |p| = 1. 


If x = 0, obviously one has vy = dy; for x # 0, let x’ be the point that corresponds 


to x in the inversion with respect to S$ = dB, that is, x’ = Be: Then, if |y| = 1, 
one has 
x 2 |x? 2(x, y) 
Ix’—yP =|—5 | = a + ly? ; 
[| |x| [| 
Eve 6 (x,y) _ 1+[xP?—2(x,y) _ lx—yP 
ee Be |x|? a ae 
It follows that |x — y| = |x||x’ — y| if |y| = 1 and one may take vx(y) = 


dn|x|?—" |x’ — y|?—” which is harmonic on R” \ {x’}. Hence, Green’s function of 
the ball B is 


Ga(x,¥) = dn(lx — y??™ — |x|?" |x" — yl). 
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Finally, one may compute the Poisson kernel of B. Observe that = = 2 -_ 
a 


> Viger for r = |y|. It yields, then, 


a a “5 
—|x—yP™ = (Ix? +7? — 2x91) 
or or ; 


= (1-5) @r—2x- yey 


= (2—n)(r—x-y)|x-y|™ 
= (2—n)(1—x-y)|x—y|™. 


In a similar way 


) _ = 
ach —9P™ = @=mMA—x"- yey 


and one arrives at 


> 1 1=(z/* 
Pp(x,y) = da(2—n)|x —y["{L—x-y —(L—x’- y)|x|?} = ————_ 
Cn Ix-—y 


’ 


n 


recalling cy, is the area of the unit sphere of R”. Observe that this kernel has the 
same structure as for the unit disc. Analogously to Theorem 7.26, the following 
result is proved. 


Theorem 7.55. [f g € C(S), the solution of Dirichlet’s problem u = g in S and 
Au = 0 in B is the function 


u(x) = —{ = . 1a EE 60) 440). 


Example 7.56. Calculate the solution u; corresponding to the restriction of the 


function g;(x) = x7 toS,i = 1,2,...,. Since x? — x? is harmonic, one has 


—Uj = x7 —x? , that is, uj — x? i 


is indessident of i. The sum of the functions u; 
is de solution of Dirichlet’ s problem corresponding to )°; can which has value 1 in 
S; therefore, )>; uj(x) = 1 for x € B, and, consequently, )°; (uj — x7) = 1—|x|?. 


Hence, it turns out that uj (x) = x? + 4(1 — |x|?). O 


As an application of the solution of Dirichlet’s problem on balls one may prove 
the symmetry principle. A domain U of R” is symmetric with respect to R"—! 
if (x1,X2,...,%,) € U implies (x1, Xx2,...,%,-1,-Xn) € U, and one writes 
Ut = {(x1,X2,...,Xn) € U: X_ > 0} to denote the upper part of U. 
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Proposition 7.57 (Symmetry principle for harmonic functions). Let U be adomain 
of R” symmetric with respect to R"—' and let u be a harmonic function on UT, 
continuous on Ut such that u = 0 in U 0 R"~!. Then the odd extension v of u to 
U defined by 


Uu(X1,X2,...,Xn) if Xn = 0, 
U(X1,%X2,...,Xn) = 
—U(X1,X2,...,—Xy) if Xn <0, 


is harmonic on U. 


Proof. Clearly the function v is continuous on U and harmonic on U \ R”~!. Fix 
a pointa € UN R*™! and let B(a,r) C U be a ball with center a contained 
in U. Consider the harmonic function h on B(a,r) with v as boundary value (on 
dB(a,r)). Since the data v satisfies v(x1,X2,...,Xn) = —vu(X1,%2,...,—Xy) on 
dB(a,r), the function h satisfies the same property on B(a, r) (this is a consequence 
of the Poisson formula or the uniqueness of solution of Dirichlet’s problem in the 
ball). The anti-symmetry of h implies h = 0 in B(a,r) MN R"~!. Then h and v 
are harmonic functions on B*(a,r) and B~(a,r) (the upper and the lower parts 
of B(a,r)), continuous on Bt (a,r) and B™(a,r) and coincide on the boundaries 
of these half-balls. The uniqueness of solution of Dirichlet’s problem yields h = v 
on B(a,r), and v is harmonic on this ball. The point a € UM R”~? is any one and 
v is harmonic on U. O 


Regarding the non-homogeneous Dirichlet problem Au = ¢ in B, ujg = @ 
with @ ¢ L~(B) andg € the solution will be, according to (7.17), 


u(x) = -{ = . HE e044) 


| 2-—n 2—n|,/ _ ,,;2—n 
—. yl" — [xP"Ix" — yP") 60) AVG). 


In the case of the ball of radius R, rescaling, we obtain as the solution of the 
homogeneous Dirichlet problem the function 


1 R2 — |x|? 
ieee | Rab 60) d4Q). 7.33) 
cnR Jsco,r) |x — YI 


The following result is the version of Cauchy’s inequalities for harmonic func- 
tions: 


Proposition 7.58. Let u be harmonic on a ball B(O, R) satisfying |u(x)| < M for 
|x| < R. Then one has, for every multi-index a, 


fiat] = Re 
5,04) Rial 


with a constant Cy, which only depends on the multi-index a. 
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Proof, One may suppose that u is harmonic on B(0, R) so that (7.33) holds with 
y(y) = u(y). Differentiating under the integral sign and evaluating at x = 0, the 
result follows. O 


As an application one may deal with isolated singularities of harmonic functions. 


Proposition 7.59. Suppose that u is harmonic on B(O, R) \ {0} and 


|u(y)| =0(G(y)), y>9, 


G being the fundamental solution of the Laplacian. Then u is harmonic on B(0, R), 
that is, the origin is a removable singularity of the function u. 


Proof. The proof is done first for the case n > 2. Since |u(y)| = o(\y|?~”), 
applying Proposition 7.58 to the ball B(y, Pa we obtain 


|Vu(y)| = o(\y|2™”). 


For fixed x 4 0 with |x| < R, apply Corollary 7.16 on U = B(O, R) \ B(0,¢). 
This yields 


0 
uc) = f ap (oy = 


y 


G(x —y)-G(x—y) (9) dA) 


0 
- / («oy ’-G(x—y)-G@-y) (0) 44())) 
S(0,e) dNy 


= 1 (x) — v2(x). 
Now, for some constant C(x) one has 
Jv2(x)] < COx)e""(sup|yiae lM(Y)] + Supiyjae|Vu(y)|) > 0, ife > 0. 


Therefore, v2(x) = 0 and u(x) = v1 (x) is harmonic on B(0, R). 

In the case n = 2, one has |u(y)| = o(|log|y||) and |Vu(y)| = o( Heep), 
With this, the term Ioo . WY) aq Gx — y)dA(y) tends to zero. For the other 
term Seo 5s) G(X — y) yO) dA( 9), one would only obtain the estimate o(Log ¢) 


and one must work a little more. Write 


7 Gos— = (9) daly) = G0) = “=(y) da) 
C(0,e) 


rs i, 6-9) - GI (9) dA). 
C(0,e) 
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Since |G(x — y) — GOO = o0(e), the last integral tends to zero with e. Now we 
will show that Seo. r ou *(y) dA(y) = 0 (as it corresponds a posteriori if u must 


be harmonic on B(0, R)), that is, we will prove that /, C(0.6) u(y) dA(y) is constant 
with respect to ¢. Actually, consider the function 


1 20 ; 
v(x) = = | u(xe!”) dd, 


which is also harmonic on B(0, R) \ {0}, radial and satisfies v(x) = o(Log |x 
Since every radial harmonic function is of the form a Log |x| + b and v(x) 
o(Log |x|), constant a must be 0, v is constant and Sco ‘) u(y) dA(y) is also. 


Ol 


The computation of the second Green’s function Hg(x, y) of the unit ball of 
R” is more complicated. A not completely explicit expression will be given that 
is sufficient to set the existence and properties of this Green’s function. Instead 


of seeking, for each x € B, the harmonic function v = vx such that ha i 
y 


se G(x—y) for |y| = 1, one will look for Hp(x, y) = vx(y)— G(x — y) directly. 


Recall that Hp(x, y) must satisfy the following equality whenever u is harmonic 
on B: 


1 0 
u(x) = = i uly) dA(y) + [ Hx. 9) (9) dA). 


We will use a fact that is specific to the ball and the derivative with respect to the 
normal to its boundary: if wu is harmonic, the function yy Xj pu is also, because 
Ll 


= 0 a) = 0 a? 
a(do% a5) Rei a) 


=2573 + Xj a pau a 
. u iis DONO xe 7 " Ox 


i,j=l1 i=1 “ 


In spherical coordinates, x = rw, w € S, one has Sear Xj we — (rw), and, 
. . . . . u . . 

applying the Poisson representation formula to this harmonic function, it turns out 

that 


0 
r-(rw) = [ Perv.» Dies nda, 


Now one would like to divide by r and Mees radially to obtain u(rw), but 
1 is not integrable around the origin; to avoid this difficulty one uses the fact 


fe AG dA(y) = 0. Hence, one has 


0 0 
reer) =f Patrw.»)- 1) 0) dao) 
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and 
ry du 
u(rw) = ~ (Pa(sw, y) — 1) dsp = (y) dA(y). 
$\Jo § aN 
For x € B, y € S, write Hp(x, y) for the kernel: 


ry] 1 d 
Hots.» = f 5 {Pa(sw.y)- 1} as = f {(Petex.y)—) S. 


The Poisson kernel Pg(x, y) is harmonic in x; therefore, Pg (tx, y) is also harmonic 
in x for all t, and so is Hp(x, y). By construction, 


OHp 1 
ap wy) = (Pa, y) — YD) 
r r 
holds. With this one may prove that Neumann’s problem in the ball, 
; du . : 
Au=0 inB, —=g@ inS, with | pdA=0 
or S 
has a unique solution (unique except for constants). Simply define 


u(x) = i He(x. y)o(y) dA(y). 


Since Hg(x, y) is harmonic in x, the function u is harmonic. One also has 


0 
roo) = [ (Pale.»)— N00) 440) = ff PaCe.r00) 440). 
S S 


The right-hand side term, the solution of Dirichlet’s problem with data g, has 
boundary value g, and as a consequence one gets qu =qginS. 
Finally, according to Proposition 7.54 the problem 


: du 
Au=¢ inB, —+~=0 inS 
oN 
also has a solution in the classical sense provided ¢ is locally Lipschitz. 


7.10 Decomposition of vector fields 


Recall that in an arbitrary domain U of R? a continuous vector field is conser- 
vative if and only if it is a gradient, and it is solenoidal if and only if it is a 
rotational. With differentiability assumptions, locally conservative (respectively, 
locally solenoidal) vector fields X are characterized by the condition rot X¥=0 
(respectively, div X= 0). Using the language of solutions in the weak sense, we 
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> 


will now make considerations for the equations div X = handrotX = Y with 
given h and ie similar to those for the Poisson equation Au = @. 

A continuous vector field X on a domain U of R3 is determined by the scalar 
products, 


3 
(X.Y)u = iE (X(x), ¥ (a) dV(x) = [ {HOHE} Aveo. 


involving X and all the vector fields Y of class C® with compact support in U. 
Assume X is of class C! on U and Y = V¢ with ¢ € C&°(U). Then 


3 


(®Volu =f {Keos2 co} ary 


i=1 


=(2)) 6(x) dV (x) = —(aiv ¥, bu 


This is the reason to give the following definition: 


Definition 7.60. If X is a continuous vector field on U and h € LL. (U), it is said 
that equality div X = /h holds in the weak sense in U if 


3 


(Fou = f {Po Kos2eo} ave) =— f moro avon. 


i=1 
for every @ € C&°(U). 


Analogously, if X is of class C! on U and X = rot Z, Z = (Z1, Z2, Z3) with 
Z; € Co°(U), then one has 


= a 0Z3 0Z2 + (0Z, 0Z3 
X,rot Z — x LX. 
wae [| “(FS =) AZ =) 


BF =) dV(x) 
Ox oy 
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_ dX. 9X3) | 0X3 9X 
--fla(= 5) + 22 (5 7} 
aX 08; 
es 
s( dy ax 


) dV(x) = —(rot X,Z)v. 


Definition 7.61. If X is a continuous vector field on U and Y isa locally integrable 
vector field on U, it is said that equality rot ¥ = Y holds in the weak sense in U if 


(X,rot Z)y = —(¥,Z)u, 
for every vector field Z with Zi € COU), i = 1,2,3. 


Proposition 7.62. In an arbitrary domain U of R3, a continuous vector field X is 
locally conservative if and only if rot X = 0 in the weak sense, that is, 


(X,rot Z)y =0, for Z with Z; € C°(U), i = 1,2,3. 


A continuous vector field X is locally solenoidal on U if and only if div X =0in 
the weak sense, that is, 


(X,.V¢)y =0 ford €CX(U). 


If U is simply connected (respectively, without holes), locally conservative may be 
changed to conservative (respectively, locally solenoidal to solenoidal). 


For the notions of simply connected domain and domain without holes see 
Section 3.7.1. 


Proof. \t is quite similar to Proposition 6.20 (Remark 6.3). If X is of class C ‘ 
the result is a consequence of previous considerations. In general, we approach 
x by C® vector fields, uniformly on compact sets, which still verify the same 
hypotheses. O 


Hence, considering, in order to make it simpler, that U is a simply connected 
domain of R? without holes and assuming, in addition, that dU is regular, one has 
these two classes of continuous vector fields on U: 


A) X conservative => ¥ = Vw => wtX = 0, in the weak sense. 


B) X solenoidal —> X¥ =rotY —>$ div¥ = 0, in the weak sense. 


Theorem 7.63. [fa continuous vector field X is simultaneously conservative and 
solenoidal on a domain U, then there is a harmonic function y on U such that 
X= Vv. In particular, X is of class C®. If U has a regular boundary oriented 
by the exterior normal vector field N and x, N) = 0 holds on OU, then one has 
X =OonU. 
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Proof. Since X is conservative, one has X= Vv, with wy € C!(U). Moreover, 
div(Vy) = 0 in the weak sense, that is, 


foe; se) avix) =0 


for @ € CZ°(U). This is equivalent to 


[ vase aviny =0 forg e CRW). 
U 


which means Ay = 0 in the weak sense. By Weyl’s lemma (Theorem 7.45) wy is 
harmonic. Since (X, NV) = (Vw, N) = ao if the normal component of X is zero, 


then wy is constant and X= Vw = 0. O 


Suppose one wants to split a vector field xX , regular enough on U, as a sum of 
a vector field of type A) plus a vector field of type B): 


XS Xp EX, 
Then, applying the divergence operator, one would have 


div ¥, —div¥ Sh 


in the weak sense. Writing xX 1= Vy, it follows that 
Aw =h 


in the weak sense. In order to determine w it is enough to give a condition of 
Neumann’s type on dU. One may impose, for example, 


F) “— 
v= (XN) 
aN 
so that (X,,N) = = (Vw, N) = = x = = (Xx, N). Hence, in any possible decompo- 
sition ¥ = X 1 + x 2 with X 1 ate and X. 2 solenoidal, xX si is completely 
determined if (X 1,N )= (x, N ). Then the vector field X> = X — X, satisfies 
div X= = 0, so it is solenoidal, and in addition Ce N ) = 0. On the other hand, 
this decomposition turns out to be orthogonal because 


(%,, X)y = i: (F(x), a(x) dV (x) = [ (F(x), Hp) dV). 
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But (Vy, Xo) = div(W X>) — W(div X2) = div(wX>) and 
aes / div(yX) dV = | W(X, Ny dA =0. 
U U 


By construction, this decomposition is unique. Indeed if xX 1+ Re = X it x; 
were two decompositions of this kind, then re i- xX i= x, — xX, would be a 
vector field simultaneously conservative and solenoidal with normal component 
zero. Therefore, it is identically zero by Theorem 7.63. The conditions on X so 
that X1, X2 be C1(U) vector fields are delicate, but the condition ¥ « C!+#(0), 
a > 0, suffices; then the function h = div X is locally Lipschitz on U and according 
to Proposition 7.54 the problem Aw = hinU, v= = (X, N ) in 0U, has a solution 


yw € C?(U) and it turns out that x 1= = Vw € c! (U). With all this, the following 
theorem has been shown. 


Theorem 7.64 (Helmholtz). Assume U is a bounded domain with regular boundary 
oriented by the exterior normal vector field N, in which Neumann’s problem can be 
solved, and U is simply connected without holes. Then every vector field X regular 
enough on U (for example X € C!*+%(U), a > 0) has a unique decomposition 
X¥=X it Xo, 

with Xi a of class C!on U, where xX is conservative and satisfying (Xi; N) = 
(X,N) and X2 is solenoidal and satisfying (X2,N) = 0. Furthermore, this 
decomposition is orthogonal with respect to the scalar product of vector fields 
inU, 

It is possible as well to get other decompositions: choosing y with Ay = h = 
div X and y = 0 on OU, then the decomposition is also orthogonal and X, has 
only a component normal to dU. 


Let us now consider the previous decomposition on the whole space R?, this 
time solving the equation Ay = h = div X by means of the newtonian potential 


vO) = [WGC — y) AYO). 


Theorem 7.65. Suppose that Xisa vector field of class oe on R? with |div X(x)| = = 
O(|x|" = ae when |e > +00 for some & > 0. Then X has a unique decomposi- 
tion X = X it x. with X 1 conservative, Pe solenoidal and both vector fields 
continuous and vanishing at infinity. 


Proof. If X, + Xo — x + X!, then the vector field xi - be = pd = Xs is both 
conservative and solenoidal and, therefore, is of the form Vu with u harmonic and 
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Vu(x) vanishing at infinity. Since the function fu 


is harmonic and vanishing at 
infinity, by Liouville’s theorem (Theorem 7.8) it ee be identically zero. Hence, 
the decomposition is unique. In order to prove the existence, define xX l= = Vy, 


where w is the solution of Aw = div xX given by the newtonian potential, that is, 


H=9/ dvXee-yavoy=—= f avy = avo, 


Observe that the hypothesis | div X (y)| = O(jy|71-*) guarantees the convergence 
of the integrals. We just need to show that the vector field ¥ 1 vanishes at infinity 
(it is clear that xX, = =X-¥X 1 is solenoidal, because div X,= = 0 and vanishes at 
infinity as well). 

It suffices to check that 


[er s- yf 2aVvoy = ods. 


By symmetry, it is enough to consider the contribution of the half-space {y: |y| < 
|y—x|}. The contribution of fy: ly| < fal i (where |x — y| is about |x|) is estimated 


Ix? Pos lyl-* Vy) = [x2 0(lx2-*) = Ox") 
Vis 


and the contribution of {y: ale ly] < ly - x|} (where |y — x| is about |y]) is 


2 
bounded above by 


ye Iyl3-* dV) = Ox"). 5 
y= 


One can go further and make the vector field x. 2 explicit. Since x 2 is solenoidal, 
it has a potential vector, that 4 is, Xx. 2 = rot, Y. The vector field Y is not uniquely 
determined, because rot(X +V f) = rot Y for any conservative vector field Vv f, 
with f a function. A way of normalizing Y isto impose that Y be solenoidal and 
vanishing at infinity: actually, if rot Y, = rot Ya and Yi Y: 2 are both solenoidal and 
vanishing at infinity, then Y, - Y> = Vu with w harmonic and Vu vanishing at 
infinity, which gives Y. l= Yo. 

Hence we look for a solenoidal vector field Y such that Y. 2 = rot Y. Then 


rot X = rot x + rot a = rot Pe = rot(rot Y). 


Now, 
rot(rot Y) = V(divY) — AY, 
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where AY is interpreted vectorially. If Y is solenoidal, then div Y = 0 and we 
conclude that o - 
AY =—-rotX. 


If | rot xX | = O(|y|~?~®), the only solution vanishing at infinity is again 


Vxy=—f ror X GC — y AV, 


by a computation similar to the one in the proof of Theorem 7.65. Moreover, if one 
also has | div X(y)| = O(|y|~?~*), the potential function w defined before by 


vO) =f div FQ) Gee dV) 
will be vanishing at infinity as well. All this proves the following statement: 


Theorem 7.66. Let X be a vector field of class C! on R? with |div X(x)| = 
O(|x|~2-®) and | rot X (x)| = O(|x|~2-®) when |x| — 00, for some ¢ > 0. Then 
the decomposition 

X= Vw + rot ¥ 


with 
W(x) = / div ¥(y)G(x — y)dV(y), 
R3 


> 


Vy =-f ror ¥ GU - dV) 


is the unique decomposition of X as a sum of a gradient, Vw, and a rotational, 
rot Y, with w, Y vanishing at infinity. 


Finally we find an expression for the vector field xX l= Vw in terms of X ; 
which is useful in fluid mechanics. Applying the divergence theorem to the field 


wos X and to the domain B(x, R) \ B(x, €), it turns out that 


1 a ee 1 a 
—f OER My dAQy—— fA. Hy dav 
€3 Js(x,R) |x — yl C3 Is(x,e) |x — y| 


1 pained 
= aiv (= Z ) dV(y) 


€3 J Bp(x)\Be(x) |x — y|? 


1 5 see Hy 
= (div ¥) 2 
C3 JBp(x)\Be(x) Ix—y| 


1 = eres = 
+— F (¥, (= 75) ¥)a V0». 
C3 IBp(x)\Be(x) ey 


II 


dV(y) 
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If X vanishes at infinity, one has 


i ee 
lim — ff aL X,N)dA(y) = 0. 
Roo €3 Js(x,R) |X — YI 


Moreover, 


1 i-~Vi,o x 
/ VF) dA(y) 


C3 J S(x,e) |x _ |? 
1 


= ieee 
63 a leat s) 5 oe pe HT, x) 740). 


The limit when ¢ — 0 of this last integral does not change when replacing 
Xj; (y) with X; (x); then the terms with j 4 i are zero and the term with j = i has 
limit —1X; (x), when e > 0. Hence one has 


e>0 C3 


= 1 = x—y = 
Xi(x) = ~¥ (x) — lim —f oo (==, ) fav», 


where Vy(——T) must be interpreted as the matrix 


(a; (esse) 
Oy; |x — y|3 ia 


7.11 Dirichlet’s problem and conformal transformations 


In order to solve Dirichlet’s problem or Neumann’s problem in more general do- 
mains than the disc or the ball, it is natural to analyze how these problems behave 
when a domain is transformed into another. First we look for transformations W that 
preserve harmonic functions, that is, those giving a harmonic function uv = v o W 
whenever v is harmonic. This analysis is done here in arbitrary dimension n. 

It is worth remarking that one does not ask that equality A(v o VW) = (Av) o U 
holds. In Subsection 7.2.1 ithas been seen that L = P(A), where P isa polynomial, 
is the general expression of operators satisfying L(v o VY) = Lv o W for every 
isometry W. In particular, one has A(v o VY) = Av o W for every isometry WV. 
However W may preserve harmonic functions under more general conditions. For 
example, there could exist a factor FE such that 


A(vo W) = [Avo W]- E. 


Let VW = (Wy, W,..., W,) be a diffeomorphism of class C* between two open 
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sets U, V of R”, v € C?(V) and compute A(v o W): 


n 


0 0 
(vo ¥) = a ee yee, 
Xj = 
OW; 7 dv PU; 
Ww U a, a ’ 
uate = Ee mn (ye (x) () Do ay, az) 
"av 
A(v 0 W)(x) = (x yee (W(x) AVE (x). 
i,k l= a a vt Daye 


(7.34) 


Suppose now this expression is zero whenever Av = 0. Taking v = yx, it follows 
that AW; = 0, that is, each component Y; of YW must be harmonic. Taking 


v = yz — yZ one gets 
> OW, = OW, 
OX; — OX; 


i=1 


and taking v = ygye withk # £, 


OW; OW, 
= k . 
> Ox; OX; 0, me 


This means Jy(x) = W(x) € RO(n). So Jy(x) is a scalar multiple of an orthog- 
onal matrix, that is, the linear mapping W’(x) conserves the size of angles and is 
therefore a linear similarity for each x € U. In other words, Y is conformal or 
anticonformal at each point of U. 


Theorem 7.67. A diffeomorphism WV of class C* between two open sets of R” 
preserves harmonic functions if and only if it is conformal or anticonformal at each 
point and the components of Y are harmonic functions. 


Proof. We have already seen that VY is necessarily of this kind. For the converse, 
notice that formula (7.34) reads 


A(v o W) = trace[W’ (x)! HW’ (x)], 


where H is the Hessian matrix of v at the point W(x). Since W’(x) is conformal, 
W’(x)! is a multiple of Y’(x)~! and then it follows that A(v o W) is a multiple of 
trace [W’(x)~! H W'(x)] = trace [H] = 0. O 
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In dimension n > 3, Liouville’s theorem (Theorem 2.29) asserts that if V is 
conformal or anticonformal at each point of U, then W is the restriction to U of a 
similarity in R” (composition of isometries, dilations and inversions). However, in 
dimension n = 2, Theorem 7.67 asserts that all transformations w = W(z) that are 
holomorphic or antiholomorphic preserve the class of harmonic functions. 

In the case n = 2, when w = W(z) is holomorphic, repeating the calculus of 
A(v o W) in terms of operators 0, a yields 


dv dW av P 
a oe (Y(z)) YZ), 
2 


: a 
(ve We) = = —— (WEENIE)? 
A(v o W(z) = AYE) WEP. 


avow) = we) 


All that has been said can be expressed, more precisely, in the following result. 


Theorem 7.68 (Invariance of the Dirichlet problem for holomorphic transforma- 
tions). Let U and V be two bounded domains of C such that there exists a holo- 
morphic one-to-one function from U onto V which extends to a homeomorphism 
from U onto V. Suppose one knows how to solve the non-homogeneous Dirich- 
let problem in U. Then, if p € C(dV) and ¢ € L(V), the Dirichlet problem 
Av = gin V, v = ¢g in OV has a unique solution (in the weak sense). If $ is 
locally Lipschitz, then the solution v is of class C? on V and satisfies Av = 0 in 
the classical sense. 


Proof. Let ¥: U — V be bijective and holomorphic extending to a homeomor- 
phism from U onto V. Recall that W’(z) 4 0, for all z € U and W-!: V > U is 
holomorphic with (W~!)/(W(z)) = W’(z)~!. Consider the Dirichlet problem in U 
with data go(z) = g(V(z)), b0(z) = &(¥(z))|W’(z)|?. One has 


/ |W'(z)|? dm(z) = i dm(w) = m(V) < +00 
U WU) 
and, therefore, do is integrable and locally bounded on U. Let u be the solution of 


the problem Auo = ¢0 in U, uo = Go in A(U). Then v = uo W~! is continuous 
on V and satisfies vijay = y and Av = din V. O 


Furthermore, one has a formula for the solution in V if one has it in U. In the 
particular case U = D and Y: D — V one-to-one and holomorphic, one can write, 
by (7.31), using the previous notation: 


ule) = 5 ~{ <1 (6) do) 


qe og |S -| ole) dis) = WG) + we) 
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The second term u"!(z) is the solution of Au = ¢o in D, u = 0 in T. Making the 
change of variable (¢) = 7, the measure #9 (C) dm(C) = o(W(E)) |W’ (O)|? dm() 
becomes (7) dm(n) and the function 


[Y(w) — ¥)| 


1 
vw) = ul (Uw == f tog dm 
(w) (Ww) = 5 i 1-t@eolr” (7) 
is the solution of the problem Av = ¢ in V, v = 0 in OV. The function 
V(w) — 
Gy(w,n) = Log  . 
[1 — B(w) ¥(e)| 


is thus the Green’s function of V. When OV is regular and W is differentiable along 
T with W’(z) 4 0 one may also transform the integral that defines u'(z) with the 
change ¥(¢) = n. Then the measure yo(C) da(¢) becomes |(V)’()|@(y) ds(n) 
and the function 


1 1 —|¥(w)/? 

vl(w) = wlewwy = = f : 
2x Jay |¥(w) — V(n)| 

is the solution of the problem Av = 0in V, v = g in OV. The function 
1 1—|(w)/? 

2m |Y(w) — Y(n)|? 


I(Y)'(n)|e(n)ds(n) 


P(w,n) = \)'(n)| 
is the Poisson kernel of V. 

The same idea may be used for the Neumann problem. Suppose that U and V 
are two bounded domains of C with positively oriented regular boundary and Y 
is a one-to-one and holomorphic transformation from a neighborhood of U onto 
a neighborhood of V so that it is a homeomorphism from U onto V. In all the 
examples one may check that this hypothesis holds. 

First observe that W satisfies Jy(z) = |W’(z)|? > Oand so preserves orientation. 
Hence, W transforms dU into dV and when z describes dU in the positive sense, 
the point Y(z) = w describes dV in the positive sense. Let M (z) denote the 
unit exterior normal vector to dU at the point z € dU. Since W’ preserves angles 
at the points z € dU and W transforms dU into OV, this yields that the vector 
(dW)(z) (Ny (z)) = Ww’ (z)M (z) is an exterior normal vector to dV at the point 
w = W(z). So, denoting by N>(w) the unit exterior normal vector at w € dV, one 
has 

WZ) 


N2(w) = wel (z). 


Assume now that v is a solution of the problem Av = ¢ in V, a = ginovV. 
2 
Then the function u = v o W satisfies Au(z) = ¢(W(z))|W’(z)|? in U and 


0 
(2) = Sw) |’) = ow) |W’). 
ON> 
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So, if one wants to solve the problem Av = ¢ in V, = g in OV and knows 


how to find a solution u of 


0 
Au(z) = $((z))|¥'(z)/? in U, oe = g(Y(z))|¥'(z)| in aU, 
1 


then v(w) = u(W(w)) is the desired solution. 


7.12 Dirichlet’s principle 


Dirichlet originally solved the problem that bears his name, namely Au = 0 in 
a domain U C R”, u = gin OU with g € C(dU), as a problem of calculus of 
variations. He did so on the basis of the observation that Laplace’s equation is 
Euler’s equation associated to the functional J acting on the function u, according 
to 


I(u) = |Vul? dV. (7.35) 
U 
This functional is called the Dirichlet integral. 
Given gy € C(0U), consider the class of functions 
= {ueC*(U):u= gina} 


and the functional J: © — R* defined by (7.35). Suppose that uo € ¥ is a global 
minimum of J on ¥. Then, fixing y € C2(U), the function uo + ey is in ¥ for 
alle > 0 and J(up + eW) > I(uo) holds. The function e + I(uo + ey) has 
a minimum for ¢ = 0, and so has vanishing derivative at = 0, whenever this 
derivative exists. One may calculate it: 


d d = zs 
Je! uo t+ew)= =f |Vug + eVw|? dV(x) 
9 2 
oe » eu mr) a“ 


(= ! ~)F eax x). 


Letting ¢ — 0, it yields 


i (Vuo, VW) dV(x) = 0. 
U 


By the first Green’s identity, and the fact that yw has compact support in U, we get 


[ Auo(x)- w(x) dV(x) = 0. 
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Since this equality holds for any y € C2(U), one has Aug = 0. Therefore, if 
Ug is a global minimum of J in &, then wo is the solution of Dirichlet’s problem. 
This is the statement of Dirichlet’s principle. Since I takes positive values, it could 
seem clear that this global minimum always exists. This (mistakenly) led Dirichlet 
to regard the previous argument as a proof of the existence of a solution for the 
problem. One may try, however, to keep the argument up and then some questions 
on the completeness of spaces of functions appear. These questions were not solved 
in Dirichlet’s time and motivate further study of the nowadays well-known theory 
of Hilbert spaces. 
First, change the definition of © and take now 


y={uec!(U):u= adv}. 
If uw € & minimizes J on = one will have, as before, 


I, 3 7 =~) les [ Guo.) ave =, 


i=1 


Integrating by parts yields 
/ upApwdV(x) =0 forw¢C2(U). 
U 


So, Auo = 0 in the weak sense and by Weyl’s lemma, vo is a harmonic function. 
Consider 
a = inf{/(u), ue X}>0 


and a sequence of functions wu, € X such that (/(u,)) > a, when n — oo. Since 
Un + 5Um € &, one has 


1 zs Ss 
o<7/ Vun — Vum|? dV +a 
4 Ju 
1 x oes ier eee S.. 5 
<- Vun — Vuml\) dV + — | |Vun + Vuml~ dV 
Ade 4 
1 = 2 1 = 2 7 
== Vun|/ dV + = Vum|~ dV —a ifnsm>o. 
2 Ju 2 Ju 


Therefore, ie Vuln _ Vum|? — 0, forn,m — oo. Now notice that defining 
p(u,v) = I(u—v) for u,v € &, p is a distance. Indeed it satisfies the triangle 
inequality and p(u, v) = 0, implies Vu = Vvandsinceu = v = g in dU, one has 
u = v. If the space & was complete with this distance, the conclusion just obtained, 
saying that (wv,,) is a Cauchy sequence in (X, p), would imply that (u,) > uo with 
ug € X and J(uvg) = a@ and would prove the existence of solutions of Dirichlet’s 


320 Chapter 7. Harmonic functions 


problem. But & is not complete with the distance p. However, one could redevelop 
what has been said, on the basis of similar arguments and the projection theorem 
for Hilbert spaces and prove that a variant of Dirichlet’s problem (in the sense of 
Sobolev spaces) has a solution. 

The most general way of solving Dirichlet’s problem in open sets of R” is 
Perron’s method. It is based on subharmonic functions and the concept of “subso- 
lution”. In Section 9.4 this method will be explained in the case of domains of the 
complex plane. 


7.13 Exercises 


1. Show that a continuous function u on a domain U C R” is harmonic if and 
only if it has the mean value property with respect to balls, that is, 


n 


aGy= Cnr” 
n 


i u(x) dV(x), 
B(a,r) 


> 


whenever B(a,r) C U, where cy, = do(S). 


2. Find the dimension of the vector space formed by homogeneous polynomials 
on k” of degree k, k € IN, that are harmonic. 


3. Recall (Section 7.3) that a continuous function v ona domain U C R” is said 
to be subharmonic if it has the sub-mean property with respect to spheres, 
that is, 


1 
v(a) < =e 4 v(x) dA(x), 


whenever B (a,r) C U. Show that in the case n = 1 subharmonic functions 
are the convex functions. 
a) Prove that a function v € C?(U) is subharmonic on U if and only if 
Av > 0on U (see Exercise 13 of Section 3.8). 
b) Let y > 0, W € CP°(R”), with support in the unit ball B and 


[wavan. 


Put W(x) = e "W(x/e) and consider the convolution ve = v * We in 
the open set U; = {x : d(x, U°) > e}. Prove that v is subharmonic on 
U if and only if v, is subharmonic on U,, for all ¢ > 0. 
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c) Show that v is subharmonic on U if and only if 


/ v(x)AG(x) dV(x) > 0, 
U 


for every function ¢ € C2°(U), ¢ = 0. 


d) Show that v is subharmonic on U if and only if has the sub-mean value 
property with respect to balls, that is, 


n 


v(a) < 


/ v(x) dV(x), 
B(a,r) 


Cyr” 


whenever B(a,r) Cc U. 


4. Show that the maximum modulus principle holds for subharmonic functions: 


8. 


if U isabounded domain of R” and v € C(U) is subharmonic on U satisfying 
v(x) < M for x € OU, then one also has v(x) < M for x € U. Show that 
if u € C(U) is harmonic on U and v € C(U) is subharmonic on U and 
satisfies u(x) < u(x) for x € dU, then one also has v(x) < u(x) for x € U. 


. Starting from the solution of Dirichlet’s problem in a ball given by the Poisson 


kernel, prove that every harmonic function on an open set of R” is an analytic 
function of its real variables. 


. Suppose that the function f is harmonic and complex-valued on a domain U 


of R”, say f =u + iv. Prove that the following are equivalent: 
a) f? is harmonic on U. 
b) Vu, Vv are perpendicular and have the same norm in U. 


Ifn = 2, prove that a) or b) are equivalent to saying that f is holomorphic or 
antiholomorphic on U. In the general case n > 2, show that if f, harmonic, 
satisfies a) or b) and takes real values, then f is constant. 


. Prove Harnack’s inequality: if u is harmonic and positive on a domain U of 


k” and B(a,r) Cc U, then one has 


n—2 r—|x—al n—2 r+ |x-al| 
——______y(a) < u(x) <r” * —_—___ 
4 [x saya) SQ) SG apt 


u(a) 
for x € B(a,r). Use this inequality to prove that every harmonic function 


on R” bounded above is constant. 


a) Use Harnack’s inequality (Exercise 7 of this section) to prove the fol- 
lowing: let U be a domain of R”, K a compact set contained in U and 
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10. 


11. 


12. 


13. 
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a € U;; then there are constants m, M depending on U, K and a such 
that 
mu(a) < u(x) < Mu(a), 
for every function uv harmonic and positive on U and every point x € K. 
b) Let (un)nen be a sequence of harmonic functions on a domain U that 
converge uniformly on each compact subset of U to the function u. 


Show that wu is harmonic on U and the derivatives (D%u,,) tend to D®u, 
uniformly on each compact subset of U, for each multi-index a. 


. Let (Uy)nen be a monotone sequence of harmonic functions on a domain 


U c R”. Assume that (u,(a)) converges at a point a € U. Show then 
that (u,) converges uniformly on each compact subset of U to a harmonic 
function on U. 


a) Let Tt = {(x1,x2,...,Xn) € R": X, > 0} be the upper half space 
of R” and let u be a bounded harmonic function on I1*, continuous on 
Ti+. Assume that u(x) = Oif x € R"-! ~ {x = (x1, %2,...,%n) € 
R” : x, = 0}. Show that uv = 0on TIT. 

Prove the same result changing the boundedness of u on II* by the 
condition: |u(x)| = O(G(x)), |x| — oo, where G is the fundamental 
solution of the Laplacian. 


b 


wm 


Hint: For part b) use Proposition 7.40 and the fact that the composition 
of a harmonic function with the inversion with respect to the unit ball is 
harmonic. 


Find the harmonic function on the unit disc D that has a continuous extension 
to D with value 1 at the points (x, y) € 0D with y > 0 and with value 0 at 
the other points of 0D. Find also the harmonic function that has a continuous 
extension with value | y| at every point (x, y) € OD. 


Find the harmonic functions on the unit disc D extending continuously to 
each point e!9 © AD with value a) sin 9, b) sin? 6, c) cos? 6. Find also the 
harmonic function on D extending continuously to the function x? + y? at 
the points (x, y) € OD. 


Let u be a harmonic function on a ball B(a,r) of R” such that 


i |u(x)|? dV(x) = M <+00, p>O. 
B(a,r 


1 
Prove the inequality |u(a)| < (< 7M)”, where cn = do(S). As a conse- 
quence, show that if uw is harmonic on R” and |u|? is integrable on R”, then 


u vanishes on [k”. 


14. 


15. 


16. 


17. 
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Consider in the unit disc D of the complex plane the mixed problem: look 
for u € C!(D) such that Au = 0 in D, 124 (2!) + Be (el?) = (e!®), if 
e9 © OD, with g € C(AD) given and A constant. Show that this problem 
has a solution if and only if the data g has zero integral on 0D and find the 
solution of the form 


2a 
u(z) = [ ole) OC, €%) dé, 


with an explicit kernel Q(z, e?°). 


The aim of this exercise is to solve Dirichlet’s problem in an annulus C = {z € 
C: Ro < |z| < R,} of the complex plane. That is, given two continuous 
functions ¢1, g2 € C(dC), one wants to find u harmonic on C,, continuous on 
C such that u(R,e!9) = g1(Rie?9), u(R2e!") = go(Re?9), for e!? € T. 


a) First show that the general expression of a harmonic function u on C is 


u(re!?) = > (Anr"™! Ra herr. AR eC, 
neZ 


b) Calculate coefficients A,, By, in terms of Fourier coefficients of gy; and 
G2. 
c) Solve Dirichlet’s problem in C. 


Let U be a non-bounded domain of R” and u a continuous function on U, 
harmonic and bounded on U, vanishing on the boundary of U. Show that u 
is identically zero on U. 


Let II* be the upper half plane {z = x + yi: y > O} and z ¢€ II* fixed. 
Show that the function 


1 — 
G(w,z) = 5q Los __ 


is the Green’s function of I1* with pole z. Use the function G and Exercise 16 
of this section to prove the following: for g bounded and continuous on R, 
the function of z = x + iy, 


1. © 
= - Gx) y ~ 


is the only bounded harmonic function on II* with value ¢ at the boundary 
of Ir. 


324 Chapter 7. Harmonic functions 


18. Show that the Riesz potential G(@) is a continuous function on R” provided 
that @ € LP? (R”) satisfies the condition 


loc 
[, \ecallbelavey < ce. 


19. The aim of this exercise is to solve Dirichlet’s problem in the square Q = 
[0, 1] x [0, 1]. The data is a continuous function g on dQ. 


a) First show that one may assume that ¢ vanishes at the vertices of Q. For 
this consider the harmonic polynomial a + bx + cy + dxy, witha, b, 
c, d conveniently chosen. 


b) If g vanishes at the vertices, then it may be expressed as a sum of four 
functions, each of which is zero in three of the edges of Q. 


c) It is enough, now, to solve the problem Av = 0 in Q and 


u(x,0) = u(0, vy) =ul,y) =0 forO<x,y <1, 
u(x,1)= g(x) forO<x <1, 


with g(0) = g(1) = 0. For this problem, use separation of variables to 
prove that the solution is 


[oe] 


2 
u(x, y) = Se aan sinnax -shnzy, 


n=1 


where @(n) denotes the n-th coefficient of g in the orthonormal basis 
{/2sinnat :n € IN} of L?((0, 1). 


20. Do something similar to the previous exercise to solve Neumann’s problem 
in the square Q. 


21. This exercise provides an interpretation of the Poisson kernel of the unit disc D. 
For z € D fixed, associate to each point w € dD the point € = €(z, w) € 0D 
such that w, z and € are aligned. Show that the solution of Dirichlet’s problem 
in D with data g € C(dD) is 


ue) = 5 | le, w))do(w. 


22. Let U be a bounded domain of R” with regular boundary oriented by the 
exterior normal vector field N and dU = SU S2 a partition of the boundary. 
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Let %1, ¢2 be continuous functions on S;, Sz, respectively. Show that the 
problem 


0 
Au=0inU, uwu=g,in Sj, ae = ~2 in Sz 
ON 
has at most one solution. Consider the case U is the upper half disc of the 
plane, U = {(x, y): x?+ y? <1, y > 0}, S; = [-1, l] and Sp = OU \ Sy. 
Solve the problem 
. ; ou ; 
Au=0inU, u=@inS,, —=0in Sj, 


with g continuous on S>, in two different ways: a) using the symmetry 
principle, b) by separation of variables. 


Chapter 8 
Conformal mapping 


Holomorphic functions of one complex variable are conformal mappings in the 
sense that they preserve angles. This property makes them a very useful tool to 
study different problems in Physics, such as the motion of fluids, or in the solution 
of problems with boundary conditions. 

In this chapter conformal mappings are studied, stressing geometrical aspects, 
examples and applications. The proof of Riemann’s theorem or fundamental theo- 
rem of conformal mapping will be given in Chapter 9. 

Besides linear transformations and conformal mappings provided by elementary 
functions, one deals with conformal mappings of polygons and with the boundary 
behavior of conformal mappings of domains limited by analytic arcs, both important 
questions in view of the applications. The chapter ends with some examples of the 
use of conformal mapping, one in cartography and the others in hydrodynamics. 


8.1 Conformal transformations 


We start with an overview of the relation between holomorphy and conformality, a 
question already considered in Subsection 2.4.2. 

Suppose that y1(t), y2(t) are two regular curves passing through the point Zo, 
let yi1(0) = y2(0) = Zo, and having, at this point, a non-zero tangent vector, 
y,(0) 4 0, y5(0) A 0. The angle between y; and y at the point Zo is the angle 
between the tangent vectors: 


Arg |y;(0) - (0)]. 


Let now f be a differentiable mapping on a neighborhood of the point Zo with 
df (Zo) invertible. The linear mapping df (Zo) is called the tangent linear mapping to 
f atthe point Zo for the following reason: considering the curve 7; (t) = f(y1(t)), 
the image of y; by /, then the tangent vector to y; at the point f(Zo) is the image 
by df (Zo) of the tangent vector to y; at the point zo. That is, 


¥, 0) = (Ff © v1)') = df (Z0)(1, (0). 


Of course, the same holds for y2 and for any curve passing through the point Zo. 
Hence, the curves 7} = f o y; and yz = f o y2 meet at the point f(Z9) with 
an angle equal to 


Arg | df (z0)(vi(0)) - df Zo)(73(0))]. 
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Observe that the condition df (Zo) to be invertible is necessary to consider the angle 
between 7; and 72. Otherwise it could happen that one of these curves has null 
tangent vector at the point f(zo). 

Suppose now that f is holomorphic around the point zp and f’(zo) 4 0. Then 
it is known (Theorem 2.25) that the tangent linear mapping df (Zo) is the C-linear 
one given by complex multiplication by f’(Zo). Therefore, 


¥,(0) = f"(zo)-y,(0) and ¥(0) = f'(Zo)- 730). 


This means that the action of the function f makes its tangent vector to rotate by 
an angle Arg f’(Zo). 
The angle between 7; and 72 is now 


Arg|L/"(20) 7740) -730)] = Arey) - O). 


The function f preserves, then, the angles between curves at the point zo. We say 
that f is conformal at this point. Observe that f preserves the values of the angles 
and also their sense (which is the sign of Arg[y; (0) - y5(0))). 

Now, instead of comparing the angle between tangent vectors to two curves with 
the angle between tangent vectors to their images by /, let us compare the length 
of these tangent vectors. That is, let us compare |y’(0)| with |df(zo)(y’(0))|. 

In general, the relation between these lengths depends on the direction of the 
vector y’(0), but if f is holomorphic, then 


|df (Zo)(v'(0))| = | F"(Zo)| - Ly“(O)| 


and it yields that the distortion of the length induced by f is the same in all directions 
and equal to | f’(zo)|. 

Consider now the converse of the results that have just been stated. In Subsec- 
tion 2.4.2 it has been seen that if f is differentiable around the point Zo (with df (zo) 
invertible) and f is conformal, that is, preserves the angles between curves and their 
sense, then f is holomorphic at the point zp. Let us review the argument: with 
matrix notation one has df (Zo) = (2 e) where a = sub = i e= oy d= a 
if f =u+ivanddf(zo)(z) = az+ BZ witha+ B =a+icanda—fB =d-ib; 
the fact that df(zo) preserves angles means that ik o)@) =a p2 has constant 


argument, and this only can happen if 8 = 0, because w + pz describes a circle 
with center a and radius |6|; finally, 8 = 0 means a = d, b = —c, which are 
Cauchy—Riemann equations. 

Let us assume now that the differentiable mapping f, with df(zo) invertible, 
dilates lengths of vectors with the same rate in all directions. This means that 


df@o@) _ ai 


a+ fp 
Zz Zz 
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has constant modulus, independently of z, which is only possible if w+ B z describes 
either a circle of radius zero ora circle with center at the origin. That is, either 6 = 0, 
or a = 0. In the first case, it is known that f is C-derivable at the point Zo. In 


the second one, a = 0 and one gets a = —d, b = c. Now df(zo)(z) = Z is 
a linear mapping which preserves angles, but changes orientation. The equations 
corresponding to a = —d, b = ¢ tell now that f is a holomorphic function. We 


say that f is antiholomorphic or inversely conformal. 
Altogether the following statement holds: 


Proposition 8.1. If f is a differentiable function around the point Zo, f is conformal 
at Zo if and only if f has complex derivative at Z9 and f'(Z9) 4 0. In this case, 
the tangent linear mapping df (Zo) is a rotation of angle Arg f'(zo) followed by a 
dilation of factor | f'(Zo)|- 


8.2 Conformal mappings 


It has just been shown that if f is a holomorphic function on an open set U of the 
complex plane and f’(z) 4 0, for each z € U, then f is conformal at each point 
of U. Now, f does not need to be an injective mapping on U (think, for example, 
about U = C and f(z) = e’). 

However, if f is a holomorphic function on U that, in addition, is injective on 
U, then necessarily f’(z) 4 0, for z € U, according to Theorem 4.32. So in this 
case, f is a one-to-one mapping from U onto the open set f(U) that is conformal 
at each point of U (f(U) is open by Theorem 4.33). It is also clear that the inverse 
function f—! is conformal at each point of f(U), because, f’(z) 4 0 yields that 
f—! is holomorphic with non-vanishing derivative as well. 


Definition 8.2. If U is an open set of C, a holomorphic and one-to-one function 
f on U is said to be a conformal mapping from U onto the open set f(U). 

Two domains U, U’ of the complex plane are said to be conformally equivalent 
if there exists a conformal mapping from U onto U’ (or from U’ onto U). 


So conformal mappings are the mappings that are conformal at each point of its 
domain and, furthermore, are globally injective. For example, the function e” is a 
conformal mapping of the strip U = {z: 0 < Imz < 27} onto C \ {z: Rez > 0, 
Imz = 0}. 

If U, U’ are conformally equivalent, they must also be topologically equivalent, 
because a conformal mapping from U onto U’ is, in particular, a homeomorphism 
between U and U’. 

Hence, for example, the unit disc of the plane D = {z: |z| < 1} and an annulus 
C(0, 1,2) = {z: 1 < |z| < 2} cannot be conformally equivalent. Another negative 
example is the following. 
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Proposition 8.3. The unit disc D and the complex plane C are not conformally 
equivalent even though they are topologically equivalent. 


Proof. If f: C — D is holomorphic, being also bounded, Liouville’s theorem 


(Theorem 4.41) yields that f would be constant and, therefore, not injective. 
4 


On the other hand, f(z) = ear] is ahomeomorphism from C onto D. O 


It is a natural question, then, to ask which domains can be conformally mapped 
onto the unit disc D. The answer is the following: 


Theorem 8.4. A domain of the complex plane can be conformally mapped onto the 
unit disc if and only if it is simply connected and different from C. 


One may easily see that the conditions on U are necessary. First the condition 
U & C is necessary by Proposition 8.3. Secondly if f: D — U is a conformal 
mapping, then for each piecewise regular closed curve y with y* C U and each 
point a ¢ U, one has 


d / 
/ a / a dz =0, 
yw-a frloy f(z)—a 
by Cauchy’s theorem since f(z) #4 a if z € U. So Ind(y, a) = 0 and U is simply 
connected. 
The fact that simply connected domains different from C can be conformally 


mapped on D is due to Riemann and it is known as the fundamental theorem of 
conformal mapping. More precisely, Riemann’s theorem is the following. 


Theorem 8.5 (Fundamental theorem of conformal mapping). Given a simply con- 
nected domain U, U # C, and a point Zo € U, there exists a unique conformal 
mapping f from U onto the unit disc D, normalized with the conditions f(Zo) = 0 
and f'(zo) > 0. 


Corollary 8.6. Two domains of the plane, simply connected and different from the 
whole plane, are conformally equivalent to each other. 


Two proofs of Riemann’s theorem will be given in Chapter 9. This theorem 
says that there are two models of simply connected plane domains: C and the unit 
disc D. Any other simply connected domain is equivalent to one of these. 

If two domains U, U’ are conformally equivalent, then it makes no difference 
if one studies holomorphic functions on U or on U’, because if f: U > U’ is 
conformal, the transformation g — go f—! gives an isomorphism between the 
rings of functions H(U) and H(U"). That is, if we want to know the analytic 
functions on a domain without holes, it is enough to study entire functions and 
holomorphic functions on the unit disc. 
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In particular, conformal mappings from a domain U onto itself may be consid- 
ered. It is clear that these transformations form a group, called the automorphism 
group of U and denoted by Aut(U). If U and U’ are conformally equivalent 
by f: U — U’, then Aut(U) and Aut(U’) are isomorphic groups, through the 
correspondence g — go f~—! from Aut(U) onto Aut(U’). 

If f is a conformal mapping from U onto U’, the effect of f# on harmonic 
functions has been analyzed in Section 7.11. It is known that the transformation 
u — uo f gives a bijection between harmonic functions on U’ and harmonic 
functions on U. Indeed, the converse also holds in the sense that u > uo f 
is a bijection between the spaces of harmonic functions only when /f is either 
holomorphic or antiholomorphic (Theorem 7.67). This fact suggests that conformal 
mappings might be useful in the solution of Dirichlet’s problem, since it may be 
convenient to change the domain by means of a conformal mapping, before seeking 
for the appropriate harmonic function. 

Recall that if U, U’ are two domains and f : U — U’ is aconformal mapping, 
the relationship between Dirichlet’s problem in U and the corresponding one in U’ 
is the following (Section 7.11): 

Suppose that one knows how to solve Dirichlet’s problem in the domain U’ and 
wants to solve it in the domain U. If g € C(dU) is the data at the boundary of U, 
define vy = yo f—!. Now take v to be the solution of Dirichlet’s problem in U’ 
with data y, that is, Av = 0 on U’ and ee = vy. Thenu = vo f is the solution 
of the Dirichlet problem in U (Figure 8.1). 


w=pof 
¥ i 
—_—. v 
u=vof 
Figure 8.1 


Remark that f must be a bijective and bicontinuous transformation (homeo- 
morphism) between boundaries of U and U’. Therefore, it is very important to 
know what is the behavior at the boundary of a conformal mapping. In the case of 
a simply connected domain U # C it is known, by Riemann’s theorem, that there 
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are conformal mappings f: U — D, where D is the unit disc. The question is: 
when does f extend to a homeomorphism /f : U > 0D? 

Of course, if this is possible, then f will be also a homeomorphism from dU 
onto 0D and, therefore, 0U must be a closed Jordan curve that, by definition, is a 
space homeomorphic to dD. What matters here is the fact that this condition on 
dU is enough to guarantee existence of the extension f. Indeed, the following 
statement holds. 


Theorem 8.7 (Carathéodory). Jf U is a simply connected domain, U # C, such 
that 0U is a closed Jordan curve, then any conformal mapping f from U onto the 
unit disc D extends to a homeomorphism from U onto D. 


Corollary 8.8. A conformal mapping between two simply connected domains 
bounded by Jordan curves extends to a homeomorphism between the closures of 
the domains. 


The solution of Dirichlet’s problem in the unit disc given in the previous chapter 
(Subsection 7.6.1) allows us, then, to solve Dirichlet’s problem in a simply con- 
nected domain bounded by a Jordan curve whenever one is able to map explicitly 
this domain onto the unit disc. Later on some example will be given. 

The proof of Theorem 8.7 when 0U is an arbitrary Jordan curve falls beyond 
the scope of this text and will not be given. It may be found in [9], p. 324. However, 
the proof will be done in the particular case that JU consists of a finite number of 
analytic arcs. This is, essentially, the situation of Proposition 1.35, but with the 
function g analytic, that is, holomorphic. More precisely, an arc y(t),a < t < b,is 
an analytic arc in the boundary of the domain U if there exists a simply connected 
domain A, symmetric with respect to the interval (a, b), and a function g that maps 
conformally A onto an open set A= (A) such that 


o(AN{z: Imz > 0}) =ANU, 
g(t)=y(t), te,bd), (8.1) 
o(AN {z: Im <0!) = ANU. 


First let us note a property of conformal mappings that is purely topological and 
so holds for homeomorphisms as well. Let f: U — U’ be a continuous mapping 
from a domain U ona domain U’. One says that f(z) tends to the boundary of U’ 
when z tends to the boundary of U if for any compact set K’ C U’ there exists a 
compact set K C U such that if z ¢ K, then f(z) ¢ K’. 


Proposition 8.9. If f: U — U’ is a homeomorphism, then f(z) tends to the 
boundary of U' when z tends to the boundary of U. 


Proof. Since f—! is continuous, given a compact set K’ C U’ just take K = 
f—'(K’) to have a compact set of U satisfying the required condition. O 
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This means that for a sequence (z,,) of points in U converging to a point of dU, 
the sequence (f(Z,)) gets close to JU’, but one cannot say that it tends to a point 
of dU’. The same happens with an arc of curve y(t) € U which tends to a point 
of aU. 

We will also need a symmetry principle for holomorphic functions, which is 
worth being stressed. 


Proposition 8.10. Let U be a domain of the plane, symmetric with respect to the 
real axis, f a holomorphic function on U* = U  {z : Im > 0} and suppose that 
the function u = Im f is continuous on Ut andu = 0inU OR. Then f has a 
holomorphic extension to U that satisfies f(Z) = f(z). 


Proof. Consider a disc A centered at a point of U MR. Itis known by the symmetry 
principle for harmonic functions (Proposition 7.57) that u has a harmonic extension 
to A satisfying u(Z) = —u(z). The function uv has in A a conjugated harmonic 
function which will be called —uo and one may suppose that v9 = Re f in AT, 
that is, f(z) = uo(z) + iu(z), z € At. Now the function v(z) = uo(z) — uo(Z) 
satisfies ge = 0 and x = 290 — 234 = 0 on the real axis. Therefore, 


the holomorphic function oe -i 7 vanishes on an interval and, consequently, is 


identically zero. 

Hence, v is constant and it is clear that v = 0, that is, w9(z) = uo(Z), which 
gives f(Z) = f(z) defining f(z) = uo(z) + iu(z) in A. Now it is sufficient to 
repeat the construction on arbitrary discs and observe that uo must be the same in 
two intersecting discs. O 


Remark 8.1. The statement of Proposition 8.10 is very similar to the symmetry 
principle given after Theorem 4.27 (Remark 4.2). The difference is that there it was 
assumed that the given function, holomorphic on U*, had a limit at points on the 
real axis, while now this hypothesis relates only to its imaginary part. 


Theorem 8.7’. Let U be a simply connected domain whose boundary is a piecewise 
analytic closed Jordan curve, that is, formed by a finite number of analytic arcs, 
and let f be a conformal mapping from U onto the unit disc D. Then f can be 
extended to a homeomorphism from U onto D. 


Proof. Suppose that the boundary of U is formed by the analytic arcs y1, y2,..., Yn 
and let 21, Z2,..., Zn be their vertices; that is, z, is the final point of y,_, and the 
starting point of yz, k = 2,...,n and Z; joins y, with y;. Suppose also thatao € U 
is such that f(ao) = 0 (Figure 8.2). 


The proof is done in several steps. 
A) The function f can be extended continuously to the interior of each arc yz, 
that is, to yy without its end points. 
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In order to prove this assertion take A and 9 like in (8.1), corresponding to 
the arc yz. If A is small enough such that ag ¢ gy(A), the function log f(g(z)) 
has a holomorphic branch on AM {z: Imz > O}. Its real part, Log| f(y(z))| 
tends to 0 when Imz — 0, by Proposition 8.9. Therefore, by Proposition 8.10, 
log f (y(z)) has a holomorphic extension to A, as well as the function f(g(z)). 
For each fo € (a,b) one has g’(to) 4 0, so that g has a holomorphic inverse on a 
neighborhood of g(to). This means that f also extends analytically around ¢(fo). 

B) The extension of f is one-to-one on the union of interiors of the arcs 
V15-++5Vn- 

Actually, let zo, z9 be two different interior points of some arc of the boundary 
of U and assume that f(zo) = f(z). Let A be a disc of center zo not containing 
Zo where the extension of / is defined, and write w) = f(Zo) = f(zQ). The image 
F(A) is an open set that contains wo. Moreover if z ¢ U,z € A, is a point close 
enough to zo, one will have f(z) € f(A) MD, because f is continuous at the point 
Zo. But then there would be a point z} € ANU with f(z1) = f(z), which is not 
possible, f being one-to-one on U. 


C) The function f extends continuously to the vertices Z1,...,Z, and, writing 
we = f(Zx), the images of the arcs yg_; and yx are two arcs of the unit circle 
which have w, as the only common point (Figure 8.3). 


The image of the interior of each arc yz, given by the extension of f, is an 
open arc of dD. Let J, = (ax, by), k = 1,2,...,n, be the image of the interior 
of y,. Let us prove that if yz_,; and yx meet at the vertex z,, then /,_, and J; 
have a common end. Actually, otherwise there would be an arc between /;,_, and 
I; which one may assume to be (bg-1, ax). For each ¢ > 0, consider the part of 
the circle of center z, and radius ¢ that is inside U and let C, be its image by f 
(Figure 8.4). It is a Jordan arc that goes from a point of /;,_; to a point of J. 
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If ¢ — 0, C, tends to 0D by Proposition 8.9, and the end points of C, converge to 
by_1 and ax, respectively. Consider now the inverse function of f, f~!: D > U 
and remark that, being injective, if two points of D are not separated by C,, their 
images on U are not separated as well by the circle of center zz, and radius e. 
We conclude now that for a point w € D tending to the arc (bg_1, ax), f—'(w) 
converges to zx, and, therefore, the function f~'(w) — zx tends to 0 when w 
approaches (bz_1, a,). Applying again Proposition 8.10, this yields that f~!(w)— 
Zz extends analytically with the value 0 through (bg_1,a%), and the principle of 
analytic continuation tells us that this function vanishes on an open set of D and, 
consequently, in the whole of D. This is acontradiction, because f~! is not constant. 

Hence, we must have bg; = ax and the argument shows that f extends 
continuously to zz with f(z,) = we = be-1 = ax. 

D) Finally, what has been proved also shows that the images by f of the arcs 
V1,---, Yn, now including the vertices, must cover the whole unit circle, and this 
finishes the proof of the theorem. O 
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It is worth noting that the proof just given shows that the mapping f satisfies a 
stronger condition than the one in Theorem 8.7’. Indeed, it proves that f extends 
analytically through each open analytic arc which is a part of the boundary of U. 
This implies that f is conformal at the points of dU, in the sense that it preserves the 
angle between two curves that meet at a point of dU and their images. In particular, 
f preserves orthogonality, that is, a curve passing through zo orthogonal to JU 
becomes a curve that intersects the unit circle orthogonally (Figure 8.5). 


ee Wk+1 
Zk+1 
Wk 
=a 
Figure 8.5 


In general, if U is bounded by an arbitrary Jordan curve, there is no preservation 
of angles at the boundary of U (indeed, it makes no sense to talk about orthogonality 
with respect to the boundary); but if dU is regular enough, there is conformality at 
the boundary. A sufficient condition is JU being a Jordan curve of class C? (or even 
of class C!T® with e« > 0). With these conditions the derivative of the conformal 
mapping extends continuously to the boundary with non-vanishing values, and 
then there is conformality at the points of dU. In particular, a curve normal to 0D 
is mapped into a curve normal to dU. This property will be used later to solve 
Neumann’s problem for a particular domain. 


8.3 Homographic transformations 


8.3.1 The linear group 


Among all analytic functions, rational functions of first degree, also called homo- 
graphic transformations or linear fractional transformations or even linear trans- 
formations, are of special interest. Indeed they are conformal mappings of the 
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whole Riemann sphere onto itself and, in addition, they have very simple geomet- 
rical properties. It is worth studying them in detail. 
A homographic transformation is a rational function of the form 


az+b 


Se ener 


with ad —bc #0, a,b,c,d €C. (8.2) 


The condition ad —bc 4 O avoids T being constant and T is aholomorphic function 
on the whole plane, except at the point z = —d/c, ifc 4 0. 

A homographic transformation T is said to be real when it transforms the real 
axis on itself. It is clear that this happens if and only if the coefficients a, b, c, d 
are all four real. 

Itis convenient to look at T as a transformation from the Riemann sphere S? into 
itself, defining T(—d/c) = oo and T(co) = a/c. A homographic transformation 
is a bijective mapping from S$? onto S, since if T is defined by (8.2), then it has 
an inverse which is also homographic: 


dw—b 


Tn). =: 
my) —cw+a 


It is easy to check that the composition of two homographic transformations is 
another one. Indeed, associating to T the matrix (2 Z) of its coefficients and to 
another homographic transformation S the corresponding matrix (3 ay then it 
yields that S' o T has associated the product matrix 


a’ b'\(a b 
c aye ay 
Hence, homographic transformations form a group of transformations of S”, called 


the linear group. 
For example, the homographic transformations with matrices 


(1) Gi) Co) 


are, respectively, the translation z > z + b, the dilation z — az and the inversion 
z—>1/z. 

It is an interesting fact that every homographic transformation is the composition 
of these three kinds of transformations. Actually, if c 4 0, we can write 


Pe = GEO be-ad_ a 
~eztd c2(z+d/c) °c’ 


When c = 0, then Tz = Sz + 5 which is a dilation followed by a translation. 
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Observe that the homographic transformation T is a conformal mapping of the 
open set C \ {—d/c} onto the open set C \ {a/c} ifc # 0. Ifc = 0, itis a conformal 
mapping from C onto C. Therefore, T preserves the angles of any pair of curves 
which meet inside C \ {—d/c}. 

Consider now the set of straight lines and circles of the complex plane. If we 
look at them in the Riemann sphere, we can consider all of them as circles, the lines 
being circles passing through oo. Recall from Subsection 1.2.1 that a straight line 
with direction vector a € C (that is, it is perpendicular to q) satisfies the equation 
az+az+m=0,withm e€ R. Fora circle of center a € C, its equation is 


|z|? +az +azZ+m=0 (8.3) 
with m € Rand |a|* —m > 0. 


Proposition 8.11. Every homographic transformation sends the set of straight lines 
and circles into itself 


Proof. It is obvious, geometrically or analytically, that a translation or a dilation 

transforms a line into a line, and a circle into a circle. An inversion, Tz = 1/z, 

transforms the line @z + a@Z +m = 0,m # 0 into the circle through the origin with 

equation |z|? + me + 4 = 0. If m = 0, the line passes through the origin and is 

transformed into the line wz + @Z = 0. The circle (8.3) with m 4 0 is mapped by 
a 


T onto the circle with equation |z|? 4 set £2 4 -. = 0. If m = 0, the circle 


(8.3) contains the origin and its image by 7 is the lineawz +az+1=0. O 


What has been proved justifies not making differences between straight lines 
and circles. From now on, the term circle will be used to denote either a straight 
line or a circle. Hence, it is said that homographic transformations send circles into 
circles. 

The remaining question is if, given two arbitrary circles, there is always a ho- 
mographic transformation that takes one to the other. The affirmative answer is a 
consequence of the following result. 


Proposition 8.12. Given three different points 21, Z2, 23 of S* and three more 
points, also in S? and pairwise different, W1, W2, W3, there exists a unique homo- 
graphic transformation T such that T(z;) = wi, i = 1,2, 3. 


Proof. Being aware of the structure of the linear group, it suffices to see there exists 

a homographic transformation T which sends 21, Z2, Z3 to 0, 1, oo, respectively, and 

that a homographic transformation leaving the points 0, 1, oo fixed is the identity. 
In order to check the first assertion take 


Z—2Z1 23°—- 23 
Tz = —<—= 


Z—2Z3 2Z2—Z1 
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if 21, 22,23 4 oo. If, say, Zz] = oo, then take 


22 — 23 
ZS 


Z—Z3° 


Finally, if Tz = ath fixes 0, 1, 00, one has necessarily Tz = $z + $, because 


T (co) = oo. Now T(0) = 0 gives Tz = $z and Tz = z, since T(1) = 1. O 


Since every circle is determined by three different points, one obtains the fol- 
lowing corollary. 


Corollary 8.13. Given two circles there always exists a homographic transforma- 
tion passing from one to the other. 


One must observe that this homographic transformation is not unique; indeed, 
one can obtain infinitely many of them by taking groups of three different points 
on each circle. 


Example 8.14. Given two circles C,, C2 and two points z; ¢ C; and zz ¢ Co, 
there is a homographic transformation that sends C, into C2 and z, into zz. Indeed, 
one may pass, by two homographic transformations, C; and C2 to the real axis and 
then it is enough to find a homographic transformation that fixes the real axis and 
sending z} into z4, where z}, Z4 are two points not on the real axis. 

If z|, 25 are ona line parallel to the real axis, the translation w = z + (z5 —Z}) 
works. Otherwise the line joining z} and z4 intersects the real axis at a point Zo 


and one takes the transformation w = Zp + 270 (Zz — Zo), which is either a 


dilation with center Zo, or a dilation with center Zo followed by a rotation of angle 
7, according to the position of z; and z4, with respect to the real axis. O 


Remark 8.2. In the proof of Proposition 8.12 it has been seen that a homographic 
transformation T which satisfies T(0) = 0, T(1) = 1, T(co) = co must be the 
identity. More generally one may assert that a homographic transformation with 
three fixed points is the identity. In other words, if 7z = 4255 is not the identity, 
then T has at most two fixed points. To see this, note that the equality Tz = z is 


equivalent to 


cz* + (d—a)z—b =0, 
a second-degree equation that has at most two different solutions. 


Example 8.15. We look first for the homographic transformation Tz = @ +8 


CZz7 
that sends 0, 7, co into = 0; 1, respectively. Taking a = | and considering that 
T (i) = 0, we get Tz = >. Now T(ov) = | givesc = 1 and T(0) = —1 gives 
d =1. It turns out, then, that 


Z—-1 


Tz= =. 
zt+i 
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Look now for the image of both axes by 7’. The imaginary axis contains 0, 7, 00, 
and, therefore, its image is a circle through —1, 0, 1. That is, it is the real axis. The 
real axis contains 0, oo. Its image will be a circle through —1 and | perpendicular 
to the image of imaginary axis, that is, to the real axis. Therefore, it is the unit 
circle. 

Consider now the upper half plane I1t = {z: Imz > 0}; its image cannot 
meet the unit circle and so it is either the unit disc or its exterior. Since T(i) = 0, 
it must be the unit disc. O 


Example 8.16. Consider the inverse mapping of the homographic transformation 
T in Example 8.15. If 


zZ—1 
w=T7 = -, 
zt+i 
it turns out that Sw = T7!w =i applies the unit disc conformally into the 


upper half plane TI*: {z: Imz > 0$. Now we can use the transformation S to 
solve Dirichlet’s problem in II*+, with boundary values given by g(x) = 


x € R= 0M (Figure 8.6). 


a 
1+x?’ 


z= S(w) mt 
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g(x) = Tea? 
Figure 8.6 


Start by transporting the function ¢ to the boundary of the disc. If w = e’® € dD, 
one has 


. : 1 
id, __ i@)\ _ 
ye) = p(Se")) = =e? 
1—e/@ 
ag" =e". 1 4 
= = cos @. 
4 2 2 


Now we have to solve Dirichlet’s problem in the disc with boundary values y(e?°). 
Extend the function y to the whole disc D defining 


; 1 1 1 1 
u(w) = u(re’®) = a cos 6 = a 
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ifw =rel? =o +it,0<r <1,0 < 0< 20. This function clearly satisfies the 
equation Au = 0 and, moreover, u(e!?) = w(e!®). 
Now it is enough to transport the function u to the upper half plane IIT, writing 


1 1 1 li z-i 
=u(T = ~——Re(T =.--—-R 
(2) = u(T(@)) = 5 — 5 Re(T@) = 5-5 Re 
yt+1 : : 
— ifz=x+iy, 
x2+y24+2y+1 - 
so that v is harmonic on It and v(x,0) = 4s = 9(x). O 


8.3.2 The cross ratio 


Consider four points of the Riemann sphere 21, 22, 73, Z4 with the condition that z2, 
23, Z4 are different. It is known that there is a unique homographic transformation T 
such that T(z2) = 1, T(z3) = 0, T(z4) = oo. The cross ratio of the given four 
points, (21, Z2, Z3, Z4), is defined as 


(21, 22,23,2Z4) = T721. 


Hence, if all the points are finite, we have 
21 —2Z23 22—Z4 
(21, 22,23, 24) = Te ae 
Z1—2Z4 22—2Z3 
If, for example, 73 = oo, then one has 


Z2—Z4 


(21, 22,00, 24) = : 
Z1—2Z4 


The cross ratio of four points is invariant under homographic transformations. 


Proposition 8.17. If 21, 22, 73, Z4 are different points of S* and T is ahomographic 
transformation, then one has 


(21, 22, 23, Z4) = (121, TZ2,T 23, TZ4). 


Proof. Writing Sz = (Z, 22, 23,24), S is the homographic transformation satisfy- 
ing Szz = 1, Sz3 = 0, Sz4 = © and Sz; = (21, 22,723,724). Therefore, ST~! 
transforms 7 z2, T'z3, T'z4 into 1, 0, co, and this means that 


(12) EAT aa, T7a = ST- TA) = Ci oats, 2a): O 


As an application, if z1, Z2, 23 are three different points, the homographic 
transformation T sending them into w 1, w2, w3, also different, is given by 


(Z, 21, 22,23) = (Tz, Wy, W2, 3). 
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It is obvious that if z1, Z2, 23, Z4 are on the real axis, then (Z1, 22, 73,24) is a 
real number, and that if three of the previous points are real and (Z1, 22, 23, Z4) € R, 
then the forth point must be real as well. 

Combining this observation with Proposition 8.11, the following result is ob- 
tained. 


Proposition 8.18. The cross ratio of four points (21, Z2, 23,24) is real if and only 
if they are located on a circle. 


8.3.3 Symmetry 


The concept of symmetric points with respect to an axis is quite clear: z, z* are 
symmetric with respect to the line L if L is perpendicular to the segment [z, z*] at 
its middle point. 

Now we consider the symmetry of a pair of points with respect to an arbitrary 
circle. 


Definition 8.19. Two points z, z* are said to be symmetric with respect to a circle 
C if and only if there exists a homographic transformation T which sends C to the 
real axis such that Tz* = Tz. 


This definition does not depend on 7, because if S satisfies the same re- 
quirements than 7, then ST~! is a real homographic transformation and $z* = 
ST~\(Tz*) will be also the conjugate of Sz = ST~1(Tz), because it is obvious 
that real homographic transformations preserve conjugation. 

The previous definition and Example 8.14 yields: 


Proposition 8.20. The points z, z* are symmetric with respect to the circle passing 
through the points 21, Z2, 23 if and only if 


(2* 21,22, 23) = (21,22, 23). (8.4) 


So, given a circle C, for each point z there is only one point z*, symmetric to z 
with respect to C. The mapping z — z”* is a bijection called symmetry with respect 
toC. 

The homographic transformations preserve symmetry, as stated next. 


Proposition 8.21 (Symmetry principle). [fa homographic transformation T sends 
a circle C onto a circle C’, then it transforms each pair of symmetric points with 
respect to C into a pair of symmetric points with respect to C’. 


Proof. If C or C’ is the real axis, the symmetry principle is the definition of sym- 
metric points. Otherwise take a homographic transformation S sending C into the 
real axis and then apply the previous case to S and to TS7!. O 
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Next, geometrical properties of symmetry with respect to C, z > z*, will be 
studied. 
If C is a straight line, one may take z3 = oo and (8.4) becomes 


z* — Zp Z—Z 


Zy—22 2-2,’ 
which gives |z* — z2| = |Z — Z2|. This means that z and z* are equidistant from 
any point z2 € C, a condition that holds only if C is the perpendicular bisector of 
the segment [z, z*]. 
If C is a circle of the plane with center a and radius r, then it is easy to see that 
Zz" =at : (8.5) 


zZ—a 


Actually, if z1,22,23 € C, then (z; — a)(Z; — a) = r?, 7 = 1,2,3, holds and 
applying repeatedly Proposition 8.17, it follows that 


(Z, 21, 22,23) = (2 —4,2Z] —a,22 —a,723—4a) 


Be p2 
=(; =,21 —@,2Z2 —4, 23 a) = (5 = +4,71,22,73), 
Z—a a 


which, according to (8.4), gives (8.5). 
From equality (8.5) written in the form 


(*-a)@-a) =r? 


one gets, |z* —a||z —a| = r?, and also that the quotient za is a positive number. 
Interpreting geometrically these results, it turns out that the points a, z and z* 
are aligned and that the product of distances from z to a and from z* toa is r?. This 
means that symmetry with respect to C is the inversion of center a and power r?. 
The notion of symmetry with respect to a circle allows us to extend the reflection 
principle with respect to the real axis to any circle. If C is a circle, a domain U 
is said to be symmetric with respect to C if z € U implies z* € U, where z* is 
the symmetric point of z with respect to C. Using homographic transformations to 
carry a circle into the real axis and being aware of Proposition 8.21 and Remark 4.2, 


one obtains the following result. 


Proposition 8.22 (Reflection principle with respect to circles). Let U be a domain 
symmetric with respect to a circle C and let Ut be one of the regions in which C 
divides U. Let f be a holomorphic function on U* and let there exist a circle C' 
such that f(z) tends to a point of C' when z tends to a point of C. Then f has a 
holomorphic extension to U that carries symmetric points with respect to C into 
symmetric points with respect to C’. 
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8.4 Automorphisms of simply connected domains 


According to Riemann’s theorem, there are essentially two kinds of simply con- 
nected domains: the whole plane C and the unit disc D. It is interesting to know 
the automorphism group of these two domains; then the automorphism group of 
any simply connected domain U will be obtained, whenever a conformal mapping 
from U onto D is known. 

Let us start with automorphisms of C. If one considers a homographic trans- 
formation Tz = ath and wants it to be holomorphic on C, it must necessarily be 
c = 0, that is, T is linear in z and not constant. These transformations form an au- 
tomorphism group of C. It turns out, however, that they are al/ the automorphisms 
of C. 


Theorem 8.23. The automorphism group of C consists of linear transformations 
Tz =az+bwitha,beC,a#¥0. 


Proof. We need to show that f: C — C bijective and entire, implies f linear in 
z. There are only two possibilities (see Example 5.22): either f is a polynomial, 
or the point co is an essential singularity for /. 

The latter case is not possible. If it were so, the image by f of the punctured 
neighborhood of oo, {z € C: |z| > 1} should be dense in C, according to Casorati— 
Weierstrass’s theorem (Theorem 5.6). But this is impossible because f being 
injective, f{z: |z| > 1} does not intersect the open set f{z: |z| < 1} and so it 
cannot be a dense set. 

If f is a polynomial, it must be of first degree, because otherwise f would not 
be bijective and, hence, f(z) = az+bwitha,beC. O 


One may also find the automorphisms of the extended plane. Observe, first, that 
a homographic transformation Tz = az+b ad — bc # 0, is a bijective mapping 


T: S? + S?, holomorphic at every point of S*. Actually, T is holomorphic at 
every finite point z 4 —d/c, and since 


a+ bz 
c+dz’ 
it follows that T is also holomorphic at infinity, whenever c # 0. 

In case c = 0, or in order to see that T is holomorphic at the point —d/c with 
value oo, just remark that a function f with f(zo) = oo is holomorphic at zo when 
g(z) = 1/f (2), with g(zo) = 0, is holomorphic at Zo. 

The interesting fact is that homographic transformations are all the automor- 
phisms of S?. In order to show this it is convenient to make some general consid- 
erations on transformation groups of a domain. 

If U is an open set of S* and G C Aut(U) is an automorphism group of U, it 
will be said that G is transitive on U if for all pair of points z,z’ € U there exists 
a transformation g € G such that g(z) = 2’. 


T(/z) = 
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If z € U, the isotropy group of z, Az, is the set of automorphisms of U that 
leave z fixed, that is, A, = {y € Aut(U): g(z) = 2}. The following result will be 
useful. 


Lemma 8.24. Let G C Aut(U) be an automorphism group of the open set U of 
S*. Suppose that the following conditions hold: 


a) G is transitive on U. 
b) There exists at least one point z9 € U such that Az, C G. 
Then G = Aut(U). 


Proof. Let g € Aut(U). Since G is transitive, there is a transformation w € G so 
that Y (Zo) = g(Zo). Since (W~!o)(Zo) = Zo, itturns out that y~!og € Az, CG, 
and this implies that g € G as well. O 


Theorem 8.25. The automorphism group of S* coincides with the homographic 
transformations group. 


Proof. Apply the previous lemma, taking as G the group of homographic trans- 
formations. It is obvious that G is transitive on S?. Moreover, if zo = oo, the 
automorphisms of S? fixing Zo are the automorphisms of the plane, which, accord- 
ing to Theorem 8.23, are homographic transformations. Thus, Ag C G. O 


Next, automorphisms of D, the fundamental domain of the conformal mapping, 
are studied. It is easy to find homographic transformations mapping the disc D into 
itself. If a € D, define 

zZ—a 

1—4az’ 
which is a homographic transformation with determinant 1 — |a|? 4 0. If z = e?®, 
one has 


Ta(Z) = 


iO id 
ev’ —a _9 ev —a 
ta(e"®) = 7 =>i0 =e 6. 
1 —ae! eve —@q 
so that |t,(e!?)| = 1. Thus, tg transforms the unit circle into itself. Since tg(a) = 
O, it turns out that t, transforms D into D and the domain {z: |z| > 1} into itself. 
Combining t, with a rotation, z > e’%z, one finds the homographic transfor- 


mation 
—a 


ig 

Pa,a(Z) =e" = 
1—az 

which is an automorphism of D for each a € D, a € R. Let us check now that 

mappings of the type @z,¢ form a group. One may manage without the rotation and 


multiply ta by ty. It follows that 


(l+ab)z—(at+b) | Az+B 
(@+b)z+(1+ab) Cz+D 


(Ta © T)(Z) = (8.6) 
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with A = 1+ab, B =—(a+b),C = —(@+ 5), D =1+4b, so that A= D 
and B = C. Hence, 


+B A(z+B/A) 
+A A(1+(B/A)z)’ 


AZ 
Ta 0 T)(Z) = = 
( a b)( ) Bz 
that is, Ta © T} = Yc, With c = —B/A, e'” = A/A, |c| < 1. Inequality |c| < 1 is 
a consequence of 


a+b 
1+ ab 


B 
= ;/—| = =. i , P b < 1, 
el | Ie-(@)|._ lal. 1B 


and it has already been noted that t_, takes D into D. 
Taking b = —a in (8.6) one finds t_g = 1,1. 
In turns out that the group G = {Y,.: a € D, a € R} contains all the auto- 
morphisms of D. In order to prove this the following useful statement, known as 


Schwarz’s lemma, is needed. 


Lemma 8.26 (Schwarz’s lemma). If the function f is analytic on the unit disc D 
and satisfies the conditions | f(z)| < 1, for all z € D, and f(0) = 0, then one has 
| f(z)| < |z|, for all z € D, and | f’(0)| < 1. Equality | f(z)| = |z| at some point 
z € Dor|f’(0)| = 1 Aolds only when f(z) = az with |a| = 1. 


Proof. By hypothesis, g(z) = f(z)/z is a holomorphic function on D. On the 
circle {z: |z| = r} one has |g(z)| = en < 1/r, and the maximum principle 
gives |g(z)| < 1/r for |z| < r. Letting r — 1 we obtain |g(z)| < 1, that is, 
| f(2)| < |z|. Moreover, | f’(0)| = |g(0)| < 1. 

If equality holds at some point, the function |g(z)| reaches its maximum and, 


therefore, it must be constant. Thus, g(z) = @ with |ja| = land f(z) =az. O 


Theorem 8.27. The automorphism group of the unit disc is the set of homographic 
transformations of the form 


Z—a 


fa,a(Z) =~" D,aeR. 


1—4az’ 
Proof. Apply Lemma 8.24 to the group G of all transformations gg. It is a 
transitive group because for a, b € D, one has (t_p © Tg) (a) = b. Let us check that 
the isotropy group of the origin is contained in G. 

If g: D > D is bijective and holomorphic with g(0) = 0, Schwarz’s lemma 
gives |g(z)| < |z|, z € D. But applying the same lemma to g~! we get |z| < |(z)|, 
for z € D. Hence |g(z)| = |z|, and once again Schwarz’s lemma implies that 
g(z) = e'”z for some a € R. That is, 9 = Gog € G. O 
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Example 8.28. Let f: D — D be any holomorphic function and fix a point a € D. 
Put w = ta(z) = 4 and z = 17'(w). Then the function in w, g(w) = 
f (tq! w))-f@ 
1-f@f(ta'!w))’ 
Theorem 8.27. So Schwarz’s lemma gives, |g(w) < |w|, that is, 
f(2) — f@) 
1— f(a f(z) 


Letting z — a in the previous inequality, it yields 
If@l | 
1—|f(@)P ~ 1=|a?’ 


Now equality holds at some point if and only if f is an automorphism of the unit 
disc. O 


is holomorphic on D and satisfies |g(w)| < 1 and g(0) = 0, by 


D. 


< 


Z—a | 
1—az\ 


D. 


Example 8.29. If a,,a2,...,ay are points of D anda € R, the function B(z) = 


iaT[N 274; ; i io i 
eT] j=1 az? obtained as a product of transformations Tg, (z) and e’®, is called 


a Blaschke product of degree N. The function B has the following properties: 


i) B is holomorphic on D and continuous on D (indeed, it is holomorphic on 
the disc of center 0 and radius mint 74 Lp 1g N}): 
J 


ii) |B(z)| = Lif |z| =1. 
iii) B vanishes exactly at the points {a1,d2,...,an}. 


If a function f satisfies i), ii) and iii), then f must be equal to B, except for the 
factor e’”. Actually, observe that f/B as wellas B/f are holomorphic functions on 
D, continuous on D; by ii) and the maximum principle they satisfy | f(z)/B(z)| < 1 
and | B(z)/f(z)| < 1 for z € D. So, f/B must be a constant of modulus 1. O 


In Example 8.15 it has been shown that the homographic transformation Tz = 
zt maps the half plane I+ = {z: Imz > 0} onto the unit disc D. Let us now 
exhibit, explicitly, the automorphisms of IIT. 

Consider, first of all, a homographic transformation Sz = ath ,ad —bc #0, 
and impose to it the condition that takes the real axis into itself. This happens if 
a, b,c, d are real numbers, that is, if the homographic transformation is real. But 
this condition is also necessary because coefficients a, b, c, d will be determined 
by a system of linear equations with real coefficients if Sx € R, for all x € R. 
Without loss of generality one may suppose that ad — bc = +1, and one finds 
that S' transforms the half plane [* into itself when ad — bc = 1, a condition 


which implies Im oe z > 9. It is then clear that the set of real homographic 


azTr 


crag With a,b,c,d € R,ad — bc = 1 is an automorphism 


transformations Sz = 
group G of It. 
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Theorem 8.30. The automorphism group of the upper half space T1t = {z : 
Im z > 0} is the group G of real homographic transformations with determinant 1. 


Proof. Apply once again Lemma 8.24: G is transitive because for every w = 

a+ib € It the homographic transformation of G, 7z = a + bz sends i into w. 

Let us check now that the isotropy group of the point i is contained in G. We need 

to show that each element of this isotropy group is a homographic transformation. 
Now, the mapping 

-1 . a i 

S—ToSoT with Tz = - 

Z+i 


is an isomorphism between the isotropy group of the origin in Aut(D) and the 
isotropy group of the point i in Aut(II*). The first group, as it has been seen in the 
proof of Theorem 8.27, consists of rotations, and if S is a rotation, then T~! 0 S oT 
is a homographic transformation. O 


8.5 Dirichlet’s problem and Neumann’s problem in the half 
plane 


In this section homographic transformations will be used to transfer Dirichlet’s 
problem and Neumann’s problem from the unit disc to the half space, using the 
invariance of both problems under conformal transformations (Section 7.11). 

First of all, to illustrate this method one may find the solution of Dirichlet’s 
problem in the disc using only the mean value property. Let g € C(T) and look for 
a function u € C(D) with Au = 0 and U lar = g. Fix a point a € D and consider 
the homographic transformation 


Z+a 


= ae) Gee 


which is known (Section 8.4) to transform D into D and T into T. If u is the desired 
solution, the function u o t must be harmonic on D and in T will take the values 
given by y(t(t)). The mean value property yields 


(uo 2)(0) = u(a) = =f p(c(z)) |az|. 


Making the change of variable w = t(z), z = t ‘(w), it turns out that |dz| = 


ie =a |dw| and 


ula) = ef EE ot) la 


and one gets back the fact that w must be the Poisson’s integral of ¢. 
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Let us consider now the upper half plane It = {z = x + iy: y > O}. Start 
noting that II* being unbounded, the maximum principle cannot be applied to show 
the uniqueness of a solution of Dirichlet’s problem. For example, if g(x) = 0, one 
has the two solutions uv; = 0 and u2(x, y) = y. 

However, there is uniqueness if one just looks for bounded solutions. That is, 
the problem Au = 0 on II*, ulp = g has at most one bounded solution in II, 


continuous on II*, because if uw, 2 are two solutions, then u 1 —w2 is harmonic and 
bounded on I* and has value 0 on R; from this it follows that uw; —u2 = OonTI*. 
This is a consequence of the symmetry principle (see Exercise 10 in Section 7.13) 
and Liouville’s theorem for harmonic functions. 

Let us see now how the solution of Dirichlet’s problem in II* is obtained. 

In Subsection 7.6.2 it was shown that the Poisson kernel of the disc Pp(z, w) 


. 1 l+zw. 
is the real part of 5-775: 


1 1+2z0 1 1—|z|? 
P j = R = = ——, < 1, — 1. 
Oe) tase alee 


Take w = | and consider the function ¢(z) = i that has pone: a part for 


Lz! = 
|zZ| < 1. If Rew = 0, the point z given by == = w, that is, z = 25 satisfies 


and, shecio |z| < 1. The transformation 


iz? = 1+|w|?—2Rew 1-|z|? = 4Rew 

1+|w|2+2Rew’ J1+w|? 
¢ is, then, conformal from D into the half plane {w: Rew > O}. Considering ¢ 
defined on C*, it is a homeomorphism from D onto {w: Rew > 0} U on, the 


imaginary axis w = it being the image of T \ {1}. 
The transformation S(z) =i se maps, therefore, D into II* and T \ {1} into 


R. Its inverse aaa isz= 


wri 


wti- 
Ifz= 23 = ++, one has 
41 . 4|w — x|2 2d 
1—|z/? = — le? —z|? = w a aid ae 
|w + i|? |1 +iw|?(1 + x7) 1+ x? 


This means that the Poisson formula in the disc becomes for the half plane 


ee | 
u(w) = i a u(x) dx 
H Jove |i — x? 


and suggests that, given a function g continuous and bounded on R, the solution of 
the problem Au = 0, ulp = @ should be 


+00 
u(w) = ; / aia 5 0(x) dx. (8.7) 
T Jon |w—x| 


Hence, the Poisson kernel of the half plane is Py+(w, x) = > Pie x 


check that the function u, the Poisson transform of g, given by (8.7) is harmonic 


and one can 
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on I and satisfies 
yim u(w) = g(x), x ER 
welt 
(see Exercise 15 of Section 8.11). 
One may use the same calculations to find the solution of Neumann’s problem 
in the upper half plane; that is, to solve 


Au = 0, (0) = g(x), x ER, withg € C(R). 
y 


Here is the derivative with respect to the unit normal vector to R = dTI*. 


Define v, y on D and T by means of the transformation S, that is, 
v(z) = u(S(z)) =u(w), we’) = o(S(e"’)) = g(a). 


wri 21 
wti (w+i)? 
when w = x; moreover it preserves angles, so that 


: : so! ae : 
The inverse transformation w > has derivative with modulus 


2 = 
jw+il2 ~ 14+x2’ 


dv 


du fy 
ay = Tye ae 


Therefore, av (elt )= 142° yet ), and so by Theorem 7.32, the solution of Neu- 
mann’s problem in the disc is 


1 20 ; . 
v(z) = -- | Log |z — e""| es dt. 
I Jo or 


Changing variables one gets 


i! fee A|w — x|? 
So). d 
uw) =—5e f eel eps | : 


and, up to a constant, it follows that 


|w — x| 


1 co 
u(w) = — i (Loe ein) 2) dx. (8.8) 


Now one may also check directly that function u, given by (8.8) is harmonic on 
II* and satisfies —# (x, 0) = g(x), x € R (see Exercise 15 of Section 8.11). 


8.6 Level curves 


If f is an analytic function and Zo a point at which f’(zo) 4 0, then w = f(z) isa 
conformal mapping from a neighborhood of Zo into a neighborhood of wo = f (Zo). 


350 Chapter 8. Conformal mapping 


A way to understand the properties of f is to display the behavior of the conformal 
mapping given by /, in a similar way as the graph of a function of a real variable 
gives information about the behavior of the function. This visualization can be 
obtained by considering the image curves by f of lines parallel to the coordinate 
axes, and also the level curves of the functions Re f(z) and Im f(z) (Figure 8.7). 


a, 
ay AU 
70 Y= Yo wo 
x = xo 
u 
Zz w 
— ¢-i1 
eas 
pone 
ay Av 
ZO Wo V= vO 
u= Uo 
u 
Zz w 
Level curves Image curves 
Figure 8.7 


Suppose, then, that w = f(z) is a conformal mapping from the domain U of 
the plane z = x + iy onto the domain U’ of the plane w = u + iv and write 
f(z) = u(z) + iv(z), Zo = x0 tivo € U and wo = f(Zo) = uo + ivo. Let 
g = f—' be the conformal mapping from U’ onto U, inverse of /. 

The straight lines x = x9, y = yo give an orthogonal coordinate system 
around the point zo. Their images are the curves y — (u(xo, y), v(xo, y)) and 
x — (u(x, yo), V(X, yo)), respectively, which intersect each other orthogonally at 
the point wo. These two curves, linked to the conformal mapping f, may be also 
considered an orthogonal coordinate system around wo. 
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Starting now from the lines vu = ug, v = vo in the w-plane, their images by g 
are the curves in the z-plane, 


VU —> g(uo, v) = {Z: u(z) = uo}, 
U —> g(u, vo) = {z: v(z) = vo}; 


that is, they are the level curves of functions u and v, which intersect each other 
orthogonally at the point zo as well, since g = f—! is conformal. 

Some examples of determination of level curves are the following ones: 

A) The function w = Log z is a conformal mapping from the z-plane up to the 
ray (—oo, 0] onto the strip —z < v < z of the w-plane. 

The level curves u = Log |z| = wo are circles with center at the origin, and 
the curves v = Argz = vo are rays starting from the origin. These curves are the 
images of straight lines u = uo and v = vg by the function z = e” (Figure 8.8). 


ry 


y 


at 


Figure 8.8 


B) The level curves of the function w = z? are the curves u = x? — y? = uo 
and v = 2xy = vo. Equations x? — y* = uo represent hyperbolas having as 
asymptotes the bisectors of quadrants, and equations 2xy = vo correspond to 
hyperbolas with coordinate axes as asymptotes (Figure 8.9). 

Regarding the level curves of z = ./w, since they are the image curves by 


w = 27 of x = Xo and y = yo, one obtains 
u= ae =y?, v=2xoy, 
u= x? — ye, v = 2xyo. 

Equivalently 

2 


v* =4xd(x¢—u) and v7 = 4y2(y6 +-u), 
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ty 


Figure 8.9 


that describe parabolas of the w-plane, intersecting the v-axis at points a and — oe 
respectively, and having their focus at the origin (Figure 8.10). 


sv 
wo 
u 
w 
Figure 8.10 


C) Let us now study the level curves of the transformation w = Log zt. They 
are, for each point Zo, the curves 


z+1 


z—1 ith uo +i L Zo—1 
= vo, Wi ivo = = Lo : 
e+] vo uo Vo = Wo Stl 


Log 


| =Uuo, Arg 
Setting tT = t(z) = zt , the level curves are the preimages by t of level curves 
of Log t, that is, of the family of circles centered at the origin and the family of 
rays starting from the origin in the t-plane. Since t(1) = 0, t(—1) = on, the rays 
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starting from the origin in the t-plane correspond to the family of circles of the 
z-plane centered at the origin and passing through points —1 and 1. 

The concentric circles with center at the origin of the t-plane correspond to the 
circles with equation 


=p =O (8.9) 


z+1 
which are orthogonal to the ones passing through —1 and 1. They are called Apollo- 
nian circles with limit points —1 and 1; according to equation (8.9) they are the locus 
of points whose ratio of distances to the points —1 and 1 is constant (Figure 8.11). 


Figure 8.11 


This double set of circles that, as said, are the level curves of Log Z—1 ‘are called 


Z+1’ 
Steiner’s circles with limit points —1 and 1. 


8.7 Elementary conformal transformations 


According to Riemann’s theorem, given two domains of the plane U and U’, simply 
connected and different from C, there is always a conformal mapping from U onto 
U’. In order to find effectively a conformal mapping between these domains, one 
may proceed in the following way: look first for a conformal mapping from U onto 
the unit disc D and then map conformally D onto U’. Hence, the problem is reduced 
to finding conformal mappings of simply connected domains onto D. In order to 
achieve this we can use, at least, the homographic transformations that have been 
studied in detail, and the elementary functions e”, log z, z” (a € R fixed), sin z, etc. 
The aim of this section is to show, through several examples, how some elementary 
domains can be mapped onto D with the help of these functions. 
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First of all, it is convenient to recall that the disc D and the half plane Tt = 
{z € C: Imz > 0} are conformally equivalent by means of the homographic 
transformation Tz = i stz Actually, T transforms —1, 7, 1 into the points 0, 
—1, oo, respectively. That is, it transforms the unit circle into the real axis. Since 
T(0) = i, T maps D into T*. So, it makes no difference to transform a domain 
into the disc D or into the half plane It. 

Some examples of elementary mappings are the following ones: 

A) The transformation z > z? with 0 < p < 2 maps the upper half plane TI 
into the region U = {z = re’?: 0 < r < 00, 0 < 6 < pa}. In particular, one 
may go from any sector 


Sy ={z=rel?:0<r<0w,0<6<a} 


to the half plane I1* by means of the mapping z > guia (Figure 8.12). 


n/a i 1+z 
or 


Sox 


Figure 8.12 


B) Another kind of elementary domains are the strips. Using rotations, dilations 
and translations one may assume that we are dealing with the strip 


B={z=x+iy: -a<y<am}. 


The exponential function z + e” maps B onto the domain C \ {(—oo, 0]}, which 
in turn can be mapped onto the half plane {z: Rez > 0} with the transformation 
z — ,/Z. From this half plane one may rotate to get II* and then go into the disc 
(Figure 8.13). 

C) The fact that homographic transformations preserve the family of circles 
makes them helpful when transforming into the unit disc a domain bounded by arcs 
of a circle. For example, consider a half disc 


U = {z: |z| <1, Imz > 0} 


and let us see how it may be conformally mapped into a disc or a half plane. Observe 


that the mapping z — z? does not work, since it only opens U to the region 
D \ {[0,co)}. Instead, the homographic transformation Tz = zt, satisfying 


T(-1) = ~, T() = 0, Ti) =i, T(0) = —1, maps U into the second quadrant, 
and then one goes into I~ = {z: Imz < 0} applying z > z? (Figure 8.14). 
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i 
B eZ 
2 l|)lCOT— 
—ni 
Figure 8.13 
=1 
e il 
| + 
—1 1 0 
Figure 8.14 


D) One can show now the usefulness of trigonometric functions in the conformal 
mapping. Starting with a half strip S = {z =x +iy: x >0, -—a < y < x}, not 
a full strip as in B), one cannot use the function e? because one would only obtain 
the part of C \ {(—oo, 0]} that is outside D. If, using a similarity, one starts with 
the half strip So, 


So={z=x+iy:0<x<a7/2, y > 0}, 


one may go to a quadrant thanks to the function sin z (Figure 8.15): 


So sin Zz 


x/2 iy Mm 
xO sinxg 1 


Figure 8.15 
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The function sin z maps conformally the half strip So onto the first 
quadrant, 0 = {z =x +iy, x >0, y > O}. 


To prove this assertion, recall the formulae in Subsection 2.2.5: 
Re(sinz) = sinxchy, Im(sinz) = cosxshy 


if z = x + iy, which tell us that sinz € Q when z € So. Analyze first the action 
of sin z on the boundary of So. When x = 0, y > 0, one has sinz = i shy, and 
since sh y increases from 0 to +00 when 0 < y < +00, sin z describes the positive 
imaginary axis on this piece of the boundary of So. If y = 0,0 < x < m/2, it is 
clear that sin z increases from 0 to 1. Finally, since sin(a/2 + iy) = chy, the part 
of the boundary of So given by x = 2/2, y > 0 is mapped onto (1, +00). So, the 
boundary of So is transformed, by sin z, into the boundary of Q. 

We can see now that each point of Q comes from only one point of So. 

The vertical ray x = x9, 0 < x9 < 2/2, y > O is mapped by sinz = w = 
o + it into the piece of the hyperbola 


o* 2 


=1 


sin? x9 cos? x9 


that falls within Q, because o = sinxg- chy and t = cosx9- shy. Now, given a 
pointa +ib,a > 0,b > Oof Q, the equation sin z = a + ib must be solved. To 
this end, take x, 0 < x < a/2 such that a + ib is in the hyperbola of equation 


o2 tz 


2 


sin*x cos? x 
Now take as value of sinx the intersection point of the interval (0,1) and the 
hyperbola passing through a + ib; afterwards choose y > 0 such that a = sinx - 
chy,b =cosx-shy. 

Therefore z — sinz is bijective (and holomorphic) from Sg onto Q. Since 
sin(—Z) = —sin z, we obtain (see Figure 8.16) that sin z maps the half strip S$; = 
{2 =x+iy: —2/2 <x < 2/2, y > 0} onto the half plane It. Observe that 
the function sin z, unlike the ones considered so far, does not map a straight line 
into a line or a circle, but vertical lines go to hyperbolas. 

E) Sometimes it may not be clear if a function f provides a conformal mapping, 
but some changes in the expression of f may reduce it to a combination of well- 
known transformations. An interesting example of this is the following one: 

Take f(z) = 072, nz" = 242274323 +---+nz" +--+. and consider it on 
the unit disc D, the disc of convergence of this power series. Observe that f(0) = 0 
and f’(0) = 1. The question is to know if f is one-to-one in D. One has 


Zz 


== n=1 _ 
fe 0 = Gop? 
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fore) n-1: - 3 3 Coun _ 1 ‘ 
because )°}" nz”~* is the derivative series of )'9 2” = z-5. if |z| < 1. So, 


4 1/1t+z\? 1 
I= Gage (7) 4 
and one obtains an expression for f as a composition of well-known elementary 
transformations. 
The transformation z > i maps D into the half plane {z: Rez > O}, and 
z — z?/4 opens this half plane to the whole plane except for the negative real axis; 
so it turns out that f maps conformally the disc D onto the domain C \ (—oo, —1/4] 
(Figure 8.17). 
The function f is called Koebe’s function. 


Gp | ¥ = 
| 


Figure 8.17 


F) In the last example we will consider a region which is simply connected in 
the Riemann sphere S$”, that is, its complement in S? is connected. 

Take as domain U the complement of a segment in the Riemann sphere, for 
example U = S? \ [-1, 1]. The homographic transformation z > : — maps U 
into C \ (—oo, 0]; next, using z > ./Z take it to the right half plane {z: Rez > 0} 
and, finally, with the homographic transformation z — 21, to the unit disc D 


z+l1? 
(Figure 8.18). Hence, U is transformed into D by the function 


g(z) = w = ————_., g(r) = 0, 
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which may be written also in the form 


w=Z z2—1, zeu. (8.10) 
oF Ss 
| m 
\¢ ie 
z—l 
D jew z+1 
Figure 8.18 


The inverse of this mapping, from D to U, is 


z= 5(w+—). (8.11) 


2 w 


Setting D* = {z € S$: |z| > 1}, one has w € D if and only if 1/w € D* and, 
therefore, the function in (8.11) also transforms D* into U (w € D and 1/w € D* 
both go to the same point of U by (8.11)). Starting from a point z € U, the 
corresponding point w € D is obtained from (8.10) choosing the positive sign in 
vz? — 1. Changing the sign, we get the point z+ Vz? — 1, whichis in D*, because 
(zg-—Vz*2—-1)\(2+ Vz2-1)=1. 

Now look for the images by the transformation (8.11) of the family of circles 
{w: |w| = r < 1}, and also for those of radius of the unit circle, {w: w = re?9, 
0 <r < 1} (Figure 8.19). 

Note that they are as well the images by (8.11) of the family of circles {w: |w| = 
r, r > l} and of rays {w: w = re’®, r > 1}, 0< 6 <2. 

We use polar coordinates, w = re’?. The point z = x + Iy given by (8.11) is 


now written as 
1 1 1 1 
x= 5(++ =) cose: y= 5(r-<) sino. 


The cancellation of 6 in these two equations yields 
4x? 4y? 4 
Gryor i-inr 
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D* 


Figure 8.19 


which is the equation of an ellipse in the plane (x, y) with axesr+1/randr—1/r. 
Starting now from a radius, arg w = @, and cancelling r, it turns out that 


x2 y? 


cos2@ sin? 6 


’ 


which is the equation of a hyperbola. Observe that the image of a radius w = reo, 


0 <r <1 is the part of a branch of this hyperbola inside the circle x? + y? = 1; 
analogously the image of the ray w = re’®, r > 1 is the part of the branch that 


falls outside (Figure 8.20). 
3(w + 1/w) 
w 


Figure 8.20 


Transformation (8.11), called Jowkowsky’s mapping, is very important in the 
applications of conformal mapping, especially in fluid mechanics. 
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8.8 Conformal mappings of polygons 


Consider a simply connected domain U bounded by a closed polygonal Jordan 
curve (Figure 8.21). One says that U is a polygon. Assume it has n sides and the 
vertices are the points 71, Z2,...,2Z,. At each vertex zz, suppose the interior angle 
of the polygon measures a, with 0 < a, < 2. Then the corresponding exterior 
angle is 6,2 with By = 1—agz and—1 < Bx < 1. One may easily prove that 
Bit--++ Bn =2. 


22 
21 
Oy U ) 23 
Bix 
26 
Z5 Z4 
Figure 8.21 


Consider now a conformal mapping f of the polygon U onto the unit disc D. 
By Theorem 8.7’ it is known that f extends continuously to U and transforms 
injectively each side of the polygon into an arc of 0D (Figure 8.22). 


Wi 


W3 


Figure 8.22 


Now we will study in detail the mapping f and find an explicit formula for its 
inverse. It will be easier to work in the half plane; so one goes from the disc D to 
the upper half plane II* by means of a homographic transformation and denotes 
by a1,...,4, the points on the real line which correspond to points wz, = f(Z,x), 
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k =1,...,n. Remark that one of these could be the point at infinity. Let g be the 
mapping from the half plane II1t onto U (Figure 8.23). 


Zz, 
t+ k+1 


ak ak+1 


Figure 8.23 


The explicit form of the function g is given by the following result. 


Theorem 8.31 (Schwarz—Christoffel formula). Let g be a conformal mapping from 
the upper half plane M1 onto a polygon of n sides which has interior angles with 
measures 010,...,An and let a,,a2,..., An be the points on the real axis mapped 
into the vertices of the polygon. Then, fixing a point wo € TI, there exist complex 
constants A, B such that 


Ww 
g(w)=A (w —ay)"!---(w—an)™ 'dwt+B, welt. (8.12) 


wo 


Remark 8.3. The integral in (8.12) may be taken along the line segment going 
from wo to w, but, indeed, the integral is the same for any path from wg to w, not 
leaving IIT, as a consequence of Cauchy’s theorem. 


Before starting the proof of this formula, observe that (8.12) is equivalent to 
g'(w) = A(w — a) 1---(w—a,)" 1, we Tit (8.13) 
as well as to 


g"(w) — a — 1 An — 


; = seep , welt, (8.14) 
g’(w) w- ay WwW — ay 

The equivalence of (8.12), (8.13) and (8.14) follows by differentiation and in- 
tegration. Equality (8.14) tells us that the function g’”/g’ has a simple pole with 
residue a, — | around the point az. This fact suggests how to proceed to prove the 
theorem. 


Proof. As just said, we will study the behavior of the function g”/g’, which is 
holomorphic on II*, around a point az with g(az) = Zx. 
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Consider the function f,(w) = (g(w) — z%)!/*, holomorphic on I+ (Fig- 
ure 8.24). When w tends to the real axis near the point az, Im f,(w) tends to 
0 and, by the symmetry principle (Proposition 8.10), {,(w) is holomorphic on a 
neighborhood of ax with f, (ax) = O and fy (ax) # 0. Indeed if f/ (ax) = 0, then 
there would be two points w;, w2 € Tt such that fx(w1) = fx(W2) = fx(w2), 
whence g(wz) would not be inside the polygon. 


g(w) ae 
aa 


ak 0 


Figure 8.24 


Therefore, f;(w) = (g(w) — zg) !/%* = (w — ax)gx(w) with g,(w) holo- 
morphic on a neighborhood of ax and yx, (ax) # 0. Taking a branch of gy, (w)**, 
denoted by /;,(w), one has 


g(w) — 2% = (w—ag)**hg(w), welt, 


where h;,(w) is holomorphic on a neighborhood of a, and hy (ax) 4 0. 


nis 
Now, computing, it turns out that £2) equals 


Oy (Ot — 1)(W = ag) ®* 2g (Ww) + 2orR (w — ag) thi (w) + (w — ag) hi (w) 
a (w — ag)** the (w) + (w — ag) hi, (w) 


and 
B"(w) Oe —1 oh, (w) + (w= ag )ig(w) ~— ek — Dh; (w) (8.15) 
gi(w) wag ah (w) + (w — ax)h),(w) = 


The right-hand side of (8.15) is a holomorphic function on the neighborhood of 
ax because hy (ax) 4 0. Hence, g’”/g’ has an isolated singularity at the point az 
which is a simple pole with residue a, — 1. 

Finally, let us study the function g”/g’ around the point at infinity. One may 
assume that infinity corresponds to a point Zo of the boundary of the polygon which 
is not a vertex, which is the same as considering it to be a vertex with angle zr, that 
is, with @ = 1. Then, arguing as before, one finds g will be of the form 


g(w) =Zo+ Z + h(w) 
W 
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with h(w) analytic on a neighborhood of infinity. Calculating, we get 


N WwW 2 
a S=— fe ifwell* and |w| is big enough. 
& (w Ww 


Therefore, g”/g’ is analytic and vanishing at infinity. 
Consider now the function g(z) defined on the lower half plane by the equality 


g(z) = g@), 


so that g is holomorphic on II~. Fix an interval (az,ax%4 1) and apply to @ the 
rotation that transforms the side [Zz 2x41] of the polygon into a segment of the real 
axis. Then this rotated function of g will be the reflection of g through (az, ax+1) 
in the sense that it will join g continuously on this interval. If this is done for 
each k = 1,...,n, one finds several “reflections” of g to the lower half plane that 
are different and, therefore, several extensions to II~ of g’ and g’””. However, the 
value of g/g’ for all these extensions is the same, because applying a rotation is 
just to multiply by a constant with modulus 1. Hence, it turns out that g/g’ is 
a meromorphic function on the Riemann sphere that has a simple pole at each ax 
with residue a, — | and, moreover, it is analytic and vanishing at infinity. It must 
be, therefore, of the form (8.14). | 


It is worth making some comments on the Schwarz—Christoffel formula. 

a) Formula (8.12) holds also when g is the conformal mapping of D onto U 
replacing points a,,...,@, by points w,,..., W, in T such that g(wz) = zx. Just 
use a homographic transformation between the disc and the half plane to conclude 
that g” /g’ has a simple pole at each wx with residue a, — 1, and vanishes at infinity. 
After that one may argue by reflection on the arcs that w,,..., w, determine on the 
unit circle. Hence, we get the formula corresponding to (8.14) and then it is enough 
to integrate twice. 

b) For better understanding formula (8.12), note that as w = x describes the 
real axis, g(x) must travel along the boundary of U, which is a polygonal line. 
Actually, formula (8.13) leads to the equality (Figure 8.25) 


arg g’(x) = arg A + (a; — 1) arg(x — a1) +-++ + (Qn — 1) arg(x — ap). 


Since arg g’(x) is the value of the rotation needed to pass from the real axis to 
the boundary of the polygon, it follows that on each interval (ax, ay,41), arg g’(x) 
remains constant. Therefore, g(x) describes a line segment, but when passing 
through ax, arg g’(x) has an increase of —(a, — 1)x = fxm, that is, g(x) jumps 
to the next side of the polygon. 

c) With the previous considerations it is easy to give now the proof of Riemann’s 
theorem in the particular case that the simply connected domain U is the interior 
of a triangle. 
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Bix Bon Ban 


an 


Figure 8.25 


Suppose that U is the interior of a triangle with vertices z;, Z2, Z3 and interior 
angles aga, k = 1,2,3 withO < a, < 2 and be a, = 1. Consider the function 


WwW 
g(w) = (w—a,)™!~!(w—az)7!(w—a3)87! dw, wo,w € Tt, (8.16) 
wo 
where a, < dz < a3 are three arbitrary points of R. It is clear that g is holomorphic 
on IIt and moreover it extends continuously to R because 1 —a,z < 1,k = 1, 2,3, 
so the integral defining g is convergent around az. But, in addition, this integral is 
convergent at the point at infinity, because changing w to 1/w, (8.16) becomes 


1/w 
-| (1 —a,w)™ 1 (1 — aqw)*?1(1 — a3w)™! dw, 
1/wo 

which is continuous at the origin. In b) ithas been shown that, when w = x describes 
the real axis (including the point at infinity), g(x) travels along the boundary of 
a triangle 7, with vertices g(a,), g(az) and g(a3) and interior angles @ 1, a2, a3. 
Moreover, the function g must be one-to-one on IIt and it must send I* to the 
interior of the triangle T. 

In order to prove this last assertion, replace the half plane II* by the unit disc D 
and apply the argument principle (Theorem 5.27). Even though g is not holomorphic 
on D, but it is only holomorphic on D and continuous on D, Theorem 5.27 remains 
true (consider g-(w) = g(rw) and let r > 1). Since Ind(0T, z) = 1 for each 
z € T, it turns out that g takes the value z exactly once in D (Figure 8.26). 

Back to the half plane, it has been seen that the function g maps conformally 
II‘ into the interior of T. Now, the triangle T and the starting triangle with vertices 
Z1, Z2, Z3 have the same angles and, therefore, are similar. Using, then, a similarity 
after g, one will go conformally from I1* to the given triangle, U. 


Remark 8.4. Starting from four or more points a; < dz < --+ < dy on the real 
axis, and angles a1,...,@, with )° a, = n — 2, one can not guarantee that the 
function g defined by (8.12) gives a conformal mapping of II* onto the interior of 
a polygon of n sides. Indeed it could happen that as x describes the real axis, g(x) 
travels along the boundary of a polygon which is not a Jordan curve, but instead 


8.8. Conformal mappings of polygons 365 


g(a3) 
g A377 
Ra a 
T Ze 
7 a2 
g(a) g(a2) 
Figure 8.26 


has auto-intersections (Figure 8.27). There is no easy way to know, on the basis of 
angles a, and points a;,, whether the polygonal curve given by the function g(x) 
of (8.12) for x € R is simple or not. 


| x 
Rite 3 
a1 a2 d3 a4 as \A 


Figure 8.27 


d) The Schwarz—Christoffel formula may be extended to an unbounded domain 
U limited by a polygonal curve which, now, will not be closed. In applications 
one often deals with the case z9 = oo is a vertex of the polygonal curve and the 
mapping g: IIt — U satisfies g(oo) = oo. Then formulae (8.12), (8.13) and 
(8.14) hold without any term corresponding to the point at infinity. This can be 
shown by letting one of the parameters ax tend to oo. 


Example 8.32. Suppose @1, @2, a3 are given with O < a, < 2 and YY a, = 1. 
Fix the size and the position of a triangle with angles aga, k = 1,2,3, choosing 
the segment [0, 1] as one side and let 23 be the third vertex. The conformal mapping 
g of II* onto the triangle satisfying g(—1) = 1, g(0) = 0, g(1) = 23 will be of 
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the form 
WwW 
g(w) = Af (w+ 1)%7)- w%7!. (w— 1)! dw t+ B. 
0 
Remark that, in this case, one may freely choose the points, a1, a2, a3 of the real 
axis associated by g to the vertices of the triangle, because there is a homographic 


transformation from I1* into I+ mapping a set of three real points into another 
one (Figure 8.28). 


23 


37 


dom on /| 


Z, = 0) 22> 0 
Figure 8.28 
Since g(0) = 0, it must be B = 0 and A is uniquely determined because 
g(1) = 23; however the previous integral cannot be calculated explicitly. O 


Example 8.33. Consider now the conformal mapping g of IIT onto the domain 
U, the exterior region of a horizontal strip B = {z = x + iy: x > 0,-a < 
y < a} witha > 0. The polygonal curve bounding U has at the vertices tia an 
interior angle with measure 37/2 and at infinity, a vertex with angle 0. Take g with 
g '(-ia) = -1, g-'(ia) = 1, g~!(0) = 0 (Figure 8.29). 


Figure 8.29 
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This yields 
g(w) = Af w? —1)/? dw. 
This integral may be computed ee and gives 
g(w) = A(wv1 — w?2 + arc sin w). 
Since g(1) = Am/2 = ia, we get 


2 
g(w) =i “(wv1 w? + arc sin w). O 
A 


Example 8.34. Let us exhibit a conformal mapping of the half plane I* into itself 
with the vertical segment [0, ia], a > 0, removed. 


ia U 


Ta TO 


Figure 8.30 


In this case, one looks at the domain U as the limit of domains U, obtained by 
removing from I1* a triangle with a small basis of length 2¢, and height a, when 
€ — 0 (Figure 8.30). For U,, the conformal mapping g, such that g,(—1) = —e, 
ge(0) = ia, ge(1) = € is given by 


8e(W) = af (ws 1)? wes (we = 1)?" dw + B 
0 


(see the figure to understand the meaning of a). Now, when ¢ — 0, one has 
a — 1/2 and it follows that 


Ww 
w 
g(w) =a ———-_ dw+B, 
0 vwe-1 
which yields 
g(w) = AVw2-14+8B 


with g(—1) = B = 0, g(0) = iA = ia. Therefore, 
g(w) =avw2—-1. O 
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8.9 Conformal mapping of doubly connected domains 


Riemann’s theorem classifies simply connected domains, up to conformal mapping: 
the plane C and the unit disc D. 

What happens if one considers n-connected domains with n > 2 (Defini- 
tion 1.14)? That is, what are the classes of conformally equivalent n-connected 
domains? This problem is much more complicated and will not be dealt with here. 
We will refer, basically, to the case n = 2 without going into detail. 

Consider, then, doubly connected domains, that is, simply connected domains 
with a hole. The easiest examples are the annuli. If 0 < r < R, let C(r, R) = 
C(0,r, R) = {z € C: r < |z| < R} be an annulus centered at the origin. One 
may prove that every doubly connected domain is conformally equivalent to an 
annulus or to a punctured disc or to the punctures plane (which may be taken as 
annuli as well). Considering this result, which will not be proved here, one gets that 
in order to classify doubly connected domains it is enough, basically, to classify 
annuli centered at the origin. The fact is that, in general, two different annuli are 
not equivalent. 

Dilating the annulus C(r, R) by a factor wa > 0, that is, applying the trans- 
formation z — az, one obtains the annulus C(r’, R’) with r’ = ar, R’ = aR 
(Figure 8.31). 


Figure 8.31 


These two annuli are conformally equivalent and their radii satisfy 


R_R 


a (8.17) 
r r 


It is clear that condition (8.17) is sufficient for C(r, R) and C(r’, R’) to be 
equivalent, since one needs only to take z > az witha = r’/r = R’/R. The 
crucial fact is that it is also necessary, as the following statement shows. 
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Theorem 8.35. Two annuli C(r, R) and C(r', R’) are conformally equivalent if 
and only if the condition 
R_R 
ror! 
holds. 


Proof. Applying dilations one may assume r = r’ = 1. Letw = f(z) bea 
conformal mapping from C(1, R) onto C(1, R’) and let us show that R = R’. 

By Proposition 8.9, when |z| > 1 in C(1, R), we must have either | f(z)| > 1, 
or | f(z)| > R’. Changing f by R’/f if necessary, one may get | f(z)| — 1 when 
|z| + 1 and, consequently, | f(z)| — R’ when |z| — R (Figure 8.32). 


~ —e an 


Figure 8.32 


Now, applying the reflection principle (Proposition 8.22) with respect to the unit 
circle one may extend f toa conformal mapping from the annulus {z: 1/R < |z| < 
1} onto the annulus {w: 1/R’ < |w| < 1}. Applying once more this principle, now 
with respect to the circle with radius 1/R, one will extend f to a mapping of 
{Z: rea < |z| < z} onto {w: ae < |w| < rat Iterating this process one 
will obtain a conformal mapping from the punctured disc D’(0, R) onto D’(0, R’), 
which has a removable singularity at the origin. So, one arrives at a conformal 
mapping from D(0, R) onto D(0, R’), still denoted by f, satisfying f(0) = 0 and 
sending the circle {z: |z| = 1} onto the circle {w: |w| = 1}. 

Now, the function z > mae is an automorphism of the unit disc D that sends 
the point 0 to 0. Therefore, by Theorem 8.27, it is a rotation, 


R 
ae) =e'%z, aeR, |z| <1, 
or 
A oF 
f@Q= Ree. \z| < R. 


Taking |z| = 1, which implies | f(z)| = 1, it yields that R = R’. O 
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The theorem just proved states that every annulus of the plane is conformally 
equivalent to some annulus of the family C(1, R) with R > 0, and two different 
annuli of this family are not equivalent to each other. 

Other simple examples of doubly connected domains are the punctured disc, 
D \ {0}, and the punctured plane, C \ {0}. These two domains are not equivalent 
to each other and cannot be equivalent to any annulus, because the corresponding 
conformal mapping would extend analytically to the point 0, according to part a) 
of Theorem 5.5. As it has been said, one may prove that every doubly connected 
domain of the plane is conformally equivalent to the punctured plane, or to the 
punctured disc or to an annulus C(1,R), R > 1. This result describes, up to 
conformal mapping, all domains with connection degree equal to 2. 


Example 8.36. Consider the ellipse centered at the origin with semi-axes 5/2 and 
3/2 and let U be the interior of this ellipse with the segment [—1, 1] removed. This 
way U is a doubly connected domain, which must be, as just said, conformally 
equivalent to an annulus. Example F) of Section 8.7 shows that this annulus will 
be C(1/2, 1) and that the mapping of U onto the annulus is given by the inverse of 
Jowkowsky’s mapping (Figure 8.33). O 


— ZL) 


Figure 8.33 


As it was said at the beginning of this section, conformal mappings between 
domains with connection degree greater than 2 are more complicated. One result 
that extends in some way what has been proved about doubly connected domains 
is the following one (see [1], p. 255): 

If U is ann-connected domain, then U is conformally equivalent to an annulus 
with n — 2 arcs located in circles centered at the origin removed (Figure 8.34). 

In this case there are two boundary contours of the components of C \ U that 
are mapped to the boundary of the annulus, while the other ones are mapped to the 
arcs. 
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Figure 8.34 


8.10 Applications of conformal mapping 


In this section two applications of conformal mapping to quite different problems 
are given. 


8.10.1 Transverse Mercator projection 


The problem considered here is the basic problem of cartography, that is, the map- 
ping of the surface of the Earth, or a piece of it, ona plane. Ideally this representation 
should preserve distances, so that, except for a scaling factor, the distance between 
two points on the Earth coincides with the distance between the corresponding 
points on the plane. But this is impossible, because no part of the sphere can be 
isometrically parameterizated by a plane. This fact is a consequence of a very im- 
portant theorem in differential geometry, Gauss’s Theorem Egregium, but, in the 
case of the sphere, it may be also proved with elementary considerations. 

What kind of mappings are used in cartography, then, if they do not preserve 
distances? Remark that a mapping of the Earth on a plane preserving distances 
would preserve angles too; otherwise, representations used in cartography preserve 
angles, although they cannot preserve distances. The idea of a conformal projection 
(that is, preserving angles) of the Earth on a plane was conceived by Mercator, and 
the projection used nowadays is a kind of Mercator projection, called transverse 
Mercator projection. In this projection the conformal mapping plays an important 
role, as explained below. 

The Mercator projection is a representation of the Earth on a plane, namely of 
coordinates (x, y), that satisfies the following conditions: 


a) It is conformal. 
b) It maps the equator onto the y-axis, preserving distances (on the equator). 


c) It maps the points of the Earth of positive longitude onto the right half plane 
(x > 0) and the points of positive latitude onto the upper half plane (y > 0). 
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Mercator projection works because it is conformal and moreover parallels are 
transformed into horizontal straight lines, and meridians, into vertical ones. But 
it has the disadvantage that, as one moves far away from the equator, distances 
are much distorted. This is why it has been replaced by the so-called transverse 
Mercator projection. The idea behind this projection is to divide the region of the 
Earth between the two polar circles into spindles of 6° of width and apply to each 
of these spindles a different Mercator projection where the central meridian of the 
spindle plays the role of the equator. 

Hence, consider the region R of the Earth between the two polar circles and 
between two meridians giving a 6° spindle, and let 9 be the central meridian of 
this region. We want to find a projection of R on the plane (x, y) such that the 
following conditions hold: 


a’) It is conformal. 
b’) It maps the meridian 779 onto the y-axis. 


c’) Distances are preserved on the meridian mo. 


Of course some scaling factors must be taken into account, which we do not 
consider here. 

In order to construct this projection, consider the Earth as an ellipsoid with 
semi-axes a, b, so that R may be parameterized in the form 


x =acosucosi, 
y=acosusinA, (A,u)eV, (8.18) 


z= bsinu, 


where A is the longitude of the point P(x, y,z) counted from mo, u is the angle 
represented in Figure 8.35 and V is an open set of R*. Observe that u is not the 
latitude, y, of P, but it is really close. The latitude is the angle with the plane x, y 
of the perpendicular to the ellipsoid through P, and one may easily set the relation 
between u and g. Remark also that in the case of a sphere, a = D, wu is the latitude, 
and the parametrization (8.18) corresponds to spherical coordinates. 

The function (x,y,z) = f(A,u) given by (8.18), for (A,u) € V, exhibits R 
as a surface parameterized by f. The parametrization f is said to be conformal if 
the tangent linear mapping f’(A, u) of R? into the tangent plane to R at the point 
f(A, u) preserves angles, when the usual scalar product is taken in R? and the scalar 
product induced by the one of R? is taken in the tangent space. It is known that f 
is conformal when the matrix of vectors of and or is a multiple of an orthogonal 
matrix, that is, when the matrix of their scalar products is 


h(a, u) € ) ; (8.19) 
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Figure 8.35 


where (A, u) is a differentiable function non-vanishing at any point. 
Thus, one has 


) 

of = (—acosu sind,acosu cos, 0), 

) 

af = (—asinucosd,—asinu sind, bcosu), 
u 


and the matrix of scalar products is 


a? cos” u 0 en | 0 ‘ 
0 a” sin? u +b? cos*u) 0 tan2u+ (4) ; 


which is not of the form in (8.19). Now, if one introduces a new variable /, defined 


by 
2 
= 1) = f fran?u + (7) du, 


and changes u by /, it turns out that in coordinates (A, /) the new matrix of scalar 


products is 
2.2 1 0 
a’ cos’ u(/) € i} 


which actually has the form of (8.19). This means that the new parametrization of 
R given by 
yy & 
A,l) Re fa,l), 
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is conformal. Its inverse f~!: R — V is also conformal and maps the meridian 
mo, which corresponds to A = 0, onto the /-axis. Hence, in order to make f—! 
be the transverse Mercator projection, condition b’) about preservation of distances 
between two points of mo and their corresponding points in the plane must hold. 

To this end, introduce complex notation writing w = A +i/ for the point (A, /) 
and look for a function F: V — C such that the plane representation of R given 
by the function F o f~!: R — C satisfies a’), b’) and’). This will be achieved by 
choosing F holomorphic, hence conformal, and then imposing it to transform the 
imaginary axis into itself: F(i/) = iy, if F = x + iy. Finally, the preservation of 
distances on mg may be obtained this way: 

For each point P of mo one has f—~!(P) = il, where / is the parameter 
corresponding to P. Let t be the distance from P to the equator following mo, so 
as P changes, t is a function of /, r = t(/). This function is not explicitly known, 
but it is easy to argue that it is a real analytic function (Figure 8.36). 


t(Z) il F it(1) 


Figure 8.36 


If F can be chosen such that F(i/) = it(/), that is, the ordinate of F(i/) coin- 
cides with the distance to the equator of the point of parameters (0, /), property b’) 
will hold. The problem, from the point of view of complex variables, is then to find a 
holomorphic function F on V known on the imaginary axis through F(i/) = it(J), 
where t(/) is analytic. The solution of this problem, locally at least, is easy to find 
because t(/) will be given by a power series, say t(/) = )°>° cn/”. Now take as 
F the analytic extension of t obtained by substituting / by the complex variable w, 
indeed w/i, and define 


F(w) eS (=). 
0 


so that F is holomorphic and F(il) = i )°>° cnl” = it(1). 

More details on the previous construction may be found in Joan Girbau’s paper: 
“Si no es pot representar cap terreny a escala, que fan els cartografs?” (Les bases 
matematiques de la civilitzacié6 tecnologica, Fundacié Caixa de Sabadell, 1999, 
pages 73-81), on which this exposition is based. 
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8.10.2 Conformal mapping and hydrodynamics 


Suppose that one wants to study the motion of a perfect, incompressible, homoge- 
neous and irrotational fluid that flows through a simply connected plane region U 
(see Subsection 7.1.3 for general notions on fluids). Using complex notation, one 
will represent the velocity vector field of the fluid by a function f(z), defined for 
z € U, and will suppose that the velocity does not change with time. 

The incompressibility means that div(f) = 0, that is, writing f = u + iv, 
equation uy + vy = O holds. If y is a closed path inside U with normal vector N ‘ 
Green’s formula gives 


[Rivas =i; 


which means that the flow of the fluid through y is zero. One also says that there 
are no sources in U, that is, intakes or outtakes of fluid at any point of U. It could 
happen, however, that there are sources at points of the boundary of U. 

Moreover the fluid being irrotational, that is, rot(/)) = 0, equation vx —uy = 0 
holds and so the function f(z) = u —iv, the conjugate of the velocity vector 
field, is holomorphic on U. Since U is simply connected, there is a holomorphic 
antiderivative F of Ff on U. Writing F = 9 + iy, the relation F’ = ha becomes 


Ve =Vive=f 


The function g is, therefore, a potential function of the vector field f and the 
holomorphic function F is called a complex potential of this vector field. The 
function y that appears in item d) of Subsection 7.1.3, but not depending on ¢ 
now, is harmonic because w = Im F. This corresponds to Euler’s equation AY = 
—rot(f) = 0. The function w is called a stream function of the fluid. The reason 
for this name is the following: the level lines of g are perpendicular to the vector 
Vo = f. As remarked in Subsection 7.1.1, the level lines of a pair of conjugated 
harmonic functions are perpendicular to each other. Therefore, level lines of y are 
tangent to f and, consequently, they are the trajectories of the vector field f which 
are the trajectories of the fluid or stream lines. 

Now it is convenient to consider the behavior of the fluid at the boundary of the 
domain U. It has been supposed there were no sources in U, but there may be at 
some points of dU. Observe that the word source has a relative meaning because 
it may be an intake point of fluid as well as an outtake one: it depends on the sign 
of the flow of the vector field f around the point. 

Suppose that in case there is no source in a whole arc of dU, the velocity vector 
field f is tangent to dU along this arc, that is, ( f, N ) = Oif N is the normal vector 
to dU. Then this arc of JU may be considered as a stream line, and, therefore, the 
stream function yy = Im F must be constant on this part of JU. An example is a 
fluid flowing through the upper half plane It = {w: Imw > 0} with an intake 
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source at the origin. The stream function w is a harmonic function on IIT, constant 
on each ray (—oo, 0) and (0, +00). This function is c Arg w, with c constant. The 
complex potential of the fluidis F(w) = c Log w, w € T*, and the velocity vector 
field 


f(w) = Fw) = 

Ww 
given in Example 3.6 (see Figure 8.37). This vector field has a source at the origin 
because if y is the circle with center 0 and radius 1, one has iA f N )ds = 2c. 
The flow of the vector field f entering into It is given by the previous integral 
extended only to y N T* and equals cz. If c > 0, there is a fluid intake; if c < 0, 
a fluid outtake. 


Ot 


Figure 8.37 


Even in the case when there is no source in the boundary of the domain, the 
fact that y is harmonic on U and constant on dU does not determine the stream 
function. For example in the upper half plane T1* of the plane w = u + iv, 
the function w(u, v) = Av with A a real constant is harmonic and vanishing on 
dT1*. It corresponds to the complex potential F,(w) = Aw. But also the function 
wW2(u, v) = Ae” sin v that corresponds to the complex potential F.(w) = Ae” is 
harmonic and vanishing on the boundary of II*. In the first case the stream line 
W1 = Oconsists of JI1* while in the second one the line 2 = 0 consists of the real 
axis plus the straight lines v = nzr,n € N, which are inside the domain, and Ae” is 
the complex potential for the flow in a strip of width z. In many cases, however, the 
physical conditions of the problem make clear that the stream function is uniquely 
determined, being harmonic on the domain and constant on its boundary. When 
the domain is unbounded and there are no sources at the boundary, an analytic 
condition that determines the stream function is a correct behavior at the point of 
infinity, given by a condition of the kind limjy)|+.9(F(w) — Aw) = 0, for some 
constant A where F is the complex potential. 

Assume that in a simply connected domain U’ one has a fluid flowing with a 
velocity vector field f which has a complex potential F = gy + iw. Let g bea 
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conformal mapping of another domain U onto U’ sending the boundary of U into 
the boundary of U’. Then harmonic functions g o g and y o g may be interpreted 
as the potential of the velocity and as the stream function of a flow in the region U, 
having F og as complex potential. For example consider U’ = It and the uniform 
flow given by the complex potential F(w) = Aw, A areal constant, as done before 
and let U be the first quadrant of the plane z = x +iy, U = {z: x,y > O}; 
then the transformation w = z” maps conformally U onto TI* and preserves the 
boundaries. The function Az” = A(x? — y? + 2ixy) is the complex potential of 
a flow in U that has as stream function 2Axy. The stream lines are the hyperbolas 
xy =c,c constant (Figure 8.38) and the velocity vector field is 2AZ = 2A(x —iy) 
of modulus 2A,/x?2 + y2. Consider now in a domain U a uniform flow, that is, 


( 
x 


Figure 8.38 


corresponding to the uniform flow in the upper half plane of complex potential 
Aw by means of a conformal mapping g: U — It which transforms dU into 
oI’. Then, the stream lines in U may be described in terms of the inverse mapping 
h = g_!: I+ > U by means of curves y(t) = A(t +ic), t € R, c constant. This 
is what is done in the two following examples. 


Example 8.37. Consider a fluid moving uniformly in the upper half plane with an 
obstacle given by a vertical stick [0,ia], a > 0, so that there is no source on the 
real axis (Figure 8.39). 


U 


Figure 8.39 
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In Example 8.34 it was seen that the conformal mapping from II1* onto U = 
It \ [0, ia] is given by the function 


h(w) =avw?—-1, 
sending oo to oo. Therefore, the stream lines are the trajectories 


¥@Q) Hh tid=a/ GE PiceY=1, tek, e>0. O 


Example 8.38. Let us study now the uniform motion of a fluid that flows horizon- 
tally and jumps a step of height 1 (Figure 8.40). The corresponding domain is the 
upper half plane with a step: 


U ={z: Rez >0, Imz > 0} U{z: Rez <0, Imz > 1}. 


f 


0 


Figure 8.40 


We look for the conformal mapping h from TI* onto U with h(oo) = ov, 
h(-1) = i, h(1) = 0. Applying the Schwarz—Christoffel formula with angles 
a1 = 32/2, a2 = 1/2 yields that 


Ww 
h(w) = Af (w+ 1)2(w = 172 dw+B, Aand B constants. 
0 


This integral may be computed, turning it into a rational one using the change 
w+l 


of variable 7 = u, and this yields 
h(w) = A(Vw2 — 1 + Log(w + Vw? — 1)) + B. 
Using h(—1) = 7, h(1) = 0 one obtains 
Ain+B=i, B=0, 


that is, A= 1/z, B = 0, 
Hence, the stream lines are the trajectories 


y(t) =A(t + ic) 


a “(VG tic)? +Log(t+ict+ V(t+ic)?—1)), teR,c>0. O 
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Example 8.39. Consider, finally, the uniform flow of a liquid that flows horizontally 
and finds a semicylindrical obstacle. The model in this case is given by the domain 


U ={z € Tt: |z| > 1} (Figure 8.41). This domain is conformally mapped into 
It by the function 


wareiai(e+3) 


that transforms the boundary of U into the real axis (Example F) of Section 8.7). 


ot 
& 
ai: 
ew 
-1 1 
Figure 8.41 
Taking polar coordinates in the plane z, z = re’®, it turns out that 
1 1 
Re g(r, 0) = =| r+ — ]cos8@, 
2 r 
. 1 1 
Im g(r, e!) = AG — -) sin 0, 
2 r 
so that the stream lines are the trajectories 
io, _ | LY 
Im g(re las r—-—])sn@=c, c>O. O 
r 


8.11 Exercises 
1. Let D,, D2 be two discs of the plane and zo € Di, wo € Doz. Finda 
conformal mapping f: D,; — D2 such that f(zo) = wo. 


2. Let f: U — U be holomorphic where U = {z = x + iy: |y| < 2/2}; use 
Schwarz’s lemma to prove that | f’(x)| < 1 for x € R. 


3. Let f € H(D) with f(0) = 1 and Re f(z) > 0, z € D. Show that 


1—|z| 1+ |z| 
< Z < * 
T+ = 1s 1=[2| 


ED. 
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10. 


11. 
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What may be said when some one of the two previous inequalities is an 
equality at some point z € D? 


. Let f be a continuous function on D and meromorphic on D satisfying 


| f(z)| = Lif |z| = 1. Letay,ao,...,a, and b;, b2,..., bm be the zeros and 
the poles of f in D, respectively (justify that there are only a finite number 


of them). Writing ta(z) = 7=4 when |a| < 1, show that the function 


Ce 1 


ta) ta) 


for |z| < 1, 


is a constant of modulus 1. 


. Let f: D — U be a conformal transformation such that U = f(D) isa 


convex domain of the plane. Show that for each 0 < r < 1 the domain 
f(D(0,1r)) is also convex. 


Hint: For z1,Z2 € D(0,r) with |z;| < |z2| and 0 < t < 1 consider the 
function g(z) = tf (2z1/z2) + dU —t) f(z). 


. Prove that a homographic transformation maps a pair of concentric circles into 


another pair of concentric circles and the ratio of the radii remains constant. 


. Let f: D > D be holomorphic with Taylor series f(z) = (72.9 cnz” 


around the origin. Show, by induction, that for eachn € WN there is a Blaschke 
product, B,, of degree n (Example 8.29), having as Taylor series at the origin 


By(Z) = Cy HeyZ +e + ep z” | + dyz™ +--+, bn EC. 


That is, f and B, have the same n first Taylor coefficients. 


. Find a conformal mapping of the upper half plane onto the domain U = 


D\ {x eR: 0<x<l]}. 


. Let U be a Jordan domain and f € C(U) M H(U) such that f is injec- 


tive on JU. Show that f is a conformal mapping of U onto f(U) and a 
homeomorphism of U onto f(U). 


Hint: Use the argument principle. 


Find a conformal mapping of the upper half plane onto the exterior domain 
of an ellipse with focuses at the points | and —1. 


Let It be the upper half plane and U = It \ {z = iy: 1 < y < +oo}. 
Prove that on U, continuous branches of the functions //1 + z2 and af 1-22 


can be defined and use them to show that the transformation f(z) = = 5 
=z 


maps conformally It onto U. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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Let Q be asquare centered at the origin and f : D — Q aconformal mapping 
of D onto Q. Put f(z) = 702.9 cnz", if |z| < 1. Show that c, = 0 if n is 
not of the formn = 4k + 1,k EN. 


Hint: The equality f(iz) = if(z) must hold for z € D. 


Find a conformal mapping from the unit disc onto the exterior region of a 
parabola with focus at the origin and vertex at the point 1. 


Find a harmonic function u on the unit disc D such that lim,_,,i6 u(z) = 0 
if —1/2 <6 < a/2andlim,_,,ie u(z) = Lif a/2 < 0 < 32/2. Show that 
this problem has more than one solution. 


a) Give precise hypotheses in order that the function u defined by equality 
(8.7) is the solution of Dirichlet’s problem in the half plane 1+ with 
boundary values equal to g and prove it. 


b) Proceed analogously for Neumann’s problem in I1* with the function 
defined by (8.8). 


For c > 0, find the integral expression of a conformal mapping of the upper 
half plane onto the domain U given by 


{z€C:0<Rez <1, Imz>0O}U{zeC: Rez >0, 0<Imz <c}. 


In the particular case c = 1, find explicitly the conformal mapping f : It > 
U such that f(0) = 0, f(1) = co and f(oo) = 1+i. 
Show that the function 
Zz dé 
fe= | | 
0 ¥(1— &)(1 — ké?) 


gives a conformal mapping of the upper half plane onto a rectangle. Find the 
vertices of this rectangle by means of the parameters 


where 0 < k < 1, 


: dt nik dt 
k= | Vd —?2) — k272) do) (MP = DAR) 


t € R. Prove that the transformation f~! extends to a meromorphic function 
on the whole complex plane and find its zeros and poles. 


Show that functions 


dé 


fi(z) = i (1—&")7/"d& and fe(z) = [ (1 ae nen, 


apply conformally the unit disc onto the interior and exterior domains, re- 
spectively, of a regular polygon of n sides. 
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19. 


20. 


21. 


22. 
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Find a conformal mapping from the domain U = {z € C: |z| > 1,Imz > 0} 
onto the lower half plane which, when extended to U, fixes the points —1 and 
1 and sends 7 to the origin. 


Find a conformal mapping from the oval U = {z € C: |z?—x@| < r?} with 
Xo € Rand 0 < Xo < r onto the unit disc. 


Hint: Use the reflection principle. 


Find a conformal mapping from the upper half plane TIT onto the domain 
Ua Vz =e i x <0}. 


Consider the domains 


U, ={z=x+iy: ly|<ay\tz=x+iy: x =0, |y| = 2/2}, 
Un ={z=x+t+iy: ly|<a}\{z=x+iy: |x| >1, y =O}. 


Find conformal mappings from both U;, U2 onto the unit disc. 


Chapter 9 


The Riemann mapping theorem and Dirichlet’s 
problem 


The aim of this chapter is to prove Riemann’s theorem on conformal mapping. The 
usual proof of this statement (due to Koebe) is based on the properties of uniformly 
bounded sequences of holomorphic functions (normal families). Riemann’s theo- 
rem may be also obtained from the existence of a solution of Dirichlet’s problem 
in a simply connected domain. This way is longer, but it highlights the relationship 
between conformal mapping and Dirichlet’s problem by means of Green’s func- 
tion, and corresponds to Riemann’s point of view. Both proofs will be given, each 
requiring an appropriate preparation. Namely, the study of normal families and the 
construction of the Green’s function of a simply connected domain, respectively. 
The properties of sequences of holomorphic or harmonic functions, which are dealt 
with in detail, have an interest on their own, beyond the proof of Riemann’s theorem. 


9.1 Sequences of holomorphic or harmonic functions 


9.1.1 Local uniform convergence 


In real variable function theory, functions are often defined as limits or sums of series 
of known functions. So, given the function sequences (fn), (gn), =1,2..., 
defined on a common domain U, we can consider the functions 


f(x) = lim. ful), 


x eEUu. 


g(x) = >> gala), 
n=1 


It is clear that this is possible only when the sequence (f,) or the series )° gy 
converge in some sense. At least, it is necessary to have pointwise convergence, 
that is, for each x € U the sequence (f,(x)) or the series )\7°_, 2n(x) should be 
convergent. 

From now on, only function sequences will be considered. 

The pointwise convergence of a sequence (f,) to f does not guarantee that 
properties of the functions f, remain valid for f. For instance each f, could be 
continuous without f being continuous. In order to ensure continuity, or other 
properties of the functions f,, to be preserved, stronger ways of convergence must 


384 Chapter 9. The Riemann mapping theorem and Dirichlet’s problem 


be imposed, the most important of which is the uniform convergence. Thus, if the 
functions f, are continuous and converge uniformly to f, then f is also continuous. 

Now we will consider functions defined on an open set U of the complex 
plane. Suppose that functions f,,n = 1,2,... are continuous on U and f(z) = 
limy—+oo fn(Z) is its pointwise limit. Bearing in mind the local character of con- 
tinuity, that is, a function is continuous on U if and only if it is continuous on a 
neighborhood of each point of U, we see that in order to ensure that f is continuous 
on U it is enough that the following condition holds: 

For each point a € U there exists a disc D(a,r) C U such that f,(z) > f(z) 
uniformly for z € D(a,r), whenn — oo. 

If the previous condition is satisfied, the sequence (,,) is said to converge to f 
locally uniformly on U (from now on the reference when n — oo will be omitted). 
It is clear, as has been said, that if f, — f locally uniformly on U and the functions 
Jn are continuous on U, then also f is so. One has the following statement: 


Proposition 9.1. The functions (f,) converge locally uniformly to f on U if and 
only if for every compact set K C U, the functions (fy) converge uniformly to f 
on K. 


Proof. In one direction this is clear just taking K = D(a,r) C U. In the other 
direction, given K C U, cover it by a finite quantity of discs, K C 25 D(q;,7i), 
D(a;.r;) C U and remark that if there is uniform convergence on each disc 
D(a;,1r;), then there is also on K. O 


Due to the previous proposition, when f, — f locally uniformly on U, it is 
also said that (f,) converges to f uniformly on compact sets of U. 


Example 9.2. Let f(z) = }°>° nz” be the sum of a power series with radius of 
convergence R > 0. It is known that the series )*c,z” converges uniformly to 
f(z) oneach compact disc D(0, r) with r < R. This means that * c,z” converges 
to f(z) uniformly on compact sets of the open disc D(0, R) because each compact 
set of this disc is contained in a disc D (0,r) for some r < R. However, the series 
> ¢nz" may not converge uniformly on the whole disc D(0, R). As an example 


consider the geometric series 35. z” with radius of convergence R = 1. The 
convergence to the function a is not uniform on [D, because if it was so, the 
general term z” would tend uniformly to 0 on the disc D and this is false. O 


Here the interest is to consider sequences of functions (/,,) that are holomorphic 
or harmonic on an open set U such that f(z) = lim, f,(z) for z € U, and to 
decide if f is also holomorphic or harmonic on U. How must be the convergence 
of functions (f,) to f in order to preserve holomorphicity or harmonicity? 

Observe that being holomorphic or harmonic on U is also a local property, like 
continuity. As a matter of fact, uniform convergence on compact sets is indeed 
appropriate to ensure the preservation of holomorphicity and of harmonicity. 
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Theorem 9.3 (Weierstrass). Let f,,n = 1,2,... be holomorphic functions on the 
open set U of the complex plane and suppose that the sequence (fn) converges 
to a function f uniformly on compact sets of U. Then f is holomorphic on U 
and, furthermore, the sequence of derivatives (f,) tends to f' also uniformly on 
compact sets of U. 


Proof. We start by observing the following fact: if y(t), t € [a, b] isa path contained 
in U, one has, under the hypotheses of the theorem, 


[fo dz= tim | Ffn(Z) dz. (9.1) 
y y 


Actually, since f, — f uniformly on the compact set y([a, b]), one has f,(y(t))- 
y(t) > f(v@)- y'(@) uniformly on [a, b], and integrating it yields (9.1). 

Now, to prove that f is holomorphic on U one has two possibilities. The first one 
is using Morera’s theorem (Theorem 4.11). We already know that f is continuous 
on U; if A is any triangle contained in U, one has /, aa In(Z) dz = 0 by Cauchy’s 
theorem. Using (9.1) it turns out that 


/ flz)dz = tim | SIn(z) dz = 0. 
aA n Jaa 


So, according to Morera’s theorem, f is holomorphic on U. _ 
The second possibility is using Cauchy’s integral formula. Let D(a, r) C U be 
a disc and y its boundary travelled in the positive sense. One has 


ewe 1 f fp) 


201 y wz 


dw, ze€D(a,r). (9.2) 


Tay i) 


Since uniformly for w in y and z fixed, it turns out that 


f(z) = lim fa(z) = tim f 2 gy = ae 2 € D(a,r) 
Oni 


n 201 Ugee* 


and this shows that f(z) is holomorphic on the disc D(a,r). 7 
To prove that f(z) > f’(z) locally uniformly fix, as before, a disc D(a, r) C 
U. Then (9.2) yields 


i n(W) 
f,(Z) = a | Gee z € D(a,r), 


which implies 


n(W) L_ [ Les aw= re 
Y 


1 
hi (iz) =i dw= 
‘a In) Dai i (w —z)? 0 Oi w —z)? 
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if z € D(a,r). Finally, the convergence of (f;) to f’ is uniform on the disc 
D(a,r’) with r’ < r because, given ¢ > 0, one has 


Lf (fw) = fulw)| a ldw| er 
Y 


dw|< = 
Qn Jy |w — z|? \dw| = 2a Jy (r’—r)? — (r’—1r)? 


If’ @-A@I|<s 


ifn > no, No big enough. O 


Remark 9.1. a) The previous result may be iterated to get that f, > f uniformly 
on compact sets of U implies that ae — f™ also uniformly on compact sets 
of U foreachm = 1,2,.... 

b) Given a series of holomorphic functions uniformly convergent on compact 


sets 
(oe) 
f@=)> > f@), 
n=1 
Weierstrass’ theorem states that one may differentiate term by term to obtain the 
series of derivatives 


CO 
/ / 
Oj) 7). 
n=1 
also converging uniformly on compact sets. In particular, starting from a power 
series 


Jes >. Ge" 
0 


with positive radius of convergence, we again get Theorem 2.31, stating that 
co 
f'@) => io nea2"", 
0 


in the interior of the disc of convergence. 

c) Dealing with convergence of sequences of holomorphic functions, it is con- 
venient to bear the maximum principle in mind. Indeed, if f, € C(U) NM H(U), 
where U is a bounded domain, the maximum principle ensures that if the sequence 
(fn) converges uniformly on the boundary of U, then it converges uniformly on the 
whole U; actually, just use the Cauchy criterion and observe that 


| fn(Z) — fnn(Z)| < € for z € OU implies | fn(z) — fn(Z)| < € for each z € U. 


In Weierstrass’ theorem, two proofs of the fact that the uniform limit on compact 
sets of a sequence of holomorphic functions is holomorphic were given. The one 
based on Cauchy integral representation suggests an analogous result for harmonic 
functions for which one has Poisson integral representation. 
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Theorem 9.4. Let (u,) be a sequence of harmonic functions on the open set U and 
suppose that u(z) = limMp—+oo Un(Z) uniformly on compact sets of U. Then u is 
harmonic on U. 


Proof. Take a disc D(a,r) C U and apply to each u,, Poisson’s formula (7.32) to 
get 
1 r? —|z—al? 


Un(Z) = Pp Un(w) ds(w). 


227 Jca@s \w—zZ 


By the hypothesis on the uniform convergence of (u,), it yields 


1 Des: = x2 
u(z) = limuy,(zZ) = = | rok sw) ds(w), 
n 2nr Jc(ar) |w-2| 


proving that wu is harmonic, since so is Poisson’s kernel, 


r?—|w—al 
Z— ; O 
[je 2)? 


Coming back to the case of a sequence of holomorphic functions (f;,) converging 
uniformly on compact sets to a function f, it is easy to prove that the univalence 
of the functions f;, is a property preserved whenever f is not constant. 


Theorem 9.5 (Hurwitz). Let U be a domain of the complex plane and (fy) a 
sequence of holomorphic functions on U with f,(z) # 0, z € U,n = 1,2,... 
converging uniformly on compact sets of U to a function f. Then either f is 
identically zero on U, or f(z) # 0 for every point z € U. 


Proof. Suppose f is not identically zero and fix a point z9 € U. Since the zeros 
of f (if there are any) must be isolated, there is r > 0 such that f(z) 4 0 if 
0 < |Z —2Zo| < r. In particular, | f(z)| => 6 > Oif z € C(Zo,r), and, by the 
uniform convergence, one will also have | fn(z)| => 6/2 if z € C(zo,r) andn > no. 
Hence, it turns out that E@ > 70) uniformly on C(zo,7) thanks to the above 
lower bounds. It is also known that f(z) > f’(z) uniformly on C(zo,r), by 
Weierstrass’s theorem. So we may conclude that 


1 1 C 
lim ———- tn dz = ~ f @) dz. 
n 201 C(zo,r) Sn(Z) 201 C(zo,r) F(z) 


Now, by the argument principle (Theorem 5.27) the integrals on the left-hand side 
are zero because no function f, has zeros. The fact that the right-hand side integral 
is zero means, by the same principle, that f(zo) 4 0. O 


Corollary 9.6. Let U be a domain of the plane, f, € H(U), n = 1,2,... and 
F(z) = limyn fy, (Z), uniformly on compact sets of U. If each function f,, is one-to- 
one on U, then the function f is either one-to-one, or constant on U. 
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Proof. Suppose that f is not constant. If it was not one-to-one on U, one could 
find two points z1 # Z2 of U with f(z1) = f(z2) = w. Take disjoint discs 
D(21,r), D(z2,r) C U. On each one, f(z) — w > f(z) — w uniformly on 
compact sets. Since the function f(z) — w is not identically zero and has a zero 
in D(z;,r) as well as in D(z2,r), according to Hurwitz’s theorem the functions 
Jfn(Z) — w must have a zero in D(z,,r) and in D(z2,r) for n > no. But this 
means that f,, for n big enough, will take the value w in D(z;,r) and in D(z2,7r), 
a contradiction. O 


9.1.2 Normal families 


To obtain new functions as limits of sequences of known functions, some criterion 
stating when a given sequence has a limit is needed. Generally it is enough to 
guarantee that, given a sequence of functions (f,,) of a certain class, there is a 
subsequence (f;,,) having a limit, f(z) = limy f;,,(z). Indeed, then f is a limit 
of a sequence of functions of the class and will get the properties of the functions 
Jn if the convergence is good enough. 

To deal with the problem of the existence of convergent partial sequences, re- 
call first what happens in the case of numerical sequences. If (Z,) is a sequence of 
complex numbers which converges, then the sequence (Z,) is necessarily bounded, 
that is, sup, |Z,| < -+-oo. The converse is not true; but the Bolzano—Weierstrass 
theorem asserts that a bounded (z,,) has at least a convergent subsequence. Hence, 
in this case, boundedness is the criterion for a sequence to have a convergent sub- 
sequence. The Bolzano—Weierstrass theorem is a basic principle of analysis which, 
indeed, is equivalent to the completeness of the real field. It is also equivalent to 
the statement that closed and bounded sets in the Euclidian space are exactly the 
compact ones. 

What happens if one replaces the sequence of points (Z,) by a sequence of 
functions (f,)? Suppose that functions f;, are defined on a compact set K and 
are continuous on K. If f(z) = limy+o f,(Z) uniformly on K, it follows easily 
that the sequence (f,,) must be uniformly bounded on K, that is, there is a constant 
M > Osuch that | f,(z)| < M,n = 1,2,... and z € K. Now, assuming that 
(fn) is uniformly bounded on K, is it true, as in the case of numerical sequences, 
that there is a subsequence (/,,) uniformly convergent on K? The answer is no; 
indeed it can happen that (f;,) is uniformly bounded on K, but it has no subsequence 
pointwise convergent on K, as the following example shows. 


Example 9.7. Let K = [0,27], f, (x) = sinnx,n = 1,2,.... Then|/,(x)| < 1, 
forx € K,n = 1,2,... but, there cannot exist integer numbers (k,) such that 
lim, sin k,x exists for each x € K. Indeed, this would imply 


lim(sink,x — sinky41;x)? =0, x € [0,27], 
n 
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and, by the dominated convergence theorem, 
20 
tim | (sink, x — sinky+1x)* dx = 0. 
n 
0 
But an easy computation shows that 


2n 
i (sin k,x — sin keatxy dx = 2x if ky is an integer, 
0 


a contradiction. O 


What else is necessary, then, in order to ensure that a uniformly bounded se- 
quence of continuous functions on K has a uniformly convergent subsequence on 
K? The key notion is equicontinuity. 

In a more general setting, consider a family # of continuous functions on a 
compact K. Recall that the family ¥ is said to be equicontinuous on K if, given 
€ > 0, there exists 6 > 0 such that the condition 


Z,we K, 


z—w|<6 = |f()- f(w)|<e, forall fe F 


holds. The point is that a uniformly convergent sequence of continuous functions 
on K is equicontinuous on K. In the opposite direction, if a sequence of functions 
is pointwise bounded and equicontinuous on K, then it has a uniformly convergent 
subsequence on K. This is the content of the following classical result. 


Theorem 9.8 (Arzela—Ascoli). Let # be a family of continuous functions on a 
compact set K. The following conditions are equivalent: 


a) Every sequence of functions of the family F has a subsequence converging 
uniformly on K. 


b) The family F is pointwise bounded and equicontinuous on K. 


Pointwise bounded means that for each z € K one has supye¥ | f(Z)| < 00. 

The proof of Theorem 9.8 may be found in [10], p. 156-158. Moreover, (f,) be- 
ing pointwise bounded and equicontinuous implies that (/,,) is uniformly bounded. 

It is convenient to remark that the definition given above is the one of uniform 
equicontinuity on K. There is also a notion of equicontinuity at a point Zp € K. 
The family ¥ is said to be equicontinuous at the point Zo if for each ¢ > 0 there is 
5 > 0 such that 


zéK,|z—z9|<6 = |f()—- f(Z0)| <e«, foreach fe F. 


Using a covering argument, one gets the equivalence of both concepts. 
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Proposition 9.9. A family F of functions is equicontinuous (uniformly) on the 
compact set K if and only if it is equicontinuous at each point of K. 


Since the interest here is in studying sequences of holomorphic and harmonic 
functions uniformly convergent on compact sets, a version of Arzela—Ascoli’s theo- 
rem in this context will be given. 


Theorem 9.10. Let ¥ be a family of continuous functions on an open set U of the 
plane. The following conditions are equivalent: 


a) Every sequence of functions of the family F has a subsequence converging 
uniformly on compact sets of U. 


b) The family F is pointwise bounded on U and equicontinuous at each point 
of U. 


Proof. The proof of a) => b) is the same as the corresponding one in Theorem 9.8. 
To show that b) => a) take an exhaustive sequence of compact sets of U, that is, 
a sequence of compact sets K, C U such that 


1) Kn C Kn4i,n = 1,2,.... 
2) If K Cc U is compact, there exists anumbern € N with K C Ky, 


according to Lemma 1.15. 

Let now (f,,) be a sequence of functions of the family ¥ . By b), Proposition 9.9 
and Theorem 9.8 applied to the compact set K;, we can find a subsequence of (f;,), 
called (f,!), uniformly convergent on K,. By the same reason we can find a subse- 
quence of (f,!), say (7), uniformly convergent on K2, which will also converge 
on Ky. Continuing this process we find for each m a sequence (f")n=1,2,.... uni- 


formly convergent on K,, K2,..., Km. The diagonal sequence (f,”)n=1,2,... 1s then 
uniformly convergent on each compact set K, and, by property 2), also on every 
compact set of U. O 


According to Theorem 9.10, to show that a family ¥ of continuous functions on 
U has the property that every sequence of ¥ has a subsequence uniformly conver- 
gent on compact sets of U, it is enough to check that ¥ is equicontinuous on U. In 
the case that the functions of ¥ are differentiable, a criterion for equicontinuity is 
the uniform boundedness of the derivatives on compact sets of U or, equivalently, 
their local uniform boundedness. 

For example, suppose that we are dealing with a family of functions, ¥ , differ- 
entiable on the real line such that for each fixed x9 € IR, and each r > 0 there exists 
M, > 0 with 

If’ @)| <M, if |x—xol <r, feF. 
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The mean value theorem gives 
If(x) — f(xo)| < Mr|x —xo| if |x-—xol <r, feF, 


which proves that ¥ is equicontinuous at the point xo. As well, for functions of 
two real variables, the boundedness conditions 


(x, »| < M, 


a cn] aes IZ 


if d((x, y), (xo, yo)) < r, forevery f € #, imply F is equicontinuous at the point 


(Xo, Yo). 
It is an essential fact that a uniformly bounded family of holomorphic or har- 


monic functions is automatically equicontinuous. 


Proposition 9.11. Let ¥ be a family of holomorphic functions on an open set U 
of the plane that is uniformly bounded on each compact set of U. Then the family 
F is equicontinuous at each point of U. 

The same holds if ¥ is a family of harmonic functions on U. 


Proof. Assume that functions of ¥ are holomorphic; take z) € U and D(zo,1r) C 
U. By hypothesis there exists M; > 0 such that 


lf()| <M, if |z—zol<r, feF 


The first Cauchy inequality (Theorem 4.38 for n = 1) gives 


M, : 
If s2— if [2-20 


IA 


r 
ae | e F, 
ued 


because D(z,r/2) C D(zo,1r) when |z — zo| < r/2. 


Now, if z € D(zo,r/2), integrating along the line segment joining Zo with z, 
one has 


If) — fZo)| = 


Ae 


M, 
< [ Iswylldw| < 2 Fz — 20 


whenever |Z — Zo| < r/2 and f € ¥. This proves that the family ¥ is equicontin- 
uous at Zo. 

In the case that functions of # are harmonic, writing z = x + iy they will be 
considered as functions of the real variables x, y. As said above, it is enough to 
show, for Zo € U fixed, the following estimates, for some r: 


<M,, if|z—zol|<roueF. 


Ou Ou 
Malem. [Me 
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They are equivalent to 


<M,, |z-Zol<roueF. 


malsM. [ee 


Assume, in order to simplify the notation, z7 = 0 and D Cc U. Represent u by 
Poisson’s formula (7.19): 


Paid <j a 1 20 _ |z|? :j 
u(z)= [ Pp(z,e'”’)u(e'’) dd = : ——_u(e’’) dd, |z| <1. 
0 Qn Jo |1 — e192 |2 


According to the hypotheses one has |u(e!®)| < M for u € ¥. Differentiating the 
expression of u(z) and estimating the result, one gets 


e M a 0 p | 46 
(z)| < 1/257 Bg p(z,e)| dé, 


wu (e)| < 


M tf © Pat | 40 
W257 J [pg hoe) 


whenever |z| < luce F. 

Now we will show that both 2 Pp(z,e’®) and 4 Pp(z,e?®) are uniformly 
bounded, with respect to 6, when |z| < 1/2. 

To this end, just write Poisson’s kernel in the form 


1—|z|? ze8 ze!? 
2n Pp(z,e’?) = ———_—- = 1 — + =, 
a Pot ) |1 — e-#9z|2 * 1—ze-i9 " | — Zeid 
from which it follows that 
dPp(z.e'#) 1 e#@ dPo@.e"). 1 el? 
az ~ In (1 — ze-i8)2’ 0z ~ In (1 — Zei9)2’ 
and so 
oP a 1 1 
[ee a oO) <3 a= jee, O 
Qn |e? —z/? ~ x 2 


Let us state now the basic result about holomorphic or harmonic function se- 
quences. 


Theorem 9.12 (Montel). Let ¥ be a family of holomorphic functions on an open 
set U of the plane. Then the following conditions are equivalent: 


a) Every sequence of functions of the family # has a subsequence that is uni- 
formly convergent on compact sets of U. 
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b) The family ¥ is uniformly bounded on compact sets of U. 


The same statement holds if F is a family of harmonic functions on U. 


Proof. The implication a) > b) holds for every family of continuous functions. 
Indeed condition a) implies that the family # is equicontinuous and pointwise 
bounded (Theorem 9.10), and then if zo € U, there exists 6 > 0 with | f(z) — 
Ff (Zo)| < lif |z—zo| < 6, for f € #. Hence, | f(z)| < | f(zo)| + 1, |z— Zo] < 4, 
f € £, and the family ¥ is locally uniformly bounded. 

For b) => a) just combine Theorem 9.10 with Proposition 9.11. O 


A family of holomorphic functions uniformly bounded on compact sets of U 
is also called a normal family. We point out, however, that in Montel’s classical 
terminology the term normal family is applied to a class of holomorphic functions 
F such that every sequence of ¥ has either a uniformly convergent subsequence, 
or a subsequence converging uniformly to oo, on each compact set of U. 

In the case of harmonic functions, there is another criterion of normality for a 
given family that guarantees that every sequence has a uniformly convergent subse- 
quence on compact sets, either to a harmonic function, or to co. Namely, itis enough 
that the family consists of positive harmonic functions. This criterion, known as 
Harnack’s principle, is based on an inequality already proposed in Exercise 7 in 
Section 7.13. 


Proposition 9.13 (Harnack’s inequality). Let u be a harmonic and positive function 
on the disc D(Zo, R). Then 
R-r R+r 


< < 
alo) < ule) < = — 


u(zZo) if|z—-Zol=r<R. (9.3) 


Proof. It is enough to consider the case 79 = 0, R = 1. We must show, then, that 


1— : 1 
10) <uee y=" o) HOSP] L046 = or, 62) 
l+r l-r 
If P.(t — 0) = 5 > ae 7 a2? one has the inequalities 
l= j= l-r? = 1+r 


= < 20P,(t-—0) < i 


ltr 14+2r+r2— —2@r+r2 1—r’ (9.5) 


0<r<1,0<6<2z. 


Since lim,_,,; u(rz) = u(z), we may suppose that u is continuous on D. Then 
Poisson’s formula gives 


u(re’9) = i P,(t — @)u(e’*) dt. 
0 
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Since u(z) > 0, multiplying (9.5) by u(e?*), integrating and using (by the mean 
value property) 


1 20 : 
=f, u(e’")dt = u(0) 


yields (9.4). Oo 


Harnack’s principle can be given now. 


Theorem 9.14. Let ¥ be a family of positive harmonic functions on a domain U 
of the complex plane. Then every sequence of functions of F has a subsequence 
that converges, uniformly on compact sets of U, either to a harmonic function on 
U or to infinity. 


Proof. Let (uy) be a sequence of functions of # . If (u,(z)) is bounded for every 
z € U, then Harnack’s inequality implies that (u,,) is, in fact, locally uniformly 
bounded, whence uniformly bounded on compact sets and so, by Montel’s theorem, 
it has a subsequence uniformly convergent on compact sets. 

Otherwise there is a point z9 € U anda subsequence (ux,,) with lim, ux, (Zo) = 
+oo. In this case we claim that (vx, ) converges to +00 locally uniformly. Indeed 
consider 

A={zeU: lim wy, (2) = +00}, 


so that A # 9; by Harnack’s inequality A is open and ux, (z) — +00 locally 
uniformly on A. But U \ A is also open by Harnack’s inequalities again and so 
A=U. O 


Corollary 9.15. Let (uy) be an increasing sequence of harmonic functions on a 
domain U. Then (un) is uniformly convergent on compact sets of U, either to a 
harmonic function on U or to infinity. 


Proof. The sequence (v,,) with v, (Zz) = upn(zZ)—u4 (z) consists of positive harmonic 
functions and is increasing. Theorem 9.14 gives the conclusion for the sequence (vy) 
and, therefore, also for the sequence (u,). O 


9.1.3 Topology of the space of continuous functions on an open set 


In the previous subsections it has been highlighted how uniform convergence on 
compact subsets of an open set is suitable for sequences of continuous functions as 
well as for sequences of holomorphic or harmonic functions. We will show now 
that this convergence is associated to a complete metric. 

Fix an open set U of the complex plane and consider C(U), the space of con- 
tinuous functions on U. Let (Ky )n=1,2,... be a sequence of compact sets of U as in 
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Lemma 1.15 (in fact it is enough that the sets K, satisfy a) and b) of this lemma) 
and for each function f € C(U) write 


M,(f) = supt{| f(z)|: z € Kn}, 
Pn(f) = min{M,(f), 1}, 


n= 


Qn 
n=1 


Observe that 0 < p(f) < 1, for every continuous function f. Now define a 
distance in the space C(U) by 


d(f.g)=p(f—s), if fg eC). 
Since d(f, g) = Oif and only if f = g, to prove that d is a distance in C(U) it is 
enough to check that 
P(f +8) S Pf) + P(g). 
an inequality which follows from the definition of the functional p and the fact that 
Mi(f + g) < Mi(S) + Mn(g) for every n € N and fig €C(U). 
Remark that the distance d just defined is invariant under translations, that is, 


d(fgj=d(ft+h,gt+h), if ffg,he cv). 


This means that it suffices to know the topology that d defines around the zero of 
C(U). 


Proposition 9.16. A sequence of functions (fn), fa € C(U), hasalimit f € C(U) 
in the metric d, that is, lim, d( fn, f) = 0 if and only if (fn) converges to f 
uniformly on compact sets of U. 


Proof. As said above, it is enough to consider the case f = 0. 

Suppose d(fn,0) = p( fn) > 0 whenn — oo. We must show that, given K C 
U compact and 0 < é < 1, there exists m9 € IN such that suptl Jn (x)|: x € K} <e 
ifn > no. Take Ky», with K C Ky and no such that p( fn) < on ifn > no. Then 
one has pm(fn) < 2”p(fn) < e ifn > no, giving Mm(fn) < € and, a fortiori, 
| fn(x)| < ¢,forx € K,n > no. 

Conversely, suppose that f, — O uniformly on compact sets of U. Givene > 0, 
choose m with + < e/2. Then there exists ng such that My,(fn) < ¢/2ifn > no. 
Now, if f €¢ C(U), one has pn(f) < Pm(f) ifn < m and, therefore, 


vif) < ee Pmt) 4 <i S)+ oe: 


n>m 


Applying this inequality to f, form > no yields 


1 
(fn, 0) = Pfu) S Mm(In) + ome < O 
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Corollary 9.17. The space C(U) with the distance d is a complete metric space. 


Proof. If (fn) is a Cauchy sequence of C(U) with respect to the metric d, then 
(fn) is a uniform Cauchy sequence on compact sets of U, by Proposition 9.16. So 
(fn) must have a uniform limit f € C(U) on compacts sets of U, and again by 
Proposition 9.16, f is the limit of (f,) with respect to the metric d. 0 


Some results of Subsections 9.1.1 and 9.1.2 have more synthetic statements us- 
ing the topology given by the metric d of the space C(U). For example, Weierstrass’ 
theorem (Theorem 9.3) reads: 


The space H(U ) of holomorphic functions on an open set U is a closed 
subspace of C(U). The mapping f > f’ from H(U) into H(U) is 
continuous. 


Montel’s theorem (Theorem 9.12) has also an interesting reformulation in terms 
of the topology of H(U), induced by the one of C(U). First, an appropriate 
definition of a bounded set of C(U) must be given. Observe that defining a set 
A Cc C(U) to be bounded when its diameter is finite does not work because the 
distance d satisfies d(f, g) < 1 for every pair f, g € C(U), so every set would be 
bounded. The suitable definition is the following: 

A set of continuous functions A C C(U) is said to be bounded if for each e > 0 
there exists a constant 0 < a < oo such that d(a, f,0) = p(a@ef) < ©, for every 
function f € A. 

Arguing as in Proposition 9.16, one can see that A C C(U) is a bounded set in 
the above sense if and only if A is uniformly bounded on compact sets of U. Now 
Theorem 9.12 reads as follows: 


A set of holomorphic functions # C H(U) is compact if and only if 
F is closed and bounded. 


This result shows that compact sets in the topological space H(U) have the 
same characterization as compact sets in R”. This assertion is not true for compact 
sets of C(U) as shown in Subsection 9.1.2 and Arzela—Ascoli’s theorem is needed 
to characterize them. 

Of course, equivalent statements for the space (U) of harmonic functions on 
U hold: h(U) is a closed subspace of C(U) and the compact subsets of h(U) are 
the close and bounded ones. 


9.2 Riemann’s theorem 


The aim of this section is to prove Riemann’s theorem on conformal mapping 
(Theorem 8.5), which is next recalled. 
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Theorem 9.18 (Fundamental theorem of conformal mapping). Given a simply 
connected domain of the plane U, U # C, and a point zo € U, there exists a 
unique conformal mapping f from U onto the unit disc D, normalized with the 
conditions f (Zo) = 0, f’(Zo) > 0. 


The proof given below is due, essentially, to Koebe and is based on the theory of 
normal families. Later another proof will be given, closer to the original Riemann’s 
spirit, based on the solution of Dirichlet’s problem. 

First, let us prove the uniqueness of f. If fi, f2: U — D are conformal, 
surjective and normalized, the function 


T(w) = fo(fr ‘(w)) 


is an automorphism of the unit disc satisfying T(0) = 0, T’(0) > 0. According to 
Theorem 8.27, one has T(w) = w, for w € D, that is, fy = fo. 

To show the existence of a normalized conformal mapping from U onto D, 
consider the family # of holomorphic functions on U defined as follows: 


a) g is holomorphic and one-to-one in U, 
SEF => 1b) le(z)| < 1, for z € U, 
c) g(Zo) = 0, g’(Zo) > 9, 


where Zo is the fixed point in U. The proof of Riemann’s theorem is done in the 
three following steps: 


A) F #9. 
B) There exists a function f € ¥ such that g’(zo) < f’(Zo), for every g € F. 


C) If f € F satisfies B), then f is the Riemann mapping, that is, f(U) = D, 
Ff (Zo) = Oand f’(Zo) > 0. 


Proof of A). Since U # C, one may take a pointa ¢ U. Let g(z) = /z—abe 
a branch of the square root of z— a # 0, z € U which exists by Theorem 6.22 f). 
Hence, g € H(U) and it is clear that g is one-to-one in U. Moreover, if g takes 
a value w in U, it cannot take the value —w. It is known that g(U) is open and, 
therefore, there exists r > 0 with D(g(zo),r) C g(U). So, one has D(—g(zo), r)N 
g(U) = G, that is |g(z)+ g(Zo)| = r, forz € U. The function g1(z) = c/(g(z) + 
g(Zo)) with c constant is holomorphic and one-to-one in U and satisfies |g1(z)| < 1, 
z € U, provided |c| is small enough. Finally, composing g; with an automorphism 
t of the unit disc, the function g9 = To g, Satisfies, in addition, go(Zo) = 0, 
go (0) > 0, that is, go € F. 
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Proof of B). Remark that by condition b) above and Montel’s theorem the family 
F is normal. 

Let M = sup tg! (zo): g € F}, M < +00. Consider a sequence of functions 
&n € F with limy g/, (Zo) = M. Since ¥ is normal, by Theorem 9.12, there exists 
a Saati. (gx,,) uniformly convergent on compact sets of U to a function f. 
By Theorem 9.3, f is holomorphic on U and, in addition, i, (z) > f'(z), also 
uniformly on compact sets. In particular, M < +00 and f’(zo) = M. Now, by 
Corollary 9.6, f must be either one-to-one or constant, because each gy, is one-to- 
one. But f’(zo) = M > Osince F # G. So, f is not constant and it is one-to-one. 
Since f(Zo) = limy Sky | (Zo) = Oand f’(Zo) > 0, one has f € ¥ and, finally, 
g' (zo) < f’ (Zo) if g € F, by the definition of the number M. 


Proof of C). We show that if f is the function in B), then f(U) = D. Suppose 
there is a point wo € D, wo ¢ f(U). A function g, € ¥ such that g/ (zo) > f’(Zo) 
will be constructed, in contradiction to B). The function (f(z) — wo)/(1 — Wo f (z)) 
is holomorphic and one-to-one from U into D and, moreover, does not vanish on U. 
Therefore, there exists a branch of its square root 


(z) = F(Z) — wo 
ee aa) 


which is one-to-one and holomorphic on U and satisfies |g(z)| < 1 as well. Now 
the function 

[g’(Zo)|_g(z) — g(Z0) 

8'(Zo) 1— g(zo)g(z) 

has the same properties as g and, in addition, is normalized, thatis, g; € #. Indeed, 
specifying the value of g/(Zo) yields 


gi(z) = 


lg'(Zo)| 
1 — |g (Zo)? 


and, by the relationship between g(z) and f(z), one has 


84 (Zo) = 


1 + |wol 
gi (Zo) = Jima fo) > f' Go). 
because ey > 1 is equivalent to (1 — |wo|)? > 0. O 


9.3 Green’s function and conformal mapping 


Let U be a bounded domain of the complex plane and let us recall what Green’s 
function of U is. As said in Section 7.5, to get Green’s function of U with pole at 
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the point zo € U one must find a function /, harmonic on U and continuous on U : 
such that h(z) = x Log |Z — Zo| if z ¢ dU. Then the function 


1 
Gu (Zo, Z) = = Log |z — Zo| — h(z) 


is the sought Green’s function. 
The function Gy (Zo, Z), in the variable z, has the following properties: 


a) Gy (Zo,Z) is continuous on U \ {zo} and harmonic on U \ {zo}. 
b) Gu (Zo, Z) — + Log |Z — Zo| is harmonic on U. 
c) Gy (Zo, Zz) = 0 when z € OU. 


It is easy to show that these properties determine the function Gy (Zo, Z). Actually, 
if Gu (Zo, z) also satisfies a), b) and c), then the function Gy (Zo, Z) — Gu (Zo, Zz) 
would be harmonic on U, continuous on U and vanishing on the boundary of U; 
hence by the maximum principle (Corollary 7.20) it should be identically zero in U. 

Clearly the function used to construct Green’s function is the solution of 
Dirichlet’s problem in U with boundary values g(z) = x Log |z —Zo|. Therefore, 
knowing how to solve Dirichlet’s problem in U implies knowing how to construct 
Green’s function of U with pole at any point of U. 

Green’s function has several important properties. For instance, the symmetry. 
If z, w are two points of U, z # w, the equality Gy(z,w) = Gy(w, z) holds, 
according to Proposition 7.23. Another property is the conformal invariance of 
Green’s function. This property is given in the following proposition. It states that 
a conformal mapping between two domains transforms Green’s function of one of 
them into Green’s function of the other. 


Proposition 9.19. Let U, U’ be two bounded domains of the plane, 79 € U, wo € 
U' and f : U' + U aconformal mapping from U' onto U such that f (wo) = Zo. 
Suppose that the domain U has Green’s function with pole at Zo, Gu (Zo, Z). Then 
the function Gy (Zo, f(w)) is the Green’s function of U’ with pole at wo, that is, 


Gu’ (wo, w) = Gu (zo. f(w)), we U’' \ {wo}. 


Proof. Itis enough to show that the function of w, Gy (Zo, f(w)) satisfies conditions 
a), b) and c) in the domain U’, for the point wo € U’. 

First, by Proposition 8.9, if w approaches a point of dU’, then f(w) approaches 
the boundary of U. Since Gy (Zo, Z) vanishes on dU, this proves that Gy (Zo, f(w)) 
is continuous up to dU’ and vanishes there. It is clear that this function is harmonic 
on U’ \ {wo}, because it is the composition of a holomorphic function with a 
harmonic one. 
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Finally, there is a function # harmonic on U with Gy (Zo, Z)— x Log |z—Zo| = 


—h(z),z € U. Hence, Gy (Zo, f(w)) — + Log | f(w) — Zo| = —h(f(w)) is 
harmonic on U’. So, 


Gu (zo, f(w)) — 5 Log lw — wo| 
1 1 
= —h(f(w)) — 5q bos lw — Wo| + 5, Losl fw) — Zol, 


a harmonic function on U’, since 


f(w) — f(wo) 
Log | f(w) — Zo| — Log |w — wo| = Log gon ee 
W— Wo 
and Sree is holomorphic and non-vanishing around wo. O 


Example 9.20. Take as domain the unit disc D. The Green’s function of D with 
pole at the origin is 
1 
Gp(0,z) = — Log|z|, 

2 
since it satisfies conditions a), b) and c). To find Green’s function with a pole 
at another point zo € D, use the conformal mapping t: D — D, which satisfies 
t(Zo) = 0. It is the function 
Z—Zo 


T(z) = 


1-2Z 0Z , 
and, therefore, Proposition 9.19 gives 


Z— Zo 
; O 


1 
Gp(Zo0,2) = On Log 


1 — ZZ 


Example 9.21. Let now U be a bounded simply connected domain of the plane, 
zo € U and look for Green’s function of U with pole at zo. By now it is unknown if 
Dirichlet’s problem can be solved in U (later on it will be seen that it can). Anyway, 
by Riemann’s theorem, there exists a conformal mapping f from U onto the unit 
disc D such that f(Z9) = 0. Proposition 9.19 yields 


1 
Gu (20.2) = = Log| f€@) 


, zZEU \ {Zo}. O 


So, according to the previous example, the knowledge of the conformal mapping 
of a simply connected domain onto the disc allows constructing Green’s function 
of the domain. Now it will be shown that, conversely, the knowledge of Green’s 
function allows constructing the conformal mapping. 
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Proposition 9.22. Let U be a bounded simply connected domain of the plane and 
zo € U. If there exists the Green’s function of U with pole at Zo, then there is 
a conformal mapping f from U onto the unit disc D such that f(zo) = 0 and 


f' (Zo) > 0. 


Proof. If Gy (Zo, Z) is the Green’s function with pole at Zo, there is a function h, 
continuous on U and harmonic on U, such that 


1 
Gu (Zo, Z) 7 Loelz Zo| = —A(z). 


2 
Since U is simply connected, the function / has a conjugated harmonic function 
on U, say h. Consider the function f(Zo, z) defined by 


f(Z0,zZ) = (2- zoen2Hz)+ih@)) 


Then f(Zo,Z) is a holomorphic function of z on U that has a simple zero at the 
point zp and | f(zo,z)| = |z — zole~27”@ has value 1 when z € QU, because 
h(z) = x Log |z — Zo|, if z € OU. Since | f(z, z)| is continuous on JU, it turns 
out, by the maximum principle, that | f(zo, z)| < 1, z € U; that is, f(zo, z) maps 
U into the unit disc and vanishes at the point zo. We will now show that f(Zo, Z) is 
one-to-one in U and takes every value w € D. Then the proposition will be proved 
taking f(z) = f(Zo,2Z), since the condition f’(zZo) > 0 is obtained by changing 
f(z) by e?® f(z), with a suitable 6 € R. 

a) f (Zo, Z) is one-to-one in U. 

If z; € U define the function of z, 


f Zo,2) — f Zo, 71) 
1— f(Z0, 21) f Zo, Z) 
so that g is holomorphic on U, |(Zo, 21, 2)| < 1 and g(Zo, 21, 21) = 0. Since the 


function f(z 1, Z), constructed similarly to f (Zo, z) replacing Zg by z;, has a simple 
zero at the point 21, it turns out that 


¢(Z0, 21,2) = 


p(Zo. 21,2) 


f (21,2) 


is holomorphic on U and |h(z)| — 1 if z tends to dU. By the maximum principle, 
one has |h(z)| < 1, z € U. Hence, 


h(z) = 


f (Zo, 21) 
I (21,20) 


and by symmetry, | f(Zo, 21)| = | (21, Zo)|, which leads to |h(Zo)| = 1. Hence, 
the function || reaches its maximum at a point of U and so |h(z)| = 1, forz € U. 


|h(Zo)| = 


<1, 


402 Chapter 9. The Riemann mapping theorem and Dirichlet’s problem 
The definition of / gives now 


lo(Z0,21,.2)| =|f1.2| 40 ifz #21, 


and, therefore, f(zo,z) # f(Zo, 21) if z # 21. This proves that f(Zo, z) is one- 
to-one. 

b) f(Zo, Z) is surjective. 

Let w € D and suppose that f(Zo, z) does not take the value w in U. Then the 


function 

f@o,z)—w 
1—wf(Zo,Z) 
is holomorphic from U into D with g(z) 4 0, z e U. However, |g(z)| > 1 if z 
tends to dU, and so the function mw would be also holomorphic, with | mw | > lif 
z tends to dU. The maximum principle implies that |g(z)| = 1 for z € U, and this 
is impossible because, taking z = Zo yields |g(Zo)| = |w| < 1. This contradiction 
proves assertion b). O 


g(z) = 


Proposition 9.22 allows us to prove Riemann’s theorem avoiding the use of 
normal families on which the proof given in Section 9.2 is based. First, by what has 
been done in part A) of the proof of Riemann’s theorem we may assume that the 
domain is bounded. Next, we need to show that every bounded simply connected 
domain U has a Green’s function. As known, this means we must solve Dirichlet’s 
problem in U, with a particular boundary behavior. 

This new strategy to show the fundamental theorem of the conformal mapping 
was, precisely, the one followed by Riemann, but his proof was incomplete due to 
the lack of rigor in the existence of a solution for the Dirichlet problem. 

The existence of a solution of Dirichlet’s problem was announced by Dirichlet 
himself in 1857, but neither Riemann when he established his theorem in the year 
1851, nor Dirichlet provided a correct proof. This existence was, nevertheless, 
admitted to be true based on the so-called Dirichlet principle. This principle has 
been dealt with in Section 7.12, and now it is recalled here. 

If U is a bounded domain and a ¢ continuous function on dU, one looks for a 
function u such that Au = 0 on U and u| ay = ¥- Then the so-called Dirichlet 
integral is considered 


1a) = [ |Vul? dx dy. 
U 


Now, one minimizes the functional J among all functions vu € C!(U) that 
satisfy u|,,, = @. It turns out that if wo is a global minimum of this problem, uo is 
a harmonic function on U and, therefore, vo is the solution of Dirichlet’s problem 
in U with boundary value g. The mistake of Dirichlet was not proving the existence 
of a function minimizing the Dirichlet integral. 
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Therefore, to give Riemann’s proof one has to show in a rigorous way that 
Dirichlet’s problem has a solution in a bounded simply connected domain. As said 
at the end of Section 7.12, this can be done using Perron’s method, explained in the 
next section. 


9.4 Solution of Dirichlet’s problem in an arbitrary domain 


Perron’s method for the solution of Dirichlet’s problem is completely general and 
not limited, therefore, to the case of simply connected domains. It is based on 
subharmonic functions which are presented below. 


9.4.1 Subharmonic functions 


In one variable the Laplace equation is written du = 0, and its solutions, that is, the 
harmonic functions, are of the form uv = ax + b, witha and b constants. Imposing 
to a function v that, for each interval of the line, it is below the linear function that 
equals v at end-points of the interval, means that v is convex. The same approach 
in two variables (and also in more variables) leads to the notion of subharmonic 
function. That is, a subharmonic function v is a function that on any region of 
the plane is below the harmonic function that equals v at its boundary. Since this 
formulation involves solving Dirichlet’s problem, an alternative definition will be 


given. 


Definition 9.23. A real function v, continuous on an open set U of the complex 
plane, is said to be subharmonic on U if it satisfies 


1 oF . 
v(Zo) < =| v(zo + re’) dé, (9.6) 
Qn 0 


for each Zo € U andr > O such that D(zo, r) cu. 


Inequality (9.6) is called mean value inequality. Clearly every real harmonic 
function on U is subharmonic on U because, in this case, equality in (9.6) holds. 
Obviously if uv is harmonic on U, then |u| is subharmonic on U. Hence, if f is 
holomorphic, | f| is subharmonic. 

The following properties are direct consequences of the definition. 


Proposition 9.24. [fv and v2 are subharmonic functions on U, then the following 
functions are also subharmonic: 


a) Uy + V2, 
b) av, ifa>0, 


c) v = max{vyq, v2}. 
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Proof. Assertions a) and b) are evident from (9.6). For c) suppose that D(Zo, ryc 
U. Then one has 


1 20 ; 1 20 ; 
vj (Zo) < =| v; (Zo + re!) do < =| v(zo tre’) dé, j =1,2, 
20 0 20 0 


and, therefore, v(Zo) < x a v(zo + re?®) dé. O 


A remarkable property of subharmonic functions is that, like harmonic functions, 
they fulfill the maximum principle. 


Proposition 9.25 (Maximum principle for subharmonic functions). Let v be a 
subharmonic function on a domain U such that v(z) < M, z € U, where M isa 
constant. If there exists a point Z9 € U such that v(Zo) = M, then v(z) = M, for 
allz €U. 


Proof, We argue as in the proof of Theorem 7.19. If D(zo,r) C U, from (9.6) it 
follows that 


1 
v(Zo) < —- v(z)dm(z). 
wr” JD(z0,r) 
Therefore, one has now 
1 
— | (v2) = (zo) diz) = 0, 
ur” JD(z0,r) 
but the integrand satisfies v(z) — v(zo) < 0 if v(zo) = M and so it must be 
identically zero on the disc D(Zo, r). O 


Corollary 9.26. Let u be a harmonic function on the domain U, continuous on U,z 
and let v be a subharmonic function on U such that lim,_,¢ v(z) < u(&) for each 
& € 0U. Then one has v(z) < u(z) for all z € U. 


Proof. Since v — u is subharmonic, one may assume lim,_,¢ v(z) < 0, & € dU 
and to prove that v(z) < 0, z € U. Now, the function w(z) = max(v(z), 0) 
is subharmonic and satisfies lim,_,g w(§) = 0, € € dU. Therefore, defining 
w(&) = 0 when & € OU, w is continuous on U, subharmonic on U and zero on 
dU. Hence, the function w has its maximum at some point zp € U. If w(zo) > 0, 
then Zo € U, and, by Proposition 9.25, w would be constant, a fact that contradicts 
w(&) = 0, if & € dU. Therefore, w(zo) = 0, which gives w(z) = 0, z € U andso 
v(z) < 0,z EU. 0 


This corollary shows that a subharmonic function is below a harmonic func- 
tion that equals it at the boundary of a domain. As said, this is analogous to the 
behavior of convex functions of one real variable. In this case, it is also known 
that the function v is convex if and only if v’” > 0, at least in the case that v is 
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twice differentiable. Analogously it may be proved that if v has continuous partial 
derivatives of second order, then v is subharmonic on U if and only if Av(z) = 0, 
z € U (see Exercise 13 in Section 3.8 and Exercise 3 in Section 7.13). 

Recall that Dirichlet’s problem in a disc D has been already solved in Theo- 
rem 7.26 (see also Example 7.51). It is known that if g is continuous on dD, then 
the solution of Dirichlet’s problem in D with boundary values ¢ is given by the 
Poisson integral of g, denoted by P[g]. So, P[g] is a harmonic function on D, 
satisfying lim,-,,, P[g](z) = g(Zo) for each zp € OD. 

Let now v be a subharmonic function on the open set U and D a disc such that 
D CU. Define the function i on U by 


(9.7) 


v(z) = Plv|(z) ifze D, 
v(z) = v(z) ifzeU\D. 


That is, v is the function v outside the disc D and inside D it is the harmonic 
function which has value v on dD. 
The maximum principle has as a consequence the following proposition. 


Proposition 9.27. Let v be a subharmonic function on U, D a disc such that 
D CU andi the function defined on U by (9.7). Then 0 is subharmonic on U and 
v(z) < v(z),z €U. 


Proof. By the maximum principle (Corollary 9.26) one has v(z) < v(z), ifz € D. 
Therefore, v(z) < v(z), for z € U. It is also clear that v(z) is continuous on U. 

Now, if Zo € D, one has (Zo) = tt (Pa v(zZo+ re’?) d0, ifr is small enough, 
because U is harmonic on D. If zo ¢ D and D(zo,r) C U, then 


1 20 : 1 20 i 
v(Zo) = v(Zo) < =| v(zo + re!) dé < =| d(zo + re’®) da 
20 0 20 0 


and, so, v is subharmonic on U. O 


9.4.2 Perron’s method 


Let U be a bounded domain of the plane and let g be a real and continuous function 
on the boundary of U. Perron’s method associates to the pair U, y a harmonic 
function u on U that is below ¢ at the boundary of U. Under appropriate regularity 
conditions on dU, wu is the solution of Dirichlet’s problem in U with boundary 
values @. 

In order to construct the function u, define the class P(g) of functions v that 
satisfy the following conditions: 


a) vis subharmonic on U. 
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b) lim,_,¢ v(z) < @(&), for each € € AU. 


Observe that the class P(g) is not empty. Actually, since g is continuous on the 
compact set 0U, there is a constant M > 0 such that—M < g(z) < M,z €0U 
and the constant function equal to —M belongs to P(g). Applying Corollary 9.26 
one gets that each function v € P(g) satisfies v(z) < M,forz €U. 

The harmonic function we are looking for is defined as follows: 


u(z) = sup{v(z): ve P(g)}, ZEU. (9.8) 
As said above, one has u(z) < M for z € U, if |g(z)| < M,z € OU. 


Proposition 9.28. The function u given by (9.8) is harmonic on U. 


Proof. \t is enough to choose a disc D with D CU and prove that uw is harmonic 
on D. 

Fix a point Zo € D. By the definition of u there exist functions v, € P(g), 
n = 1,2,..., such that lim, vp (Zo) = u(Zo). Put V, = max{v,,..., v,} and for 
each n let V, be the function that equals V, on U \ D and that is the harmonic 
function on D with value V, at 0D (defined according to (9.7)). It is clear that the 
sequence (V,,) is increasing and so is the sequence (Va); by the maximum principle. 
Due to Propositions 9.25 and 9.27, V, as well as V, belong to P(g). 

The inequalities 


Un(Zo) < Va(Zo) < Va(zo) < u(Zo0) 


prove that lim, V, (Zo) = u(Zo) < M. Now, by Corollary 9.15, the sequence V, 
converges on D to a harmonic function #. This function satisfies u(z) < u(z), for 
z € D and u(zo) = u(Zo). If one shows that u(z1) = u(z1) for any other point 
z, € D, the proposition will be proved, because then u = u on D and u will be 
harmonic. 

Fix now z,; € D and repeat the previous argument. Take functions w, € P(g), 
n = 1,2,... with lim, wn(z1) = u(21), replace wy by wy, = max{vn, Wn} and 
next write W, = max{w}, beac wy}. So W, will be the function equal to W, on 
U \ D and harmonic on D with value W, on 0D. Since (Wy) is an increasing 
sequence of functions in P (p) which are harmonic on D, it will converge to a limit 
u1(z), aharmonic function on D satisfying 


u(z) <ui1(z)<u(z), z€ Dand (21) = u(21). 
Therefore, the function u — #1, takes its maximum value equal to zero at the point 


Zo and, by the maximum principle, one has #(z) = %,(z), z € D. So, u(z1) = 
U1(Z,) = u(Z;) as claimed. O 
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In order to solve Dirichlet’s problem in U with boundary values ¢, it remains 
to check that lim,-.,, u(z) = (Zo) for each point z9 € dU. We introduce the 
following definition. 


Definition 9.29. A point & of the boundary of a bounded domain U is called a 
regular point of dU if the condition 


lim u(z) = g(&o) 
z—>&o 
zeU 


holds for every function g defined and continuous on the boundary of U, where u 
is the harmonic function on U defined by (9.8). 


It is worth noting at this point that if Dirichlet’s problem in U with boundary 
values ¢ has a solution, then this solution necessarily is Perron’s, given by (9.8). To 
see this, just observe that if / is a solution of Dirichlet’s problem, then h € P(g), 
and hence, h(z) < u(z), z € U. But also each function v € P(g) satisfies 
lim,.¢ v(z) < g(&) = A(€) if € € OU and, by the maximum principle, it follows 
that v(z) < h(z), z € U and, consequently, u(z) < h(z),z € U. 


Example 9.30. To give an example of a non-regular point, consider the punctured 
disc U = D \ {0} and the point 0 € dU. Let @ be the function with value 0 on 
the unit circle and g(0) = 1; then the corresponding Dirichlet’s problem has no 
solution and, therefore, the origin is not a regular point of U. Actually, if w was 
continuous on U with value gy on OU and harmonic on U, the origin would be a 
removable singularity of u (Corollary 5.21), that is, uw would be harmonic on the 
whole disc D and zero on 0D. By the maximum principle u should be identically 
zero on D, but u(0) = g(0) = 1. O 


In order to find conditions for a point & € dU to be regular, Dirichlet’s problem 
will be solved for some special boundary values. Fix & € dU and assume that & 
is aregular point. Take p(€) = |& — &|, & € OU, and let u be the corresponding 
Perron’s solution. Since the function |z — £ | is subharmonic, it belongs to P(g) 
and, therefore, u(z) > |z—£o|,z € U. Writing now h(z) = —u(z), h isaharmonic 
function on U satisfying 


lim h(@) = (G0) = 0, Tim h(z) < lf fo] <0, for § AU, 4 fo. 
° ze 


That is, the function / is harmonic, vanishing at £o and has a strictly negative “value” 
at the points of dU different from &p. 
The argument above justifies the following definition. 
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Definition 9.31. If & is a point of the boundary of the bounded domain U, a barrier 
at the point & is a harmonic function h on U such that 


lim h(z)=0 and lim h(z) <0, for&e€ dU, EF &. 


zo 


Example 9.32. a) If U = D is the unit disc and &) € 0D, a barrier at & is the 
function h(z) = Re(zé) — 1. Just remark that Re(z&) = 1 is the equation of the 
tangent line to 0D at the point & . 

b) Assume now that & € 0U and there is a line segment L having & as an 
endpoint, with L \ {&} contained in the exterior of U. Then one can construct a 
barrier at the point £ in the following way: if & is the other endpoint of L, the 
function (z — &9)/(z — &1) does not vanish on the simply connected domain C* \ L 
and, therefore, there exists a holomorphic branch of ./(z — &)/(z — &1) in this 
domain (we can assume the domain is in C applying the mapping z* = +). This 
branch maps C* \ L into a half-plane bounded by a straight line through the origin, 
which may in turn be mapped into the imaginary axis by a rotation of angle a, for 
some a € R. This means that the harmonic function 


h(z) = Re ( =2) 
2 


is negative in JU \ {&} and satisfies h(&) = 0. 

c) A particular case of b) is when the boundary of U consists, around &9, of aC ! 
curve with non-null derivative. Then C \ U contains in its interior a line segment 
in the normal direction to dU. O 


The following result shows that the existence of barriers is not only necessary, 
but also sufficient for the regularity at a point of the boundary. 


Proposition 9.33. Let & be a point of the boundary of the bounded domain U and 
suppose there exists a barrier at the point £9. Then &o is a regular point of 0U. 


Before starting the proof of this result, let us make a useful remark on Perron’s 
method. It associates to each continuous function g on dU a harmonic function u 
on U according to (9.8) and Proposition 9.28. This correspondence is superlinear 
in the following sense: 

Let ¢1, 2 € C(AU) and let w1, uz be the harmonic functions associated to 91, 
¢2 by (9.8). Then the harmonic function associated to g1 + @2 is greater than or 
equal to uw; + u2. Equivalently, 


sup{u(z): v € P(g + G2)} = sup{v(z): v € P(y1)} + suptv(z): v € P(g2)}. 


This inequality follows from the definition of the class P(g). 


9.4. Solution of Dirichlet’s problem in an arbitrary domain 409 


Proof of Proposition 9.33. Let g be continuous on dU and assume |g(&)| < M, 
M > 0, for € € OU. Fix & € OU and let h be a barrier at the point &. If u is the 
harmonic function associated to g by (9.8), one has to show that 


lim u(z) = g(&o). 
z>&o 
To this end it is enough to prove, for all ¢ > 0, the two inequalities 


He u(z) < g(&) +e, lim u(z) = go) —«. 


z—>&o 


Given ¢ > 0, choose a 6 > O such that 


p(fo) —€ 5 9(E) < Eo) +e if F € UN Ds (Eo). 


__Let m = supth(z): z € U \ Ds(&o)}. By the maximum principle and since 
lim,_,¢ h(z) < Oif € F &, one has m < 0. Write now 


h 
v2) = oto) —e- “cm + et&)) 


so that v is harmonic on U and satisfies 
Tim v(z) < (G0) — © < @&) if § € AUN Dsl) 


and 
lim v@) <-M—e<§&) if§ € U \ Ds(§o). 


Therefore, v € P(p), v(z) < u(z), z € U, and consequently 
lim u(z) > lim v(z) = (0) —«. 
z—&o z—>&o 
Repeating now the previous argument replacing g by —¢@ and u by Perron’s function 
associated to —@, say U1, we get 
lim u1(z) = —g(§o) — €. 
z—>& 


Now, by the remark after Proposition 9.33 we know that u(z) + u1(z) < 0. Hence, 


u(z) <—uy(z) and lim u(z) < lim (-w)(z)) = — lim u1(z) < oo) +, 
zo zo z>£ 
which is the other needed inequality. O 


Corollary 9.34. Dirichlet’s problem can be solved in any bounded domain U such 
that each point of 0U is the endpoint of a segment having all the other points in 
the exterior to U. This happens, in particular, if OU consists of a finite number of 
regular curves. 


Proof. According to parts b) and c) of Example 9.32, there is a barrier at each point 
of dU and now Proposition 9.33 applies. ET 
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9.4.3, Construction of barriers for simply connected domains 
and Riemann’s theorem 


As said in Section 9.3, to prove the fundamental theorem of conformal mapping 
following Riemann, one needs to show that Dirichlet’s problem has a solution in 
every bounded simply connected domain. For this it suffices, according to Propo- 
sition 9.33, to prove the following result. 


Proposition 9.35. If U is a bounded simply connected domain of C, there is a 
barrier at every point of the boundary of U. 


Proof. Let us fix & € dU and construct a barrier at £9. If &; ¢ U is far enough 
from U, the set A = {2: |z — | < Liz - &,|} is an open set containing U. Since 


U is simply connected, the function Log ae has a holomorphic branch on U, call 


it f. Now, if z ¢ U C A, one has Re f(z) = Log |2=2| < —1l, that is, f takes 


z—&§ 


values in the half-plane {w: Rew < —1} (Figure 9.1). 


A 


Figure 9.1 


The mapping w —> 4 transforms this half-plane into the disc D(—1/2, 1/2) and 
so, the function 7) , holomorphic on U, takes its values in the disc D(—1/2, 1/2). 
The function h(z) = Re 75 is harmonic on U and satisfies lim,_,¢ h(z) < 0, if 


€ € 0U. But lim,_,¢h(z) = 0 only if lim,_,¢ Re f(z) = —oo, and this is only 
possible if § = &. Therefore, h is a barrier at the point £o. O 


Corollary 9.36. Dirichlet’s problem has a solution in every bounded simply con- 
nected domain of the plane. 


Remark 9.2. Proposition 9.35 does not follow from Corollary 9.34 because if U is 
simply connected and £) € dU, it may happen there is no segment with an endpoint 
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at &) and contained in C \ U. For example, consider a strip with decreasing width, 
rolled like a spiral, U, winding infinitely many times around the origin. Then U 
is simply connected, 0 € OU but, travelling from the origin in any direction, one 
finds points of U (Figure 9.2). 


Figure 9.2 


Summarizing, let us show how all these facts combine to give the second proof 
of Riemann’s theorem (Theorem 9.18). 

If U # C is a simply connected domain, it is easy to see that U may be con- 
formally mapped on a bounded simply connected domain. It is enough, following 
the proof of A) in Section 9.2, to take g(z) as a branch of ./z —a, a ¢ U, which 
is holomorphic and one-to-one on U and satisfies |g(z) + g(Zo)| => r for some 
point 79 € U and some r > 0. Then the function g)(z) = sends U 
conformally into a bounded domain. 

Supposing, then, that U is bounded and simply connected, one can solve Dirich- 
let’s problem in U with boundary values z > x Log |Z — Zo|, according to Corol- 
lary 9.36. Now, if the harmonic function / is the solution of this Dirichlet problem, 
the function Gy (Zo, Z) = st Log |Z—Zo|—A(z), z € U \ {Zo}, is the Green’s func- 
tion of U with pole at Zo (Section 9.3), and one just has to apply Proposition 9.22 
to finish the proof of Riemann’s theorem. 


1 
g(z)+g (Zo) 


9.5 Exercises 


1. Show the space H(D) M L!(D) is a closed subspace of L!(D). 


2. Let U be a domain of C and ¥ a family of holomorphic functions on U. 
Assume for each point z € U there is a neighborhood V(z) C U such that & 
is normal on V(z). Prove that # is normal on U. (Normal family understood 
in Montel’s sense.) 
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. Let U be adomain of C and f, € H(U) with lim, f,(z) = f(z) uniformly 


on compact sets of U. Suppose f ¥ 0 and f has m different zeros in U. 
Show that, for n big enough, the functions f, have at least m different zeros 
on U. 


. Let (Cn)nen be a ue sequence of complex numbers. Prove that the 


function series rat 1 = a converges uniformly on compact sets of D. Show 


also that if the series )°°°., cn is convergent, then the same function series 
converges uniformly on compact sets of C \ T to a holomorphic function g. 


CO 
Prove in this last case that defining f(z) = >> cnz” on D, the equalities 
n=1 


gz) = Do f@")if|z]<1 and g@)=—)) fe) if [Z| > 1, 


n=1 n=0 


hold. 


. Let U be a simply connected domain of the plane, U # Cand f: U > Ua 


holomorphic function. Assume there is a point 79 € U with f(Zzo) = Zo and 
| f’(Zo)| < 1. Show that the sequence of iterates of f, (f,), where f,(z) = 


(f o---o f)(z) forn = 1,2,..., is uniformly convergent on compact sets 
< ntimes > 


of U and find the function lim, (/;). 


Show also that this assertion does not hold if U is any domain of C. 


. Prove that a family of holomorphic functions on a domain U taking no value 


in a fixed disc of positive radius is a normal family in U (in Montel’s sense). 


. Let U be a domain of C and let f, €¢ H(U),n = 1,2,..., be such that 


sup, | fn(Z)| < +00, for each z € U. Show there is a subset U C U, 
open and dense in U, and a function f € H(U) with f(z) = limy f,(z), 
uniformly on compact sets of U. 


Hint: Use Baire’s theorem. 


. Let U be a domain and f, « H(U), n = 1,2,..., 279 € U with f, > f 


uniformly on compact sets of U and f’(zo) 4 0. Show that there exist a 
neighborhood V of Zo, a neighborhood W of f(zo) and no € IN such that 
forn > no, fn and f are one-to-one on V,W C fy(V) and f, | > fo! 
uniformly on W. Find out what happens in the case one assumes f’(Zo) = 
f" (zo) = f (zo) = 0, f™ (Zo) F 0, for some m € N,m> 1. 


. Let (U,,) be a sequence of simply connected domains of C with U, C Un4i, 


n=1,2,...andU = Ne ee U, # C. Let f,: Un, — D be the conformal 


10. 


11. 


12. 


13. 


14. 


15. 
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mapping given by Riemann’s theorem (f,(Zo) = 0, f)(Zo) > 0, for a fixed 
point Zo € U;). Show that U is a simply connected domain and that func- 
tions f, converge uniformly on compact sets of U to the conformal mapping 
f:U > Dwith f(Zo) = 0, f’(Zo) > 0. 


Let f be a continuous function on a domain U c C. For eachr > 0 write 
U, = {z €U: d(z,U*) > r} and define on U, the function 


1 20m r : 
fle) == [ [ fc + pe!) pdpdé. 


Prove that f is holomorphic on U if and only if there is a sequence of positive 
numbers (r;,) —> O such that f,,, is holomorphic on U,,, foreachn = 1,2,.... 


Prove that a continuous function f on a domain U is holomorphic on U if 
and only if it satisfies [,,, f(z)dz = 0, for every disc D such that D C U. 
Hint: Use the previous exercise and Exercise 2 in Section 9.5. 

Let U be a domain of the plane, and K a compact set, K C U. Show there 


exist two constants m, M > 0 withm < u(z)/u(w) < M for every positive 
harmonic function u on U and every pair of points z, w € K. 


Let U be a bounded domain. Define d(z, w), if z, w € U, as the infimum 
of the set of numbers Log C, where C is any constant C > 1 satisfying 
1/C <u(z)/u(w) < C for every positive harmonic function uv on U. Show 
i) d(z,w) < d(z,t) + d(t, w) ifz,w,t EU. 
ii) lim, d(Zn, Zo) = 0 if and only if |Z, — zo| > 0, Zn, Zo € U. 
iii) Compute d(z, w) in the case U is the unit disc. 


Let U be a simply connected domain such that0 € U C D and let F be 
the family of functions f: U — D, holomorphic and one-to-one on U with 
f(O) = 0. If 79 € U, zo € 0, let S = sup{| f(Zo)|: f € F}. Prove that 
there is a function g € ¥ such that |g(Zo)| = S and this function g maps U 
conformally onto D. 


Let v: D — R be a subharmonic function. Show the following conditions 
are equivalent: 


20 
i) suPyerai f v(re9))d0 < 00. 
0 


ii) There exists a function u harmonic on D with v(z) < u(z), z € D. 
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16. 


17. 


18. 


19. 


20. 
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Let U be a bounded domain and ¢ a function with continuous second-order 
derivatives on U. Show that g may be written in U as the difference of two 
subharmonic functions. 


Hint: One can assume that g has compact support contained in a neighbor- 


hood of U. Write Ag as the difference of two positive functions and apply 
Exercise 13 in Section 3.8. 


Prove that every simply connected domain of C* (that is, its complement is 
connected in C*) is conformally equivalent to one (and only one) of the three 
following domains: 


a) The compactified plane C*. 


b) The finite plane C. 
c) The unit disc D. 


Show that the Green’s function Gy (Zo, Z) of adomain U is jointly continuous 
with respect to the two variables for z # Zo. 


Let U be abounded domain of the plane whose boundary is an analytic Jordan 
curve y (see Section 8.2). Prove the following properties of Green’s function 
of U with pole at 279 € U, G(Zo, Z): 


i) G(zo,zZ) > 0,ifz € U,z F Zo. 
ii) If G (zo. 2) is the harmonic reflection of G through y, then G(zo,z) < 0 
ifz¢éu. 
iii) 5S (Zo, z) < 0, for z € dU, where N is the exterior normal unit vector 
to y. 


Let U be a bounded domain of C such that C* \ U consists of a finite number 
of compact connected sets with more than one point. Show that Dirichlet’s 
problem has a solution in U. Show that, on the other hand, this problem may 
have no solution in U if some of the compact connected sets in C* \ U is 
reduced to a point. 


Chapter 10 


Runge’s theorem and the Cauchy—Riemann 
equations 


The first part of this chapter deals with the problem of approximating holomorphic 
functions by simpler ones, concretely by rational or polynomial functions. The 
basic result is Runge’s theorem, asserting that it is possible to approximate every 
holomorphic function on an open set by rational functions with the poles located 
at prescribed points outside the open set. This theorem is applied to two classical 
problems in complex analysis. The first one is about constructing a meromorphic 
function with predetermined poles, as well as its principal part at these poles. The 
exact formulation is given by Mittag-Leffler type theorems. 

The second problem deals with the solution of the non-homogeneous Cauchy— 
Riemann equations, that is, one looks for functions f such that a f = ¢, where ¢ 
is a given function. The treatment of this problem is parallel to the one done for the 
Poisson equation, Au = @, in Section 7.7. When the data ¢@ has compact support 
in C, the solution of df = ¢ is given by the Cauchy integral of ¢, which plays a 
role similar to the Riesz potential in the equation with the Laplacian. For the case 
of a general ¢ on an open set of the plane, the solution of the Cauchy—Riemann 
equations is based on Runge’s theorem. Finally, we deal with Dirichlet’s problem 
corresponding to the operator a, that is, the solution of the equation a f=¢ina 
domain with conditions on f at its boundary. 


10.1 Runge’s approximation theorems 


Typical examples of holomorphic functions are rational functions and polynomials, 
and, to some extent, they are the simplest ones. In this section it will be proved 
that, in general, polynomials and rational functions approximate all holomorphic 
functions. 

We start specifying what it is understood by approximation of functions. Two 
kinds of results will be obtained: the first one deals with approximation of functions 
on compact sets, and the second one with approximation of functions on open sets 
of the plane. 

When dealing with continuous functions on a compact set K C C, the suitable 
notion of approximation is uniform approximation on K. The fact that every func- 
tion of a class “A of continuous functions on K can be uniformly approximated by 
functions of another class 8 on K means that for every f € A and every ¢ > 0 


416 Chapter 10. Runge’s theorem and the Cauchy—Riemann equations 


there is a function g € & such that 


If(z) -g(Z)|<«e, zeEK. 


Giving to ¢ the values 1/n,n = 1,2,..., and choosing the corresponding functions 
Zn € 8, it turns out that the uniform approximation of the functions of A by 
functions of B is equivalent to the fact that every function f € A is the uniform 
limit on K of a sequence (g,) of functions of 8B. A more abstract point of view is 
considering the metric space C(K) of continuous functions on K with the distance 


d(fi, fo) = max | fi (Z) — f2(z)|. 


Then the approximation just described is expressed by A C 8B in C(K). 

When dealing with the approximation by continuous functions on an open set U 
then, since these functions are in general not bounded on U, the appropriate notion 
of convergence is not the uniform convergence on U, but the uniform convergence 
on compact sets of U (see Subsection 9.1.1). Afunction f of aclass A of continuous 
functions on an open set U can be uniformly approximated on compact sets of U by 
functions of the class 8, if for every compact set K C U and every € > 0 there isa 
function g € B such that | f(z)—g(z)| < eforz € K. Itis easy to check that every 
function of A can be uniformly approximated on compact sets of U by functions of 
& if and only if for every function f € A there exists a sequence (g,,) of functions 
of B such that lim, gn = f, uniformly on each compact set of U. Actually, 
we need only use Lemma 1.15 and take, for each compact set Ky, én = 1/n and 
&n © & the function that approximates f on K, with an error smaller than ey. 

We will often use the following transitivity property: if a class B approximates 
all the functions in the class A and a class € approximates all the ones in 8, then 
the class € approximates the class “~. The proof is immediate. 

When dealing with the approximation by rational functions, the Cauchy integral 
formula suggests how to proceed; indeed an integral is a limit of Riemann sums and 
in the case of the Cauchy integral, each of these sums is a rational function. This 
is the contents of the following proposition, a warm-up for Runge’s approximation 
theorem. 


Proposition 10.1. Let y be a path in the complex plane and F the holomorphic 
function on C \ y* defined by the Cauchy integral 


where f is a continuous function on y*. Let K be a compact set of C disjoint from 
y* and € > O arbitrary. Then there is a rational function R with simple poles on 
y* such that 

|F(z)-— R(z)| <e, z7eEK. 
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Proof. Let y be defined by y(t), a < t < b. By the uniform continuity of the 
function f(y(t))/(y(@) — z) fort € [a, b] and z € K, there is a partition a = fo < 
ty <---<t, = b of [a,b] such that 


fy@)) = fv) 
y@)-z yvGi)—-z 


21€ 
M(b—a)’ 


t<t<ti41,27€K, 


M being an upper bound of |y’(t)|, a < t < b. Consider now the rational function 


~ Ori 3 ae (y(tj+1) — v(t) - 


Then one has 


| | f(w) 
2b Jy (Ui = 2) 


dw — R(z)| = 


741 fy)  fYG))., 
ll, (oe FP yoy 


Z lu 21 E 
~ 22 M(b—-a) 


(b—a) =e. O 


The following proposition explains the so-called method of translation of poles. 
It allows changing the location of poles of rational functions approximating a given 
function. 


Proposition 10.2. Let K be a compact set of C. Then one has: 


a) If V is aconnected component of C \ K anda, b € V, the function 1/(z —a) 
can be uniformly approximated on K by polynomials in 1/(z — b) (that is, 
rational functions holomorphic at the point oo with a unique pole at the 
point b). 


b) If Voo is the unbounded component of C \ K and da € Voo, the function 
1/(z — a) can be uniformly approximated on K by polynomials. 


c) Conversely, if a € K and 1/(z — a) can be uniformly approximated by 
polynomials on K, then a € Voo. 


Proof. To prove a) consider, for fixed b € V, the set 
= {a € V: 1/(z —a) is a uniform limit on K of polynomials in 1/(z — b)}. 


The set A is closed in V because if pointsa, € V approacha € V,thend(a,, K) > 
m > 0, for some m. Hence 
1 1 la — ay | 


= <m "la —ayl, for all z € K, 
Z—-a (z—adn) |z —a||z — ap| 


418 Chapter 10. Runge’s theorem and the Cauchy—Riemann equations 


and so 1/(z — ay) converges uniformly to 1/(z — a) on K. Transitivity yields 
aé/A. The set A is also open in V; indeed, ifa € A and D(a,r) C V, let us show 
that every point w € D(a,r) is in A. Consider the expansion 


1 1 1 — (w—a)" 

z7—-w z-a (w —a) “2 (z —a) (1— “¥) 7% De eae ooo 
Z—a n=0 

uniformly convergent on K, since |-=2| < peal <1, D(a,r) C V andz ¢ V. 
This means that 1/(z — w) is uniformly approximated on K by polynomials in 
1/(z — a); now, 1/(z — a) is uniformly approximated on K by polynomials in 
1/(z — b) and, therefore, also its powers. By transitivity, one gets w € A. Hence, 
A is open and closed in V, trivially b € A and, therefore, A = V. 

To prove b) let M = max{|z|: z € K} andb € C with |b] > M + 1; clearly 
b € Voo, and the expansion 


1 1 [ef Z2\n 
zp. B(E=1) 5X (5) 


n=0 


is uniformly convergent on K because |F| < Fo < lif z € K. This means that 
1/(z —b) and, therefore, polynomials in 1/(z — b) can be uniformly approximated 
by polynomials on K. If a € Voo, by part a), 1/(z — a) can be approximated 
by polynomials in 1/(z — b) and, by transitivity, 1/(z — a) is approximated by 
polynomials on K. 

In order to prove c) let us show that if a ¢ K and a belongs to a bounded 
component V of C \ K, then 1/(z — a) cannot be uniformly approximated by 
polynomials on K. Itis clear that OV C K; hence, if Py,(z) ~ 1/(z—a) uniformly 
on K with P, polynomials, we would have, in particular, that the sequence (P,,) is 
uniformly convergent on dV. Then for ¢ > 0 we would get LP (z)- | <eif 
n is big enough and z € OV. From here it turns out that 


\(z —a)Py(z)-—1| < elz-—a| < 1/2, z € OV, 


. 1 . . . . 
ife< Zaiam(V) Now, by the maximum principle, we obtain |(z — a) P,(z) — 1] < 


1/2 for z € V and this inequality is impossible if z =a eV. O 


Theorem 10.3 (Runge’s theorem for compact sets). a) If K is a compact set of 
C and C \ K is connected, then every holomorphic function on a neighborhood 
of K can be uniformly approximated on K by polynomials. Conversely, if this 
approximation is possible for every function holomorphic on a neighborhood of K, 
then C \ K is connected. 

b) If C \ K is not connected and A C C is a set intersecting each bounded 
component of C \ K, then every holomorphic function on a neighborhood of K 
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can be uniformly approximated on K by rational functions that have their poles at 
points of A. 


Proof. Let f be a holomorphic function on a neighborhood U of K and e > 0. By 
Lemma 6.6 there is a chain y in U \ K such that 

1 f(w) 

i@=— 


201 yw-Z 


dw, ZeEK. 


Then by Proposition 10.1 there is a rational function R with poles on y* C C\ K 
such that 
| f(z) — R(z)| < 6/2, zeEK. 

The function R(z) is a linear combination of functions 1/(z — a;), witha; ¢ K. 
If C \ K is connected, by Proposition 10.2 b), each of these functions can be 
uniformly approximated on K by polynomials; hence, there is a polynomial P 
satisfying |R(z) — P(z)| < e/2 if z € K, and so | f(z) — P(z)| < ¢,z € K. In 
other words, the poles that are in the unbounded component of K may be translated 
to oo, and then one obtains polynomials. 

Suppose now that C \ K is not connected and A intersects all the bounded 
components of C \ K; write R = R, + R2, where R, has poles in the unbounded 
component of C \ K and R2 has all its poles in the bounded components. As shown, 
there is a polynomial P such that |R,(z) — P(z)| < ¢/4, z € K. To end with, it 
is enough to see that all the poles in bounded components may be translated to A, 
to obtain R3 with poles in A and |R2(z) — R3(z)| < ¢/4, z € K. The function 
R2(z) is a linear combination of functions 1/(z — a;) with aj ¢ K, aj; € Voo, 
and therefore it suffices to show that 1/(z —a),a ¢ K,a ¢ Voo can be uniformly 
approximated on K by rational functions with poles inside A. If V is the bounded 
component of C \ K containing a, by hypothesis there is a point b € V M A, and 
Proposition 10.2 a) finishes the proof. 

The converse of item a) is a consequence of Proposition 10.2 c): if C \ K 
is not connected, it has a bounded component V, and if a € V, the function 
1/(z —a), which is holomorphic on a neighborhood of K, cannot be approximated 
by polynomials. O 


Rational functions with poles in the set A of item b) of Theorem 10.3, approxi- 
mating a given holomorphic function, are of the form 


R=P+R, 


where P is a polynomial and R;(zZ) is a linear combination of polynomials in 
1/(z —a), a € A. For example, if K is the closed annulus K = {z: 0 < R < 
|z| < Ry, < +00}, considering A = {0} we find that every holomorphic function 
on a neighborhood of K is uniformly approximated on K by functions of type 


Py(z) + Po(1/z) 
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with P; and Pz polynomials. This fact is already known, and furthermore, it is 
explicitly known which the polynomials P; and P2 are, since according to The- 
orem 5.10 they correspond to partial sums of the Laurent expansion of f in an 
annulus C(0, R2 — €, Ry + €),€ > 0. 

If K has two holes, for example, 


with A = {0,2} we get that every holomorphic function on a neighborhood of K 
is the uniform limit of functions of type P\(z) + P2(1/z) + P3(1/(z — 2)) with 
P,, Pz, P3 polynomials. 


Theorem 10.4 (Runge’s theorem for open sets). a) An open set U C C has the 
property that every holomorphic function on U is the uniform limit on compact sets 
of U of a sequence of polynomials, if and only if C \ U has no bounded connected 
component. 

b) If C \ U is not connected and A C C is such that A intersects all the 
bounded connected components of C \ U, then every holomorphic function on U 
is the uniform limit on compact sets of U of a sequence of rational functions with 
their poles at points of A. 


Proof. Let f be a holomorphic function on U. To prove that approximations in a) 
and b) are possible, we must show that, given a compact set K C U and a number 
€ > 0, there exists a function g of the desired kind, that is, a polynomial in case 
a) and a rational function with poles in A in case b) such that | f(z) — g(z)| < ¢«, 
z € K. To this end we can assume that K is one of the compact sets K,, of the 
exhaustive sequence of compact sets of U, given by Lemma 1.15. If C \ U has no 
bounded connected components, then neither has C \ Ky, that is, itis connected and 
the result follows from Theorem 10.3 a). If C \ K, has some bounded component 
V, V is abounded open set of C containing a bounded component W of C\ U. By 
hypothesis, AN W 4 @; hence, AN V ¥ O and being that V is open, ANV 9G. 
Thus A intersects all bounded components of C \ Ky, and the statement follows 
from Theorem 10.3 b). 

It remains only to prove the converse in a); that is, assuming C \ U has some 
bounded component C, one has to find f € H(U) not approachable on compact 
sets by polynomials. As in Proposition 10.2 c), consider, for a € C, the function 
f(z) = 1/(¢—a). If there is a bounded open set V of C, witha € V andodV CU, 
then one can repeat the proof of Proposition 10.2 c) and arrive at a contradiction in 
case that f could be approximated by polynomials on 0V. The existence of V is 
a purely topological fact, which is a consequence of the following general result, 
known as Sura-Bura’s theorem (see [3], p. 32): 
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If F is a closed set of C and C a bounded connected component of F, 
then C is the intersection of all compact and relatively open subsets of 
F containing C. 


In our case, taking F = C\U itturms out that if C \U has bounded components, 
then in C \ U there are compact sets A # 9% open in C \ U. Consider then 
B = (C \U)\ A, which is closed in C \ U and, so, closed in C. The set C \ B 
is an open set of C containing the compact set A; hence, there is a bounded open 
set V with AC V CV C C\B. Since dV intersects neither A nor B, one has 
oV Cc C\ (AUB) = U. Summarizing, it has been shown that if U has holes, 
there are bounded open sets V of C with OV Cc U andV N (C \ U) SF O; taking 
aeVn(C\U) and f(z) = 1/(z —a) one gets that f € H(U) and f is not 
uniformly approachable by polynomials on compact sets of U. O 


In the particular case that U is a disc, the approximation by polynomials of a 
function f € H(U) given in Theorem 10.4 a) is already provided by the partial 
sums of the Taylor series of f. 

In general, the easiest set A, when C \ U is not connected, consists of a point in 
each bounded component of C \ U. Then every function f € H(U) is uniformly 
approximated on compact sets of U by functions of the type 


P() + -’0a(——) 


aca 


with P, Qa polynomials and the sum finite. When U is a punctured disc U = 
D'(0, R) and A = {0}, these functions are P(z) + Q(1/z) with P, O polynomials; 
in this case, the Laurent expansion of f in D’(0, R) gives explicitly the result. In 
general, it is not easy to find explicitly rational functions approaching a given 
function. For instance, if U = D(0,2) \ [-1, 1], one can take A = {0} and every 
function f € H(U) is the uniform limit on compact sets of U of a sequence of 
functions of the kind P,,(z) + 0, (1/z), but it is not easy to specify the polynomials 
Pn Qn. 

Remark that neither in Theorem 10.3 nor in Theorem 10.4 is it assumed that K 
or U is connected. This is the case in the following examples. 

The characteristic function of any set A will be denoted by 14. 


Example 10.5. Using Runge’s theorems, the existence of a sequence of polynomials 
P,, such that 


lim P,(z) = O0ifzékR, lim P,(z)=1ifzeR 
n n 
will be proved. Consider the compact sets 


K, ={z=z+iy: |z| <n, y=O0ori+ <|y| <n} 
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and the open sets V, = {2 = x +iy: |x| <n +1, |y| < 1/3n}. The function 
ly,, is holomorphic on a neighborhood of K;, and C \ Ky, is connected. Therefore, 
there are polynomials P, such that |ly,(z) — Pn(z)| < 1/n if z € Kn, that is, 
|Pn(z)| < 1/n if |x| <n, 1/n < |y| <n and |1 — P,(z)| < 1/n if z € [-n,n]. 
Then, clearly P,(z) > 1 if z € Rand P,(z) > Oifz ZR. O 


Example 10.6. We construct now a sequence of polynomials P,, such that P, (0) = 
0 and P,(z) > lif z 4 0. Writing P,(z) = z Q,(z), it is enough to find 
polynomials Q, such that O,(z) > 1/zifz 4 0, thatis, O, tends to 1/z pointwise 
in C \ {0}. Notice that according to the argument used in Proposition 10.2 c) there 
cannot exist any sequence of polynomials Q, with Q,(z) — 1/z uniformly on 
compact sets of C \ {0}. 

In order to get Qn, consider the compact sets (Figure 10.1) 


K, = Fa U {z: \z| <n, d(z,Rt) > “|. 
n n 


Figure 10.1 


The function 1/z is holomorphic on a neighborhood of K, and C \ Ky is 
connected. Therefore, there is a polynomial Q,, such that |1/z — Qn(z)| < 1/n if 
z € Ky. Since Jo, Kn = C\{O}and K, C Ky +1, itturns out that Q,(z) > 1/z 
ifz £0. O 


A consequence of Runge’s theorem is the following result: 


Theorem 10.7. Let K C U with K compact and U open, then the following 
assertions are equivalent: 


a) No connected component of U \ K is relatively compact in U. 


b) Every bounded component of C \ K intersects C \ U. 
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c) Every holomorphic function on a neighborhood of K can be approximated, 
uniformly on K, by functions holomorphic on U (indeed, by rational functions 
with poles outside U). 


d) For every point z € U \ K there is a holomorphic function h € H(U) such 
that |h(z)| > maxwex |h(w)|. 


Proof. To see a) => b), let V be a bounded component of C \ K. If VV C U,V 
would be a component of U \ K with OV Cc K C U, and so relatively compact in 
U. Hence, V intersects C \ U. Theorem 10.3 gives b) > c). Implication c) > a) 
is like in Proposition 10.2 c). The fact that d) implies a) is based on the same idea: 
if C is acomponent of U \ K relatively compact in U, then dC C K, and, by the 
maximum modulus principle, one has 


|h(z)| < max |h(w)|, 2 EC, 

wek 
contradicting a). Finally, suppose a) holds and let z € U \ K. The compact set 
K U {z} also satisfies a) and, therefore, c). Consider the function f with value 0 
on a neighborhood of K and | on a neighborhood of z; by c), there is a function 
h € H(U) such that | f(z) — h(z)| < 1/2 in K U {z}. Then |A(z)| > 1/2 and 
|h(w)| < 1/2, w € K. This proves d). O 


Notice that compact sets Ky, constructed in Lemma 1.15 satisfy the properties 
of Theorem 10.7 with respect to U. 


10.2 Approximation of harmonic functions 


In this section an approximation theorem for harmonic functions will be stated, 
analogous to the ones in the previous section. It is convenient to be aware of the 
results of Section 6.7. In particular, recall that if U is ann-connected domain, every 
real harmonic function u on U can be written as 


n—-1 


u(z) = Yea; Log |z —a;|+Re f 
j=l 


with a; ¢ U, f ¢ H(U) anda; € R. For any domain U it will be shown that 
every harmonic function can be approximated, uniformly on compact sets of U, by 
functions of this kind. 


Theorem 10.8. a) Every real-valued function u harmonic on a neighborhood of a 


compact set K can be written as u(z) = Bee a; Log|z — aj| + Re f for some 


m € NN, witha; € R, a; ¢ K and f holomorphic on a neighborhood of K. 
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b) Let U be an open neighborhood of the compact set K such that every com- 
ponent of C \ K intersects C \ U. Then every real-valued function u harmonic on 
a neighborhood of K can be approximated, uniformly on K, by harmonic functions 
on U of the kind 


ye Log |z—a;|+ReR 
with a; ¢ U, aj € Rand R a rational function with simple poles outside U. 


c) Every real-valued function u harmonic on a domain U is the uniform limit 
on compact sets of U of a sequence of harmonic functions (un), written as 


ie = ya Log |z — on” | + Re Rn, 


with a”? ¢ U, a € Rand R, rational without poles in U. 
The notation )”’ means that the sum only has a finite number of terms. 


Proof. For part a) it is enough to note that if U is an open set, U D K, by Re- 
mark 6.1 there is a polygonal domain Up with piecewise regular boundary, therefore, 
n-connected for some n, (see Section 6.6) such that K C Ug C Up CU. After- 
wards, consider Theorem 6.26. 

Let K and U satisfy the hypotheses of b) and let u be harmonic on a neighbor- 
hood of K written as in item a) with f holomorphic on a neighborhood of K. Then 
by Runge’s theorem, f can be uniformly approximated on K by rational functions 
Ry with simple poles outside U and, therefore, Re f is approximated by Re Ry. 
Consequently, it is enough to show that Log |z — B|, with 6 ¢ K fixed, satisfies the 
statement of b). Suppose first 6 € V, being V a bounded component of C \ K, and 
leta ¢ U bea point of this same component V. Define 


W ={t eV: Log|z—t| is uniformly approximated on K by 
functions of the kind Log |z — a@| + Re f, f holomorphic}, 


so thata € W. 

Arguing as in the proof of Proposition 10.2 we get that W is closed in V. 
Now it will be shown that W is open in V. If t € W and D(t,r) C V with 
r< — let us prove that D(t,r) C W. If w € W, any holomorphic branch of 

T 


log ( z-t) on a neighborhood of K (which exists by Proposition 3.21) has real part 
Log |z — t| — Log |z — w|. If |w — t| < r, the expansion 


[oe] 


log (=—) = tog (1+ ——") =) pe@aott 


Z—w n+1  (zg-w)"tl 


n=0 


is uniformly convergent on K because |w — t] < r < |z —w| if z € K. Taking 
real parts yields that Log |z — t| — Log |z — w| can be uniformly approximated by 
Re g with g holomorphic. In conclusion, W = V and B € W. 
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If 8 belongs to Vo, the unbounded component of C \ K, then Log |z — f| is 
uniformly approachable on K by functions of the kind Re f, with f holomorphic. 
Indeed, repeating the previous argument one can replace f by any point a € Vo 
with || big enough. Now, in this case, any branch of log(@ — z) (which exists by 
Proposition 3.21) has real part Log |z — |, and expanding in power series one has 


gntl 


+ lant @ 


oe) 
Zz 
log(a — z) = loga + log (1- =) = loga Ss a 
n=0 


with uniform convergence on K, if |a| > max{|z|:z € K}. 
Item c) follows from b) and Lemma 1.15. C] 


10.3 Decomposition of meromorphic functions into simple 
elements 


10.3.1 Mittag-Leffler’s theorems 


Let f be a meromorphic function on C with a finite number of poles 21,..., Zn 
and principal parts P; ( a terre Pn(sz), where P;,..., Pn are polynomials 
without independent term. Then 


ee) = s@)- oe (+) 
i=l : 


is an entire function. If, further, f has a pole at infinity, that is, limjz| +o f(z) = ~, 
then g is a polynomial, P, and f is a rational function, being 


n 
1 
=P P; 
fe) = Pe) +d P(——) 
the decomposition of f into simple fractions. 


i=1 
This section is devoted to study the general case when the function /, meromor- 
phic on C, has infinitely many poles (Zn)nen. For convenience it will be assumed 
that f has a pole at the origin z9 = 0 and that the points Z, are all different, with 
limy |Zn| = -+oo. The principal parts are written as Po (4), P,, (+> ), where Po, 
P,, are polynomials without a constant term. 
First we will show that there is no restriction for the points z, nor for the principal 
parts of f at these points. 


Theorem 10.9 (Mittag-Leffler). Let zo = 0, (Zn) nen be a sequence of points in the 
plane with |Z,| — +00 when n — oo and (Py)P-_4 any sequence of polynomials 
without constant term. Then there is a meromorphic function on C having its poles 


exactly at the points Z, with principal parts Py( 1 ), forn€e NU {0}. 


Z—Z. 
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The most obvious choice would be, simply, to take the function 


fe)= a=) 


whenever this series is convergent in the sense that will be specified now. For each 
compact set K C C, only a finite number of points z, are in K, so that 


is a series of holomorphic functions on a neighborhood of K. If this series converges 
uniformly on K, then it is said that the complete series, pe Py (=), converges 
uniformly on compact sets. Of course, one may consider this kind of convergence 
for any series of meromorphic functions )>,, gn(z), with each g, having a unique 
pole at the point zy. 

Under the above hypothesis, the function f defined ete has the desired 
properties in Theorem 10.9, but in general the series )7, Pn (+ -) will not converge 
uniformly on compact sets and one needs to introduce some correction terms. 


Proof of Theorem 10.9. Theideais to introduce polynomials Q,, such that the series 


Di anl) = Po( =) + > Ge —) - On(2)) (10.1) 


converges uniformly on compact aes Since Q,, are polynomials, the principal part 
of each term of the series is Py, (+ z) and the function f(z) = )°,, gn(z) will have 
the right behavior. 

me choice of polynomials On is not unique and it is easy to do. The function 
P, (+ =) |). Write 


neta) Loam” 


|/2) this expansion converges 
uniformly and, therefore, we can consider a partial sum Q,(z) = eure CamZ” 
with N,, big enough such that 


P,(—_) - on) 


Z—Zn 


<2™ if |z| < |znl/2. 


These polynomials Q, will work because, fixing a disc D(0, R), one will have 
R < |z,|/2 for n big enough and (10.1) will converge uniformly on D(O, R). O 
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In Theorem 10.9 a meromorphic function with prescribed principal parts at 
given points has been constructed. The result may be reinterpreted as a theorem 
about the structure of all meromorphic functions. 


Corollary 10.10. The ced expression of a function F meromorphic on C with 
principal parts Py (+ =), n=0,1,2,... at the points zo = 0, (Zn)nen is 


[oe] 


F(z) = h(z) + Po( =) +> (F,(- ~ ) = On(2)), 
n=1 . 


where h is an entire function and the functions Qn are polynomials such that the 
series converges uniformly on compact sets. 


Proof. Just take the meromorphic function f constructed in the proof of Theo- 
rem 10.9 and observe that another meromorphic function F has the same poles and 


the same principal parts as f if and only if F — f is entire. O 
In the c case all the poles are re simple one has, Py, ( = =) = a a, € C, and 
|) is 
On Qn On 3 git 
= = = —Ay — 
= = 4 m+1 
Z— Fy Za—f Zn(1—- 2) cer 
If Oy is the 4,,-th partial sum, Q,(z) = —ay ye 0 art , then the difference 
(z) is 
An+1 
~ Z” an (2) ‘ An ale 
a »y gat eg 1a 2 eee , 
m=A,+1 ~" ut Zn Hb ol 


Corollary 10.11. The general expression of a function F meromorphic on C with 
simple poles at the points zo = 0, (Zn)nen and residue Oy at the pole Zy is 


Ant+1 
re) = ne) +24 (=) . 


where the numbers i» are positive integers such that the series converges uniformly 
on compact sets and h is an entire function. 


If the residues a, are uniformly bounded, the conditions of the previous corol- 
lary hold if the numbers A, make the series 


\z|An+1 


Pras |Z, |4n+2 
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converge uniformly on compact sets. For instance, if }°,, imi < +00 for some 
n 
positive integer A, then one can take A, = A, for everyn € N. 


Example 10.12. Consider the meromorphic function f(z) = a2 that has a 
double pole at each integer point z, = n, is € Z. To find the principal | part around 
each pole consider first the expansion of —*— around the point 7, 

1 (=DF 


tere a) tem. 
SIN TZ Lh 


sin UZ 


Now, squaring yields 
ne 
(sinzz)2 (z—n)2 — ; 


In this case the series of principal parts already converges and one has 


n2 +00 


1 
a = Gone th 


sin? Zz = 


with / an entire function. To determine the function h, consider the square Ov 
centered at the origin and with side 2N + 1; one has | sin rz|? = sin? 2x +sh? zy, 
a quantity bounded below by 1 for |x| = N + 1/2 as well as for |y| = N + 1/2, 
that is, bounded below if z € dQ y, independently of N. Also if z € dO, one has 


1 1 1 
| Lael =) oop =) Ga wee 


So, by the maximum modulus principle, the function h is bounded on each square 
Qwy by a bound which does not depend on N and, by Liouville’s theorem, it must 
be equal to a constant C. Letting z = iy and y > +00, we get C = 0. Hence, it 
turns out that 


ie 1 1 
=E co =a Dy cars 


n=—oo n#%0 


In particular, 


[oe] 
1 ad 1 ne 


Sin” 7Z 


Similarly, the decomposition 


+00 
3 Col mZ 1 
ae cere 
sint’az 4 (z-n) 


can be obtained. O 
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Example 10.13. Consider now the function f(z) = mcotwz = 1272. It has 
simple poles at the integers, z, = n € Z, with residue 1. Since 


1 1 
> \Zn|2 ee “Sree 


Zn#0 n#0 
one can consider A, = 0 for every n, that is, O,(z) = —1 and it turns out that 
cos 1Z 1 1 _ 1 w 2 
a =h(z)+-4 =h(z)+—+ ; 
sin 1Z @++LGot; Org ee 
ee n=1 
ne 


Now the function z cot wz is also bounded on the boundary of squares Ow with 
center 0 and side 2N + 1 considered in Example 10.12. Actually, one has 


‘ 2 2008” wx + sh? ry 
m|cotmz|" =z 


sin? x + sh? ry 


so that for |x| = N + 1/2, 


sh? 
n7| cot 1z|7 = 2 a5 
1+ sh* zy 
and for |y| = N + 1/2, 
14+ sh? x(N + 1/2 1 
n*| cot wz|* < x? aks EE < (1 a) for every N. 
sh* w(N + 1/2) sh* 32/2 


A similar argument to the one of Example 10.12 gives h = 0 and, finally, we obtain 


cosmz 1 wr 2 1 ( 1 2 
7 in nz 2 eee Sy z—-n =n) 


If instead the function Se is considered, the poles are the same points z, = n 


and the residues (-1)". One has then 


1 1 =. (17 
=-—427 : O 
sinawz Z ~ > z2—n?2 


Theorem 10.9 holds on any domain U. The proof is similar to the case U = C; 
just choose the correction terms Q, — in this case, rational functions with poles 
outside U — using Runge’s theorem. 
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Theorem 10.14. Let U be a domain of the plane and A C U a discrete closed set 
in U. For each point a € A, suppose a polynomial Pq without constant term is 
given. Then there is a meromorphic function on U having its poles at the points 
a € Awith principal part Pa (+ =). 


Proof. Let (Kn)?°_, be a sequence of compact sets as in Lemma 1.15. Let 


A= Y PB(—), 


ae AN(Kn\Kn-1) 


where the sum is finite because A has a finite number of points in every compact 
set. Each function Q, is holomorphic on a neighborhood of Ky—1; as in the proof 
of Theorem 10.4, there is a rational function R, with poles in C \ U such that 
|On(Z) — Rn(z)| < 27", z © Ky_1. Then the function 


O1(z) + })(Qn(Z) — Rn(2)) 


n=2 


works. O 


10.3.2 Cauchy’s method 


One of the difficulties that appear when applying Corollary 10.10 is how to find 
the entire function /. For this reason it is convenient to consider besides Mittag- 
Leffler’s theorem another method, due to Cauchy, which allows us to develop a 
meromorphic function on C into simple elements. It is explained below (see [11)]). 

Start with a meromorphic function on C, f, with poles at points (Zn )nen and 
principal parts Pr( - — ). One can assume f is holomorphic around the origin 


because if 79 = 0 was a pole with principal part Po (4), we would consider the 
function f(z) — Po(1/z). 

Let C = dD(0, R) be a circle centered at the origin not passing through any 
pole of f (C could also be the boundary of a square centered at the origin) and 
consider the integral 


1 f fw), 
Z 


— with |z| < R, z # Zn, foralln € N. 
20 Cc Ww 


By the residue theorem this integral equals f(z) plus the sum of the residues of 
the function Lw) w) at each pont Zy With |z,| < R. Let us show ae the residue of 


~). Write Pa( 55>) = Diet Geer and fw) = 


this function at : is —P,, (+ 
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P,(—> 1) + fn(w — Zp») with f, holomorphic around z,. Then one has 


f(w) _ 1 fw) — Zn) 
wW—Z Z£—Z, |/-=a” Ie or a 


7 oe (w — 
= a Zn) 4 >: (w — | dX (zZ- any 


and the coefficient of —— is — })-7_, =u = Pn(z=3-). Using now 
k 


1 1 1 Zz a gk 
w—-z w(l—-z/w) w w? 


wk * wk(w—z)’ 


which holds for any natural k, it follows that 


1 aw =f roo(2 ae aan Fe 


2mi Jc W-Z 
1 | z* f(w) 
; dw 
2mi Jo wk(w—z) 
The value of the first integral on the right-hand side is the sum of the residues 
of its integrand at the points of the set {0} U {zn: |Z,| < R}. These residues are 


fw w)(— cae were Za 


ni 


if C, is a small circle around z, ifn > 1 and Co surrounds the origin (Figure 10.2). 
Denoting these residues by Qo(z) at the origin and —Q,,(z) at the point z,, Oo(z) 
is the sum of the k first terms of the Taylor series of f around the origin (recall that 
f is holomorphic at the origin) and Q,,(z) is a polynomial in z of degree smaller 
than k. 

Summarizing, we get 


_ 1 . fw) 
#@) = s P,(——] ' Oni a 


lZn|<R 


200, 4 [a(L)-o] aoa 


lZn|<R 


A oi zk fw) 
" Oni ie mre ae 


We now claim that Q,(z) is the sum of the first k terms of the Taylor series of 
P,,( ) around the origin. Actually, —Q,(z) is the residue of the function 


1 
Z—Zn 
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Figure 10.2 


k-1 2 fi Fi : : 
Pn(gom (4 a2 4 es | = z ) at the point Zn. This function is rational and 
has one pole at the origin and one pole at the point Z,; moreover it is holomorphic 
at infinity. Then, by Proposition 5.24, the sum of its residues must be zero and the 
claim is proved because the residue at the origin is just the Taylor polynomial of 


degree n — 1 of P,(=+_). 


Z—Zn 
Finally, assume f satisfies the following growth condition: 


There exist circles C(0, Ryn), Ry — +o, and numbers e, > 0 with 
En — 0 such that 


| f(2)| < enlz\*, if z € C(O, Rn) (K a fixed natural number). 


In this case one can write formula (10.2) for each C(0, R,) and let Ry > +00. 
The last integral in (10.2) tends to zero because it is bounded in absolute value by 


k k 
Z é,R 
IZ laa 2nRn = lz|*en 


z ——— +0, whenn > o~. 
2m RE(Rn — |2|) Rn — |zZ| 


Hence we get the following decomposition of /: 


fos x io z+ > | Pa(- —) - onta)], 


1=0 


1 
Z—Zn 


where, recall, O,,(z) is the Taylor polynomial of degree k — 1 of Pr ( ) around 


the origin. 
If all the poles zy are simple, then P, (>) = —_ witha, = Res(f, Zn) and 


Z—Zn 
k-1 l 
so On(z) = = 1=0 (2) . 


10.3. Decomposition of meromorphic functions into simple elements 433 


Assume, in addition, that f is uniformly bounded on a sequence of circles 
C(0, Rn), Rn > ov, say | f(z)| < M,z € C(O, Rn), n = 1,2,...; then 


M 
<0 ifze C(O, R) 


and we may take k = 1, that is, O,,(z) = —“ 


Zn* 


Example 10.15. The expansion of the function z cot zz of Example 10.13 is im- 
mediately obtained with Cauchy’s method. Actually, since the function f(z) = 
mr cot mz — 4 is bounded on the boundary of the squares Q y of Example 10.13, we 
can take k = 1. Then we compute 


1 1 
f@ =, Pa( 2 ifneZ,n £0, 
zZ—n zZ—n 
and since the poles are simple with residue 1, we get O,(z) = — 1. So, z cotmz = 
1 1 1 
eh one ean a) U 


Example 10.16. Let w, w’ be two non-zero complex numbers such that w/w’ ¢ R 
and consider the set of points of the plane 


Q = {mw +nw': m,ne Z}. 


Considering at each point of Q the straight lines directed by w and w’, a division 
of the plane by a grid of parallelograms is obtained. 

Let us now look for a meromorphic function on C having a simple pole with 
residue | at each point of Q. To this end enumerate the points of Q by zo = 0, 


Z1,22,..+,Zn,.... It is easy to check that Ze < +oo. Indeed, for k > 1 
let Gz be the set of points of Q obtained with m = +k and —k <n < k, or 
n = +k and —k < m <k. There are 8k of these points. If Sy = )0, eg, Ze 


and 6 is the distance from the origin to the grid of parallelograms (see Figure 10.3), 
one has |z,| > kd if Zz, € Gx and 


1 
so that )°, ne Sk < +00. 
In this case, Py (=) — 7 and we can take as Q,,(z) the two first terms in 
the Taylor expansion of 7 around the origin. That is, 
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Figure 10.3 
So, the function we are looking for is 
te 1 td 
s)=2+ > (——+-+5) 
Zz dX a a Zz 


where Zy, 1 > | are, as said above, the non-zero points of the set Q. The function 
&(z) is called Weierstrass’ &-function. O 


10.3.3 The method of residues 


Another way to expand a meromorphic function into simple elements and, also, of 
summing series is based on the residue theorem. 

To illustrate this method fix a meromorphic function on the plane, g, having 
only simple poles at a sequence of points of the kind z, = zp +n, Zo € C,n € Z, 
with residues a,, n = 0,+1,+2,.... Let f be a meromorphic function on an 
open set U and let y be a closed path of U such that Ind(y, z) = 0 or 1, for every 
z € C, not passing through any singularity of g nor f. Then 


saz | fer @)az = Yan feo +0) + 7’ Res( Fe. w), 
Tl y i iB 


with the first sum taken at the poles of g at which f is regular and the second 
one taken at the singular points of f, considering, for g as well as for f, just 
the singularities that are in the interior of y. Suppose now ff is a rational func- 
tion such that |zf(z)| — 0 if |z| — oo and take as y the boundary, yy, of a 
square of sides x = +(a+ N), y = £(2+ N) witha > 0 fixed and N nat- 
ural. If, in addition, the function g is uniformly bounded on yy, for all N, then 
lim yoo xs doe F(z) g(z)dz = 0. Actually, |z| > N if z € yy and the length 
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of yy is 8N + 8a so that for |y(z)| < M on yy, one gets 


dz| . M(8N + 8a) 
|[ r@veas|=|[ ztove S| < - sup |zf(@)| —> 0. 
YN YN z N IZI=N Nee 
Summarizing, we obtain the formula 
CO 
>> of Go +n) =—) Res fe, w), (10.3) 
n=—OCoO WwW 


with the sum on the left-hand side taken at the points z9 +n where f is regular, 
and the sum on the right, taken at the poles of f. 


Example 10.17. Considering g(z) = z cot z, the poles are the points z, =n € Z 
and the residues are a, = 1; one can use yy = OQ, where Qy are the squares 
in Example 10.12. Then if f is rational with |zf(z)| + 0, |z| + oo, one has 


[o.@) 


Y= f(a) =— Y | Res(x f(z) cot 1Z, w) 


—oo 


with the sum on the left-hand side extended to the integers that are not poles of 
f and the sum on the right-hand side extended to the poles of f. 
If f(z) = sy, it turns out, in particular, that 


oe l 
2) az = —Res A eee a : 
1 


The origin is a pole of order 3 of the function 2 z~? cot 1z and we must compute the 
a-| 


coefficient of z in the expansion of cot 7z. Writing cot z = Fdgta,z+-::: 
and identifying coefficients in the equality cos z = sin z cot z, we obtaina, = — i. 
Therefore, Res(z~? cot rz, 0) = —m*/3 and 
a | _ a 4 
Lge 


Using the functions z cosec mz, m tan mz and z sec vz one can sum up series 


of the form }*(—1)” f(n), 3° fm + 1/2) and 5° (—1)” f(n + 1/2), where f is of 


the kind considered above. 


Example 10.18. Another remarkable application of formula (10.3) is the decompo- 
sition of the meromorphic function ¢g into simple fractions. Suppose, for example, 
that the simple poles of g are the integer numbers with residue a, and that @ is 
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uniformly bounded on 0Q y (the squares of Example 10.12). Take f(z) = 
with w € C, w not integer; then (10.3) yields 


oe) 
do An + A 
2 y ce = ) Res (—— 72 92). Za +w) 


5 (gw) — e(-w)). 
W 


= z2 


II 


That is, changing now w to z, 


eZ) — (2) _ ao en ads n)Z 
a 


2 —n?2 


If g is an odd function, this expansion will be the one of ¢ and if, in addition, the 
residues all have value 1, one gets g(z) = x cot wz. Ifthe residues area, = (—1)”, 
then it turns out that g(z) = —~.. O 


sin 7 Z 


10.4 The non-homogeneous Cauchy—Riemann equations in 
the plane. The Cauchy integral 


Harmonic functions are the solutions of the homogeneous Laplace equation 
Au = 0. In Chapter 7 it has been shown that it is also important to solve the 
non-homogeneous Laplace equation Au = ¢, with ¢ a given function. Ina similar 
way, holomorphic functions are solutions of the homogeneous Cauchy-Riemann 
equations a f = 0. We consider now the non-homogeneous Cauchy—Riemann 
equations 0 f = @, first in the whole plane and afterwards in any domain. 

The equation a Ff = ¢ is quite different from the equation Au = @; first of all, 
0 is a first-order operator and A a second-order one. Moreover the Laplacian is a 
real operator, and so the study of the equation Au = p may be oan, without loss 
of generality, for real functions. Instead, the operator d= 1( 3 a, tla, %) transforms 
real functions into complex functions. Writing f = u+iv, @ = a +76 and 
separating real and imaginary parts, the equation a f = ¢ is equivalent to 


1 1 
qx — ry) =a, 3 ex + Uy) = B. 


These are two connected real equations of first order, that is, they cannot be taken 
separately. If one is only interested in real solutions (v = 0), the above equations 


become 
1 1 
az =a, uy =p 
that is, du = 2(adx+ dy). As itis known, this equation, saying that wdx+ Bdy is 


an exact form, does not always have a solution. It is necessary for a and f to satisfy 
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a compatibility condition; for a simply connected domain and a, B differentiable 
this condition is wy = Bx. Analogously, if the data ¢ is real (6 = 0), then simply 
take f = u real (v = 0) with u depending only on x and u'(x) = 2a. 

If the equation df = ¢, has a solution fo, it has infinitely many because 
adding any holomorphic function to fp another solution is obtained. So to obtain 
uniqueness for the solution it will be necessary, as usual, to add some condition to 
the problem. 

Next a parallel development to the one in Section 7.7 will be done, replacing 
the operator A by the operator 0. 


Proposition 10.19. a) If f is a differentiable function on C such that df is a 
continuous function with compact support and lim\z|-+00 f(z) = 0, then one has 


pet f LO am io, HER 


In particular, this equality holds if f € C1(C) (cf. Lemma 6.7). 

b) Given a function ¢ € C,(C), if there is a solution f differentiable on C of 
the equation 0 f = , with lim)z|-+00 f(z) = 9, then this solution is unique and is 
given by 


fe)=-= | Oe) ois: zeC. (10.4) 
TJCW—Z 


Proof. Applying Theorem 4.2 to a disc D(0, R) big enough so that it contains the 
support of df, we get 


f(w) 1 f df(w) 
f~=— ani a oot [ i dm(w), |z| <R. 


Now f is holomorphic for |w| > R and, since lim),),5. f(z) = 0, it has a remov- 
able singularity at infinity; therefore it can be expanded as f(w) = os Chw” 
for |w| big enough. With a fixed z, the function Lw) (w) j is holomorphic at infinity as 
well, with an expansion of the kind d_yw~? + O(w-3): that is, it has residue 0 at 


the point co. Then (Subsection 5.5.2) one has 


/ f(w) pee, 
C(0,R) WZ 


for R big enough and a) is proved. Obviously, b) is a reformulation of a). O 


Part b) in the proposition above does not prove that the function f defined by 
(10.4) is a solution of 4 f = ¢ for ¢ € C.(C). Observe that, since the integral 
is extended only to K = spt(@), f is holomorphic outside K and, therefore, the 
equality a f = @ = O holds outside K. As for the Laplacian, it is convenient to 
extend the integral of (10.4) to any measure. 
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Definition 10.20. Given a real or complex measure jz with compact. support 
K Cc Cand |z|(K) < +00, the integral 


d 
cute) = = | A 


is called the Cauchy integral of yw. If u = ¢ dm, we will write C(u) = C(d) 


Proposition 10.21. The Cauchy integral C(1)(z) is defined at all points z € K = 
spt() and gives a holomorphic function on C \ K. 


Proof. It is totally analogous to the proof of Proposition 7.34. O 


Proposition 10.22. If 6 € C)(C), the Cauchy integral C() is of class C! on C 
and satisfies 0C() = ¢. If ¢ € ce (C), then C(p) € C*(C). 


Proof. With a change of variable one has 


C@=— i ) am(w). 


Applying Proposition 7.36, on differentiation of convolutions, it turns out that 


a a 
aceye) = = [ PE amew) = = [| PO am(w) = 66) 


where the last equality is a consequence of Proposition 10.19. O 


Example 10.23. Let us compute C(@¢) for a radial function ¢(z) = h(|z|) with h 
locally integrable on [0, -+-co). Integrating in polar coordinates, one has 


1 [e-e) 20 dé 
Co(z) = -[ nore | aa har 


Using, for example, residues it can be easily checked that the integral with respect 
to 6 has value 0 for |z| < r and 27/z for |z| > r, so that 


\z| 
Co(zZ) = -f h(r)rdr. 


If g(r) = rh h(s)sds, one has therefore, Cd(z) = 2¢((|z|). Now, since 4(|z|) = 


1/2 , 
+ (2) /? +t turns out that 


x 2 1 / 1 
ico) ==e'(eD5 (2) = Fhledel=Me=9@). 
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There is a close relation between Cauchy integral C(@) and Riesz potential 
G(@), which on C is the logarithmic potential, 


1 
Ge) = 5 | Cw) Log|z — wldm(w. 


Differentiating yields 


1 
aG()(2) = 5 / $(w)3_ Log |z — wldm(w). 
Now, 


0, Log |z — w| = 5a: Log |z — w|? = sa: (Log(z — w) + Log(Z — w)) 
1 1 

2zZ—w 

That is, if @ € C.(C), one has 


C(p) = 40G(¢). 


In general, C(z) is not defined everywhere, but it exists at almost every point 
with respect to Lebesgue measure. 


Proposition 10.24. The Cauchy integral, C(j)(z), of a measure {4 with compact 


support K and ||(K) < +00 is defined for almost all z € C and C(t) € Li,.(C). 
Proof. Since 1/z is locally integrable (Lemma 4.1), one has, for R > 0, 
I d|u|(w) 
[,._.'cwleame) = vd [ame 
D(O.R) DOR) JK |Z—w| 
<= f avuion feat 
D(O,R 
< M|p|(K) < +00, 
where M is a constant depending on R. O 


Definition 10.25. Let ~ be a measure of locally finite mass on a domain U of C. 
A function u € Lj,.(U) is said to be a solution of the equation du = y in U in the 
weak sense if for every function g € C1(U) one has 


/ u(z)3p(2)dm(z) = — / o(2)du(z). 
U U 


The same comments made in Subsection 7.7.2 apply here. Namely, if u ¢€ 
C!(U) and du = ¢ in the weak sense, then du = ¢ in the usual pointwise sense. 
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Theorem 10.26. [f ys is a measure with compact support and finite mass on C, then 
OC({L) = yp in the weak sense on C. 


Proof. As in Theorem 7.42, one has for g € C)(C), 


7 P| _ 
[cweieeamey= [= [ PO ieeame) 
C cuJCc Z—Ww 


-| ef 22 amie) an 
claJ/Jcz—w 


_— / p(w)d p(w), 


thanks to Proposition 10.19. O 


Analogously one may deal with weak solutions of the equation dv = yy, in the 
domain U. They are functions v € L} (U) such that 


loc 
/ v(2)8p(2)dm(z) = — i; ple)du(z) 
U U 


for every gy € Ci (U). 

The definition of weak solution for the operators 0, a, A does not depend on 
hypotheses of regularity and it can be applied to any locally integrable function. It 
is easy to check from the definitions that u1,u2,u3 € Lj,.(U) and 


du, =U and du2 = 43, 


in U in the weak sense, imply Au; = 40du4 = 4du2 = 4u3 in the weak sense 
in U. 


Proposition 10.27. Let U be a domain of the plane and let the functionu € L{,,.(U) 
satisfy in U the equation du = 0 in the weak sense. Then u is holomorphic on 
U. For every measure 4 with compact support and finite mass on C one has 
dG(L) = +C(u) in the weak sense. 


Proof. If du = 0 in the weak sense, then Au = 400u = 0 in the weak sense. By 
Weyl’s lemma (Theorem 7.45) it turns out that uw € C°(U) and, therefore, du = 0 
in the pointwise sense and u is holomorphic on U. Also, ddG(L) = 4 AG(L) = 
ae in the weak sense. Thus, d(40G() — C(u)) = 0 in the weak sense and 
40G(j) — C() is an entire function. Since this function vanishes at infinity, it 
must be identically zero and it turns out that 40G(yz) = C(y). O 


Combining the previous proposition with Proposition 7.38 and Theorem 7.46 
one obtains the following result. 
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Theorem 10.28. a) If¢ € L°°(C), then C(@) satisfies a Lipschitz condition of type 
|IC(¢)(z) — C(¢)(w)| = O(|z — w| Log Eu) on compact sets. 


b) If@ € C.(C) is locally Lipschitz, that is, satisfies a local Lipschitz condition 
with positive exponent: 
loz) -—o)| Se@lz—wl*, «> 0, cz) = 0, if|z—w| < 6), 
then C() is of class C! on € and satisfies JC(~) = ¢. 


Example 10.29. If ¢ is radial and bounded, (Zz) = h(|z|), the function g(r) = 
Io h(s)sds in Example 10.23 satisfies 


2 1 
|h(s)|sds < 5 lAlloo(rs = Poe 0<r, </Po. 


Ig(r1) — g(r2)| < i 


Tr) 


Since C(p)(z) = Fg(|z|), assuming |z1| < |z2|, we get 


IC(#)(21) — C(#)(22)| = | ee) au 


2 1 1 
< = lela) oie 2lglaDl|— = 
|Z2| Z1 Z2 


[z2|? — |z1|? ei — al) 


Z2| 121 ||Z2| 


< Wool 


[Z2| + |z1| 2) 


T 
|Z2| |Z2| 


= [flleolz1 aal( 
< 3||A|loo|Z1 — 22]. 


Therefore when ¢ is bounded and radial, the Cauchy transform, C(@), satisfies a 
stronger condition than one given in a) of Theorem 10.28. 


10.5 The non-homogeneous Cauchy—Riemann equations in 
an open set. Weighted kernels 


So far the properties of the Cauchy integral C(jz), where jz is a measure on C 
with compact support K and |j4|(K) < ov, have been considered, as well as the 
solutions in the weak sense of the equation du = jt. To solve the equation F) f=¢ 
with @ € C(U) in a bounded domain U C C one may take, simply, the measure 
be = pdm, whenever ¢ € L'(U). 


Proposition 10.30. Let U be a bounded domain of C and ¢ € L!(U) N C(U). 
Then the Cauchy integral 


Cie) == [ £) mw), zeU 
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defines a continuous function on U satisfying ac (fp) = ¢ in the weak sense in U. 
If ¢ is locally Lipschitz on U, then C(#) € C!(U) and dC (@) = ¢ in the classical 
sense in U, 

Proof. It is known that C(¢) € Li.(C) and aC(¢) = ¢dmyy in the weak sense 
on C and, therefore, also on U. To see that ¢ is continuous on U, fix a disc 
D(zo,r) C U, consider a function y € C&°(U) such that y = 1 on D(zo,r) 
and define $1 = $y, 2 = o(1 — x). Then C(g) = C(g1) + C(g2); C(p1) is 
continuous on C (because ¢; is bounded and Theorem 10.28 a) applies) and C(¢2) 
is holomorphic on D(Zo, r); thus C(@) is continuous on D(Zo, 7). Since this disc is 
arbitrary, C(¢) € C(U). If in addition ¢ satisfies a local Lipschitz condition, it is 
so for ¢; and, by Theorem 10.28 b), C(@1) is in C!(C), and C(¢) € C1(U). 


L] 


If ¢ ¢ L'(U), one has, a priori, no way to solve the equation af = ¢onU. 
Analogously, one has, at the moment, no way to solve the equation df = ¢ on C 
if ¢ has no compact support. Other methods for solving this equation, based on the 
following result, will be undertaken now. 


Theorem 10.31. Let U be any domain of C and H(z, w) a continuous function 
onU XU such that H(z,z) = lifz € U and H(z, w) is holomorphic in z for all 
w € U. Suppose that $ is a continuous function on U and that 


AG) = fH, wy|io(o)|dm(w) (10.5) 
is a locally bounded function on U. Then, 


1 
Cu (¢)(z) = =f He.wy oO am) zeUu 


defines a continuous function on U such that dCH (¢) = ¢ in the weak sense. If 
¢ is locally Lipschitz on U, then Cy(¢) € C!(U) and Cy (¢) = ¢ holds in the 
classical sense. 


Proof. The hypotheses on H imply this function may be written as 
A(z,w) = 1+ (z-—w)G(z, w) 


with G(z, w) holomorphic in z. Hence, formally, 
1 
Cu ($)(Z) = C(H)(z) + ~| G(z, w)o(w)dm(w) 
a Ju 


is the sum of C(@) with a holomorphic function and, thus, aCH (~) = ¢. However, 
the hypotheses do not guarantee the convergence of the two terms on the right-hand 
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side of the equality and another argumentation is needed. Fix a disc D(zo,r) C U; 
let y be a function in C2°(U) such that y = 1 on D(zo,r) and take 1 = x¢, 
g2 = (1—yx)¢. Since 1 € C,(U), C(¢1) is continuous on C by Theorem 10.28 a) 
and G(z, w) is also jointly continuous in z, w on U x U. Therefore, if K = spt(z) 
one has 

|G(z,w)|<C, ifz € D(z,r) andwe K. 


This proves the continuity of the function 


Z—> -| G(z, w)¢1(w)dm(w), 
ma Ju 


which is holomorphic on D(Zo, 17) by Morera’s theorem. On the other hand, we can 
prove now that the function 


p2(w) 


CH@e=— [He we ame) 


is also holomorphic on D(zo, 7). Once again, by Morera’s theorem, it is enough to 


show that it is continuous and, according to the dominated convergence theorem, it 
suffices to prove the inequality 


J) s0P1e-zoics |HC.w)I6(w)|dm(w) < +00. (10.6) 
By the Cauchy integral formula, one has 
20 ; 
Supls solas Hw) Cf |MGGo + rel, w)|d0, 


and (10.6) is dominated by 


20 20 
i / |H(zo + re?®, w)||¢(w) |dOdm(w) = i A(zp + re?®)dO < +00, 
U JO 0 


where A is the function defined in (10.5) 

So, in the disc D(zo, r), Cx (@) is the sum of C(¢1) and a holomorphic func- 
tion, a fact that implies the continuity of Cy (@) and the equality aCH (?) = ¢. 
Furthermore, Cx (@) will have the same local regularity as C(@) and this proves 
the second part of the theorem. O 


Example 10.32. With suitable hypotheses on a measure jz, Theorem 10.31 can be 
generalized so that writing 


1) EO cU 


Cu(u)(2) = =f, H(z, 
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one may conclude that Cy (wz) € Li.(U) and dCH (jt) = in the weak sense. For 


example, when jt = dq (Dirac’s delta) with a € U, we get 
1 A(z,a) 


ua Z—-a 


Cy (6a)(Z) = 


The fact that C 'H (6a) = dq in the weak sense is shown, formally, in the following 
way: since H is holomorphic in z, one has 


Cu (6a) = He.a)a( — : ), 


Z—@a 


Now a(+ =.) = 8a, by Theorem 10.26, and 


Z—a 


OCH (Sa) = H(z,a)bq = H(a,a)bq = 8g. al 


A more restrictive hypothesis, but quite general to be applied in many interesting 
cases, is that the function H(z, w) of Theorem 10.31 satisfies the condition 


|H(z, w)| < Yi (z)¥2(w) (10.7) 


with Y;, Y2 continuous on U. Then the function A(z) of (10.5) is locally bounded 
on U whenever 


[ W2(w)|p(w)|dm(w) < +00 


holds. This condition allows us to solve the equation a f = @ for functions 

o@ € C(U), not necessarily integrable on U, and the larger the class of admis- 

sible functions ¢ will be the faster the decrease to zero of W2(w) when w > dU. 
For example, if U is the unit disc, one may take 


_ Ak 
aew)= (Fie) ken 


so that : 
_ 
Wc, (Ser 
1=|2| 

which is (10.7) with Wy (z) = (1 —|z|)~* and © (w) = (1 —|w|?)*. One has then 

the following result: 

Proposition 10.33. If @ € C(D) and fp |o(w)|(1 — |w|?)kdm(w) < +00 for 

some k € WN, then the function 


k 
) » (Z|, /w] <1, 


def 


Sk(Z) = 


k 
t= wr" OO) mw) 


coy =— | (FS zZ— 


is continuous on D and satisfies the equation F) tk = 9 in the weak sense; if is 
locally Lipschitz, then fy. € C'(D) and 0 fy. = ¢ in the classical sense on D. 


10.5. The non-homogeneous Cauchy—Riemann equations in an open set 445 


The solution /; of the proposition above is related to a decomposition formula 
similar to the Cauchy—Green formula. 


Proposition 10.34. If f € C!(D) and, fork € NN, 


[ (1 — |w)2)* | f(w)|dma(w) < too, 


OO, 


fo — |w|2)* 3 fw) |dm(w) < + 
then one has, for z € D, 


(1 — |w|?)*1 


k 
aren 7 en (1 = Jw?) af w) 


p (l—zw)k z— 


i=" ”) am(w). 


Proof. Consider the form 7 = —|wiP* LW) Jw in the domain D(0,r) \ D(z, 8) 


(l-zw)k w—-z 
forr <1, |z| <r and e small enough. Computing yields 


= LWP IFO) 5, aay 4 pL) = wr — w) 


dwAd 
(l—zw)k w—z w—Z (1 —zw)k+! sis 


and, applying Stoke’s theorem, 


_ 7 (r — |w|?)* LO) 4 
= dn = _ = k 
D(0,r)\D(z,6) C,r) JC(o,r) C(z,e) (l— wz) = = 


Letting r — 1, e — 0 and using the dominated convergence theorem the proof is 
finished. O 


Using Proposition 10.34 one can also check that the function f;, given by Propo- 
sition 10.33 satisfies 0 f; = . Actually, if f € C!(D) is any solution of 0 f = ¢, 
then Proposition 10.34 and the definition of f/% give 
(1 —|w/?)*! 
p (l- zw)kt 


F@)— fe) = — f(w)dm(w), 


which is a holomorphic function in z and, therefore, df, = df = ¢. 


Corollary 10.35. If f is holomorphic and integrable on D, then 


== f dm), zeéeD. 
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Like the Cauchy integral formula, this is a reproducing formula for holomorphic 
functions, but there is an essential difference with respect to the Cauchy integral: 
here all the values of f on D are involved and not just the values of f on dD. The 
kernel 1 /2(1 — zw)? is called the Bergman kernel of the unit disc (see Exercise 21 
in Section 4.7). 

Hence, for the unit disc D, two kinds of solutions of the equation a f = ¢ have 
been obtained. The first is the one given by the Cauchy integral, 


1 
coe) == f Samewy, 


defined when ¢ € C(D) N L!(D). The second one is given by Proposition 10.33 
with k = 1, that is, 


—ZW Z—W 


Aapl2 
fle) = Cpe) = = ff EO amu) 
TJD 1 
whenever ¢ € C(D) and 


[ Io(w)|(1 —|w|2)dm(w) < +00. 


We proceed to study them in more detail. 

Clearly, C(g) € C(D); moreover if ¢ € L©(D) M C(D), then C(¢) is contin- 
uous on D, by Theorem 10.28 a). This happens, in particular, if @ € C(D). 

In the following statement the notations are those of Proposition 7.28. 


Theorem 10.36. If ¢ « L°(D) M C(D), among all the solutions of the equation 
df =, f = C(¢) is the only continuous solution on D that satisfies f € Ao(T), 


that is, which is perpendicular to the space A(1) with respect to the scalar product 
of L?(T). 


Proof. According to Proposition 7.28 we need to check that C(@))7 has vanishing 
Fourier coefficients at every non-negative integer: 


20 
/ C(p)(e)e i dt =0, n>=0. 
0 


Using Fubini’s theorem, it is enough to show the same equalities for the function 
(z—w)!,weD: 


20 ew int 20 ; oo : 
/ = = i ent y we imt+Dtd¢=0, n>O0, 
0 ew 0 


m=0 


and clearly this is so. 
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Conversely, assume that f € C(D) satisfies the conditions 0 f = ¢ and jit € 
Ao(T). Then 4(f — C(#)) = 0, that is, ¢ = f — C(¢) is holomorphic. Hence y 
is a function of A(T) and also belongs to Ag(T) because f and C(@) are in this 
space. Therefore, (py, ~) = 0 in L?(T), and so 


20 
if |p(e!’)|?dt = 0. 
0 


As a consequence g = 0, that is, f —C(#) = 0 on T, and being holomorphic, this 
yields f — C(p) = 0. O 


Example 10.37. Take $(z) = 2”,n € N. Clearly, f = =1;27""! satisfies If=¢ 
and restricted to T belongs to Ag(1). Then, C(¢) = f and 


1 1 
-[> dm(w) = rage ran ee 
I JpZ—Ww n+1 


More generally, let g be holomorphic on D, continuous on D, bo = gandlethbea 
holomorphic antiderivative of g, h’ = g, with h(0) = 0. Then the same argument 
proves that C(#) = h because 0h = h’ = Z = ¢ and C(¢) = h is holomorphic 
and vanishing at the origin. O 


The orthogonality of C(@) with respect to A(T) just described amounts to 
saying that among all solutions f € C(D) of the equation 0f = ¢, C(@) is the 
one minimizing the quantity 


i If@LldzI. 
: 


Regarding the solution f(z), the corresponding statement is the following. 


Theorem 10.38. If ¢ ¢ L°°(D) 1 C(D), among all the solutions of the equation 
Of = ¢, the function f = f; = Ci() is the only one being perpendicular to 
A(D) with respect to the scalar product of L*(D): (f.g) = fp f(z)g(z)dm. 


Proof. We need to prove that fy fi (z)g¢(z)dm(z) = 0 for g € A(D). By Fubini’s 
theorem it is enough to show that 


| reesa resent =;.. wie D 


Consider the form 7 = Log ls = v| g(z)dZ, which is continuous on D \ D(w, ¢) 
with ¢ > 0 small enough and satisfies 


dy = 3 (g@) Log | — =|) dz d2 = g@)dLog | — aq |dz Adz. 
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= — 1 1-lw/? : = 
Now, 0, Log |Z = | = 502 log ( i= a) = 3G=md-z0): Since n = 0 when 
|z| = 1 (because |z — w| = |1 — zw| if |z| = 1), Stokes’ theorem yields 


1 (Se ———— a | z= 
a —_—___———. ¢(z)dzAdz=-— Lo 
2 — (z—w)(1 —zay® ) C(w,e) elt 


and letting ¢ —> 0 we obtain the desired result, because the integral on the right-hand 
side is bounded by ¢ Log i. 


Conversely, if f is another solution of a f = ¢ with the same properties, arguing 
as in Theorem 10.36 one proves 


i lf — f2dm(z) = 0, 
D 


andso f = fi. O 


Example 10.39. If g ¢ A(D),¢ = g andh’ = g with h(0) = 0, once again f = h 
satisfies 0 f = ¢. Soif F € A(D), 


/ F(z) f(z)dm = [ F(z)h(z)dm(z) = rF (0)h(0) = 0, 
D D 


because (0) = 0. Hence, C1(¢) = has well. O 


Another way to express the orthogonality property is to say that, among all the 
solutions f of 0f = @¢, the function f; = Cj (@) is the one minimizing the quantity 


[rerame). 
Let us apply now Theorem 10.31 with U = C and 
H(z, w) = exp(zw — |w|?). 
First, one needs to find a quite general condition on @ € C(C) such that 
A(z) = ff Jexp(edi ~ |w)?)|16(w)ldm(w) 


is a locally bounded function. A suitable condition is the following one: 


lolz 2 [ I6(w) |? exp(—|w|2)dm(w) < too. 
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Indeed, by Schwarz’s inequality, one has 
|AG)| =f exp(Rez ~ |w)|6(w)ldm(w) 
Cc 
1/2 
< lille| f exp2Re zw — jw/?hdm(w)} 
Cc 


1/2 
= lle expe?) - ees wPydmw)| 
Cl @\icetpla? 2. 


where M is a constant, if z belongs to a compact set. 
Hence, one obtains the following result. 


Proposition 10.40. If @ € C(C) and ||¢||x < +00, then 


ee [ewew- jw?) am(w) 
nm Jc 


2—-W 


is a continuous function on C that satisfies a Ff = ¢in the weak sense; if is locally 
Lipschitz, then f € C'(C) and df = ¢ in the classical sense. 


The methods developed so far allow us to solve the equation F) f = $¢,ona 
domain U, for functions ¢ € C(U) that are integrable on U with respect to certain 
weights. However they do not work for an arbitrary function @ € C(U), without 
any integrability condition. Next this question will be discussed in its more general 
formulation, using Runge’s theorem. 


Theorem 10.41. Let U be a domain of C, bounded or not, and let tu be a measure 
of locally finite mass on U, that is, for every compact set K C U, one has |u|(K) < 
+oo. Then there exists a function f € Li,.(U) satisfying 0f = yk in the weak 
sense in U. Moreover, on every open set V C U where du = ¢dw with ¢ locally 
Lipschitz, the function f belongs to C(V), and if ¢ € C*(V), then f € C*(V), 
1<k <o, as well. 


Proof. Consider the compact sets K, C U of Lemma 1.15 and let fw, € C°(U) 
be functions with y,, = 1 on a neighborhood of K,: take g) = yy, and g, = 
Wn — Wn-1 ifn > 1, so that g, = 0 on a neighborhood of K,~—; and a. Gn = 1 
on U. Consider now the measure g,dj1 with compact support and finite mass, and 
its Cauchy integral, 


Qn(w) 
W—Z 


Clondy(2) = if ducw), 


which, as it is known, satisfies A(C(Wp dit)) = yd in the weak sense, on C. 
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Of course, C(¢,dj2) is a holomorphic function on a neighborhood of K;,—; and, 
by Theorem 10.7, there are functions f, € H(U) such that 


IC(@ndu)(z) — fu(z)| <2 fz € Ky-4. 


Now let us show that the series 


f(z) = Y)(C@ndp)(@) — fn(Z)) 


n=1 


defines the desired function f. A compact set K C U being fixed, all the terms of 
the series, for n big enough, are holomorphic functions on a neighborhood W of K 
and the series is uniformly convergent on compact sets of W. That is, for fixed K 
there is a natural number N and a neighborhood W of K such that 


N 
f= y C(@ndp) — fn(Z)) + holomorphic function on W 


n=1 
N 
= > C(@,dp) + holomorphic function on W. 
n=1 


Hence, f € Li.(U) and the same decomposition above shows that af = dwinthe 
weak sense. If di. = dm on an open set V C U, then f — C(¢) is holomorphic 
on V; therefore, any solution of 0 = @¢ has the same local regularity properties 


as C(@). 


An important difference with respect to solutions found in Theorems 10.36 and 
10.38 is that here there is no linear operator giving the solution. That is, one cannot 
assure that f depends linearly on pj. 


Corollary 10.42. The Poisson equation Au = jt has a solution u € Li,,(U) in 
the weak sense, for any measure {L of locally finite mass on U. 


Proof. Use the equality A = 409. First, with the help of Theorem 10.41 choose 
a function f € L} (U) such that df = ju. Now one must solve the equation 


loc fi = 
40u = f, which is equivalent to 4d0u = f, and this is done with the same theorem. 


O 


10.6 The Dirichlet problem for the 9 operator 


As shown above, the Cauchy—Riemann equation a f = ¢ ina domain U always 
has a solution f € L} (U), for any data @ € C(U). The general solution is then, 


loc 


f +A with h ¢ H(U). If we want to set a problem with a unique solution, it is 
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necessary to impose some additional condition to f. For example, it was shown in 
Proposition 10.19 that, in the case U = C, the Cauchy potential C(@) is the only 
solution vanishing at infinity, and in the case of the unit disc two results in this sense 
are Theorem 10.36 and Theorem 10.38. 

One possibility is to prescribe the values of f on the boundary of the domain 
and to set a problem of Dirichlet kind: given g € C(dU) and ¢ € C(U), look for 
a function f € C(U) such that f = y on OU and df = ¢ on U. The solution 
of this problem, if one exists, is unique, because if f;, f2 are two solutions, then 
Fi — f2 is holomorphic on U and vanishes on dU and so fi = fo. However, it is 
easy to convince oneself that this is a non-well posed problem that, in general, has 
no solution. The reason is that the data g, ¢ must satisfy a compatibility condition. 

From now on it will be assumed that U is a bounded domain with piecewise 
positively oriented regular boundary and also that there are solutions on U, in the 
classical sense, of the equation df = ¢. Given g € C(dU) and @ € C(U), if 
f €C!(U) satisfies f = y on dU and df = ¢ on JU, then for every function h 
holomorphic on a neighborhood of U we will have 


ie haz = | fhdz = | acrhaz) = | npaz nde. 


Consequently, in order for the Dirichlet type problem to have a solution we need 
the data ¢, ¢ to satisfy the following compatibility equation: 


i y(z)h(z)dz =) h(z)o(z)dz A dz, (10.8) 
au U 


for every function h holomorphic on a neighborhood of U. 

In the homogeneous case, ¢ = 0, the discussion is about which functions 
g € C(QU) are the boundary values of continuous functions on U and holomorphic 
on U. The necessary condition is 


i y(z)h(z)dz = 0, (10.9) 
0U 


for every function h holomorphic on a neighborhood of Ge _ 
Now, by Runge’s theorem, these functions h are uniform limits on U of rational 
functions with (simple) poles in C \ U, so that condition (10.9) is equivalent to 


is £0) 4. =0, wl. (10.10) 


It will be shown now that this condition is a sufficient one for the existence of a 
solution of this holomorphic Dirichlet problem. 


Theorem 10.43. A function g € C(QU) has a continuous extension to U, holomor- 
phic on U, if and only if the equivalent conditions (10.9) or (10.10) are satisfied. 
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Proof. We just need to prove that the conditions are sufficient. The desired function, 
Fe C(U)N AU) with Fay = ¢, must be, by the Cauchy integral formula, 


_1 ff gw) 
2ni Jay W—Z 
Using (10.10) we have to show that lim:—. F(z) = g(a), fora € dU. Every 
zEeU 
point z € U, close enough to dU, has a well-defined projection z(z) € dU, in the 
sense that z(z) is the point of dU nearest to z. That is, 


F(z) dw. 


d(z,0dU) = min{|z — w|: w € DU} = |z-—2(z)| 


and this point is unique by the regularity of JU. Denote by z* a point located on 
the exterior normal to dU at the point z(z), with a distance of d(z, JU) from z(z) 
(Figure 10.4). Then z* ¢ U and one has 


/ oy dw =0. 
aU WZ 


Figure 10.4 


Consequently, 


ie 00) ( ee ) aw 


2mi Ja w-z w-z* 


1 z—z* 
= Fat hy ea 


Consider now the kernel 


F=g" 


POO) = Hw 
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and notice the following properties: 


a) s+ fay P(z.w)dw = lifz €U, 


b) |P(z, w)| < e229 if w € aU,z EU, 


|z—w|2 
©) fay [PZ w)||dw| < c ifz € U, 


where c is a constant. 
The first one is a consequence of equalities 


1 dw if 1 dw =i 
Qni Jay WZ Qni Jay w—Zz* 
For the second one, observe that 
lz —w| < d(z, dU) + |x(z) — w| < 3|/z —w| (10.11) 


(because | (z) — w| < d(z,dU) + |z — w| < 2|z — w)), and the same holds for 
z*. Then, 


1 1 
Iz" — wl = 5 d@.aU) + [@) — wl) = se — wl, 


proving b). Property c) is a consequence of b) (Exercise 21 of Section 10.7). 
These properties are analogous to the ones of the Poisson kernel of the disc 

(Subsection 7.6.1). Now the proof follows the pattern of the solution of Dirichlet’s 

problem in the disc (indeed, F is also the solution of Dirichlet’s problem). Write 


Fe) ela) = 5 | (tw) ola) Pe, wd 


and note that, due to the continuity of y, given « > 0 there is ad > O such that 
|p(w) —y(a)| < ¢, if |w—a| < 6, w € OU. The contribution of {w: |w —a] < 5} 
to the integral above is then, in absolute value, bounded by 


E CE 
— P(z, dw < —. 
lg 


The contribution of {w: |w —a| > 6} is dominated by 


Iiplood(2.9U) dw 


2 
Ale lleo 5 (10.12) 


; |P(z, w)||dw| < 
2a S\w—al>s 


|w—a|>6 |Z — w| 
If |z —a| < 6/2 and |w —a| > 4, then |w — z| > 5/2 and the right-hand side term 
of (10.12) is less than or equal to CS~?d(z, JU) with C constant. Thus it is smaller 
than ¢ if z is close enough to the point a. O 
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If U is simply connected (that is, C \ U is connected), we know that every 
holomorphic function on a neighborhood of U is the uniform limit on U (therefore, 
on dU) of a sequence of polynomials. Then condition (10.9) becomes 


| e@ztaz =o, n=0,1,2,... 
dU 


as in the case of the disc (Subsection 7.6.1) 

To finish, the non-homogeneous Dirichlet’s type problem will be dealt with for 
the operator 0. If the data y € C(@U) and ¢ € C(U) satisfy the compatibility 
condition (10.8), choose first f = C(@), which is a continuous function on U and 
satisfies 0 f = ¢ in the weak sense. If / is holomorphic on a neighborhood of U, 
one has 


/ (y(z) — f(z))h(z)dz -| npdzndz— [ F(z)h(z)dz. 
au U aU 


Now, 


II 


i f(z)h(z)dz 
aU 


hn (= yeaalt (w )) heya 
=f ow) [2 azamw) 


22: f atone 


ss 


= hodw A dw. 
U 


As a consequence, the function g — f satisfies condition (10.9), and by Theo- 
rem 10.43 it is the value on OU of some F € C(U), F holomorphic on U. With all 
this, f + F is the solution of the non-homogeneous problem, because f + F = 9 
on 0U and o(f + F)=d0f =gonUu. 

Hence, the following result has been proved: 


Theorem 10.44. Given the functions ¢ € C(U) and g_€ C(dU), the problem 
af = onU and f = onau hasasolution f € C(U) if and only if ¢ and y 
satisfy the compatibility condition (10.8). 


Once again, if U is simply connected, it is enough to impose (10.8) to polyno- 
mials h(z) = z”,n € N, so that (10.8) is equivalent to 


/ o(e)tdz =f p(e)"d2 ade, n=0,1,2,.... 
aU U 
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Example 10.45. If 6(z) = Z and U is the unit disc D, the condition on ¢ is 


1 20 
- go(z)z"dz = [ Z2"dz \dz=2i i i r2t2oi@—9 drd6, 
aD D o Jo 


forn = 0,1,2,.... This last integral is 0 forn 4 1, and wi forn = 1. If 
ple!) = Picea oo P (k)e?*® is the Fourier series expansion of ¢, the integral in the 


left-hand side is 27ig@(—n — 1). Hence, @(—1) = 0, @(k) = 0 fork < —3 and 
P(—2) = 5, that is, 


1 _,, = 
y(e'®) = — 4 » O(k)et*?. 
k=0 


The extension f of g with df = ¢ is 


fD=5P? +> 6". Oo 
k=0 


Nile 


Unlike Dirichlet’s problem for the Laplacian, it makes no sense in general, to 
set the problem _ 
df =gonU, f =Oondu. 


This problem just has a (unique) solution if @ satisfies the condition 
/ éhdm =0, for h holomorphic on a neighborhood of U. 
U 


Instead of imposing the vanishing of the solution f on dU, it is most natural to 
look for “the smallest possible one” in the sense, for example, of minimizing the 
value of the integral 


[ ire@ria 
aU 
among all the solutions of a f = ¢. An example of a solution of this problem in 
the case of the unit disc is Theorem 10.36. 
10.7 Exercises 
1. Decide whether there can exist a sequence of polynomials (P;,) such that 


Pn(z) —> 1 if Imz > 0, Pn(x) —> 0 ifx ER, 


Pn (Z) —> —1 if Imz <0. 
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. Let 0 <a < b be fixed. For each n € N construct a polynomial P,, such 


that, for |z| <n, 


|Pn(z)| < if Imz <0or Im> 5, 


Sle 


|Pr(z)| =n if Imz=a 


holds. Use (P,) to find a sequence of polynomials converging pointwise to 
zero on C and uniformly on every compact set of C \ R, but not converging 
uniformly on any neighborhood of any point of the real axis. 


. Let f be a continuous function on the disc D(a, r),a €C,r > 0 and 


holomorphic on D(a,r). Show that f(z) is the uniform limit on D(a,r) of 
a sequence of polynomials in z — a. Prove also that if f is continuous on 
C \ D(a,r) and holomorphic on C \ D(a,r), then f(z) is the uniform limit 
on C \ D(a,r) of a sequence of polynomials in 1/(z — a). 


. Let U be a bounded domain of the plane such that dU is a finite union of 


circles. Show that every continuous function on U and holomorphic on U can 
be uniformly approximated on U by rational functions with poles outside U. 
What are the continuous functions on U that can be uniformly approximated 
on U by polynomials? 


Hint: If C(Zo, ro) is the exterior boundary of U and C(z;,7r;),i = 1,...,m, 
the other components of dU, prove that a function f under the hypotheses 
of the problem may be decomposed as f = fo + fi +-:-+ fm in sucha 
way that each /; satisfies some of the hypotheses of Exercise 3 of this section 
with respect to D(z;, ri). 


. Let U = {z: |z| < land |2z —1| > 1} and f ¢ H(U). Answer the 


following questions: 


i) Are there polynomials (P,)nzen such that P, — f uniformly on compact 
sets of U? 
ii) Are there polynomials (P,)nen such that P, > f uniformly on U? 


iii) What can be said if f is holomorphic on a neighborhood of U? 


. Let K C U, K acompact set, U an open set of C. Define 


K=Ky = {zeU: | f(z)| <supyex |f(w)| for any function f ¢ H(U)}. 
Prove the following facts: 


i) Kisa compact set, K = K and K is contained in the convex hull of K. 


10. 


11. 


12. 


13. 
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ii) K is the union of K and the connected components of U \ K that are 
relatively compact in U. 


. Let U; C Up, be two open sets of C. Show the following statements are 


equivalent: 
i) Every function f € H(U;) can be approximated by functions in H(U2), 
uniformly on compact sets of U,. 


ii) If Uy\U, = LUF with L acompact set, F closedin Uz and LO F = @, 
then one must have L = @. 


iii) For each K C U;, K compact, one has Ku, = Ku,. 
iv) For each K C U;,, K compact, one has Ku, NU, = Ku,. 
v) For each K C U;, K compact, then Ku, M Uj, is compact. 


. Construct a meromorphic function on the unit disc with simple poles and 


residue | at the points z,~4 = (1 —2™-")e aa k = 0,1,...,n — 1 and 
N= Oj Ps en 
» Show that f(@)'= oP». aS defines a meromorphic function on the 


whole plane. Find the poles of f and principal parts at each pole. Write f 
in terms of trigonometric functions. 


Prove the formula 


1 
forz Fk +75,neZ. 


Fora,b € k,a ¢ Z, b 0, compute 


(-1)" (=1)" 
ys yo 


Prove the equality 
vo B 
4(2n+1)3 32° 
Prove the ponnalas 


sin @Z nsinna 
a) = = (| "a 
sin 1Z 


COS AZ 1 2Z cosna 
b = | 1)” 
) COS IZ i ) n2 


n=1 
witha € R and a £ kz, k integer, in item a). 
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14. 


15. 


16. 


17. 


18. 


19. 
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Let U = jet U; with U, U; open sets and f; a meromorphic function 
on U; for each j = 1,2,... such that fj — fg € H(U; M Ux) for every 
couple j,k. Show that there exists a function f, meromorphic on U, such 
that f — f; ¢ H(U;) for j = 1,2,.... 


Let U = U1 U; with U, U; open sets and gjx € H(U; 1 Ux) for j,k = 
1,2,... such that the following conditions hold: 


Sik =—8kj, Sik + Sei tsi; =9 onU;NUKNY, forall j,k,] € N. 
Prove there exist functions g; ¢ H(U;) such that 


Sik = 8k —8; onU; NUK, j,k =1,2,.... 


For ¢ € C!(D) bounded on D show directly that the Cauchy integral of 
¢, C(¢)(z) = + oe dw) dw, is continuous on C, is of class C? on D and 
satisfies 9C(@) = 0 on D. 


Generalize Propositions 10.33 and 10.34 taking 
1s 2 
A(z,w) = o(—), 
l-—zw 


where ¢ is a holomorphic function on the half-plane HT = {z: Rez > 0} 


and continuous on IJ satisfying g(1) = 1. Show that under appropriate 
hypotheses on ¢ € C(D), the function 


om fo) am (w) 


1—zw 
is a solution of the equation du = ¢ on D. 


Generalize Proposition 10.40 taking H(z,w) = g(zw — |w|?) with g an 
entire function such that g(0) = 1. 


Prove the following decomposition formula, accompanying the formula of 
Proposition 10.40: if f € C!(C) and f and df satisfy appropriate conditions 
(set which ones), then one has 


fey =e fe" powrdmwy + + fe i PBL racy : 


c aconstant. What is the value of the constant c? 
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20. If f ¢ L'(D) andk € WN define 


yy 2\k-1 
Te fey == [ CoM) 


x Jp (1—zwy)kt! f(w)dm(w) for z € D. 


a) Show that for f € L1(D) M H(D) one has 


f2Z=f@, kf2=FfO, z€D. 


b) Show there is a constant c > 0 such that 


Tk f lle <¢ lf ll2 


for every function f € L?(D). 


Hint: Compute 7; f(z) with f(w) = w",n = 0,1,2,.... 
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21. Prove that property c) of the kernel P(z, w) is a consequence of b), as stated 


in the proof of Theorem 10.43. 


Chapter 11 
Zeros of holomorphic functions 


The first part of this chapter is devoted to the construction of holomorphic functions 
with prescribed zeros, either on the whole plane or on any domain. The solution 
of this problem is given by the Weierstrass factorization theorem, expressing the 
desired functions as an infinite product of elementary factors. For this reason prop- 
erties of infinite products are studied in detail, both of complex numbers and of 
functions. Also, Weierstrass’ theorem is used to interpolate a sequence of num- 
bers by an entire function. This problem can also be solved using the existence 
of solutions of a non-homogeneous Cauchy—Riemann equation, proved in Chap- 
ter 10. 

Next, the relationship between the zeros of holomorphic functions and the Pois- 
son equation is analyzed. It turns out that having a method to solve the Poisson 
equation gives a procedure to construct holomorphic functions with prescribed ze- 
ros. In the case of the unit disc, the explicit formula to solve the Poisson equation 
leads to the so-called Jensen formula. This provides a relationship between the 
distribution of the zeros of a holomorphic function on the disc and its behavior on 
the unit circle. Jensen’s formula is used to study the distribution of the zeros of an 
entire function of finite order. 

At the end of the chapter we deal with the closed ideals of the algebra of holo- 
morphic functions on a domain of the plane. The ideals of this algebra are closely 
related to the zero sets of holomorphic functions, and so their description depends 
on the results previously obtained. 


11.1 Infinite products 


The definition of a convergent infinite product given below, suggested by the one 
of convergent series, seems quite natural. 


Definition 11.1. Given a sequence (p,)°°_, of complex numbers, the infinite prod- 
uct [[~., Pn is said to converge to P anditis written [[°~., pn = P, if the sequence 
of partial products Py, = = Px converges to P, whenn — co. 

1 ntl 
2 An” 
O 


Example 11.2. [];_, (1 — 7+) = 5 because it is easy to check that Py = 


Observe that with the definition above, if there is aterm p, = 0, then the infinite 
product converges to zero. It is clear as well that if the product lj bee Pn converges 
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to P, then [[P—, |pn| converges to |P|. The convergence of []?-_, rn with r, > 0 
is clearly equivalent to the condition 


[o,2) 


—oo < Yo Log rn <0 


n=1 


and, in this case, one has 


[o.e) [o.e) 
Il GS exp )_ Login, 
n=1 n=1 


interpreting that exp(—oo) is 0. Note that we can have an infinite product | beer Pn 
with p, 4 0 for all n such that it converges and the product vanishes: this is so if 
yr, Log | pn| = —oo. For example, the product 


TC=;) 


has this property because Log (1 — +) ~ —+ and, hence, )°72., Log(1—+) = 
—oo. In this case, one may consider the partial products and it turns out that 


Since py = pt , 1t follows that if es Pn converges to P # 0, then p, —> 1, 


when n — oo. But a product can converge to zero without having p, — 1; for 
instance, this happens if py = p, for every n > 1 withO < p <1. 


A finite product [ |/,_, Pn is zero if and only if some of its factors are zero. For 
a finite product of polynomials, P(z) = [ee; Pn(Z), a number is a zero of P if 
and only if it is a zero of some of the factors p, and the multiplicity it has as a 
zero of P is the sum of its multiplicities as a zero of each p,. When studying zeros 
and multiplicities of an infinite product of functions, one would like this property 
to hold as well; for an infinite product of numbers we would like that 


18 


Pn = 0 <=> a finite number of factors are zero. (11.1) 


n=1 


ll 


In particular, in an infinite product []7°_, Pn = P we would like that p, 4 0 for 
every n > lentails P £0. 

As usual, Log denotes the principal branch of the logarithm, corresponding to 
the principal branch of the argument, —z < Argz < z. 
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Proposition 11.3. If (pn)?-_, is a sequence of complex numbers with py # 0 for 


all n, then the infinite product | eee Pn converges to P # Oif and only if the series 
yaa Log pn = S is convergent and, in this case, one has P = e®. 


Proof. It is clear that if the series pom Log p, converges to S, then le Pn 
converges to P = e°. The converse is obvious if Pn > 0, as said above, but for 
complex py a proof is needed. Let S, = ES Log px and assume e5” = P, = 
= Px converges to P # 0; we must show that the sequence S, is convergent. 
This is not true for any sequence S,, (for example, if S,, = 277i) and the additional 
information S,41 — S, = Log pn+1 — 0 when n — oo (because p, — 1) must 
be used. 
With the previous notation one has Log Py, = Sy, + 2iky for ky, € Z and 


2mi(kn+1 — kn) = Log Pai — Log Ph + Sn — Sn41 


(11.2) 
= Log Pn41 — Log Py — Log pn41. 


If P is not a negative real number, then Log P,, — Log P and, since p, — 1, the 
right-hand side term of (11.2) approaches zero when n — oo. Therefore, ky, is 
constant for n big enough and then S, = Log Py — 27ik,y is convergent. If P is 
real and negative, one can argue similarly with the branch of the logarithm given 
by 0 < argz < 2m and one gets log P, = S, + 2zil, with 1, € Z. This yields 


27i(In+1 — In) = log Pn4i — log Pn + Sn — Sn4i 
= log Pn41 — log Pn — Log pati 


and one concludes as before that S,, converges. O 


If 1 bee Pn is an infinite product with limy— oo Pn = 1, then py # Oforn > no, 
and if = Log py, converges to S, we have 


no-1l 


[oe 
[ [ pn =e% [] mn 
n=1 n 


=1 


and property (11.1) holds. In addition to this property, one also wants that infinite 
products are unconditionally convergent, that is, their character and their product 
are independent of the order of the factors. The following proposition gives a class 
of infinite products enjoying both desired properties, large enough for applications. 


Proposition 11.4. a) Let (pn)?°_, be a sequence of complex numbers such that 
liMp+oo Pn = 1 and Y\ns>no |Log Pn| < +00 for some no € IN. Then |]; Pn 
is an unconditionally convergent infinite product satisfying property (11.1). 

b) Let py: A > C,n € N, be bounded functions of a variable 1 € A, where A 
is an arbitrary set, such that py(A) — 1 uniformly on A whenn — ov, and assume 
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the series a | Log py (A| is uniformly convergent on A for some ng € IN. Then 
the infinite product 


PA) = [|] mn) 
n=1 


is uniformly convergent on A, that is, writing Py(A) = []—, Pn (A), the limit 
P(A)= im. Pr(a) 


exists uniformly on A. Moreover, property (11.1) holds, that is, P(A) = 0 if and 
only if p,(A) = 0 for a finite number of values of n. Finally, equality P(A) = 
[hes Pn, (A) also holds, uniformly on A, for any permutation k — nx of IN. 


Proof. The series )~ Log py converges, since it converges absolutely; there- 
no—l 


fore, []j—1 Pn is convergent to exp (Yonsn, Log Pn) [Tp21 Pn. The same is true 
changing the order of the terms: ahaa Pn, is convergent for any permutation 
k — nx. If some factor py is zero, both infinite products above are zero; else they 
are also equal because )°,, Log pn = > °;, Log pn,, since absolutely convergent 
series are unconditionally convergent. Now it remains to show that under the hy- 
pothesis of uniform convergence of the series )’,5,, | Log Pn(A)| on A in b), the 
equality 


n=no 


no-l 
P(A) = exp )) Log pn) [] pn), 
n>no n=1 


holds uniformly on A. Writing S,(A) = )°f_, » Log px (A), the hypothesis implies 


[Sn] < D> |Log pe(A)| < M, 


k=no 


fora constant M < +00. Now the uniform convergence of S,,, say to S, yields the 
uniform convergence of exp(S,,) to exp(S') because 


| exp(Sn(A)) — exp(S(A))| S € |Sn(A) — SA) 


’ 


c being a constant such that | exp(z1) — exp(Z2)| < ¢|Z1 — Zo] if |z1|, |z2| < M. 


The way Proposition 11.4 is used is explained in the following theorem. 


Theorem 11.5. Let U be a domain of C and f, € H(U), n = 1,2,.... As- 
sume fn(z) — 1, when n — ov, uniformly on compact sets of U and the series 
Laeaal K) | Log fn(Z)| is uniformly convergent on each compact set K C U, for 
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No(K) that may depend on K. Then the infinite product 
(oe) 
F@ = |[f® 
converges uniformly on compact sets of U, F ¢ H(U), Z(F) = U,, Z(fn) and 


m(F,z) = >> m(fa,2), forallz €U. 


n=1 


Proof. On each compact set K C U we can apply Proposition 11.4 to get that the 
infinite product converges uniformly on compact sets of U. Each partial product 
Fy, = []k=1 fe is a holomorphic function, and Theorem 9.3 gives F € H(U). 
Since the infinite product satisfies property (11.1), ZF) = Ue, Z(fn), that 
is, a pointa € U is a zero of F if and only if a is a zero of some function 
tn (for a finite number of values of n, because f,(z) — 1). Fix now a disc 
D(a.r) C U; we will have f,(z) 4 0, ifn > no and z € D(a,r) and, thus, the 
function [] no+1 Sk (Z) = G(z) is holomorphic without zeros on D(a, r). Then, 
F(z) = [Jo fn(zZ)G(z) and, clearly, 


no-l love) 
m(F,a) = Yo m( fra) = Y> m( fn). O 
n=1 n=1 


The function Log(1 + w) has a power series expansion around the origin: w — 
sw? +---;s0, |Log(1—w)| ~ |w| for |w| > 0. Using this estimate the following 
statement equivalent to Proposition 11.4 and Theorem 11.5 is obtained. 

Theorem 11.6. a) If }°°°., |1 — pn| < +00, then ||P, Pn is an unconditionally 
convergent infinite product for which property (11.1) holds. 

b) If U is a domain of C and fh € H(U), n = 1,2,..., are functions such 
that the series >, |1 — fn(z)| is uniformly convergent on compact sets of U, then 
the infinite product F(z) = ||P, fn(z) has the properties of Theorem 11.5. 


In the previous chapters we have often used the fact that the logarithmic deriva- 
tive f’/f of f € H(U) is a meromorphic function on U with simple poles at the 
zero set of f and residues given by the multiplicity of these zeros. For a finite 
product F = f,--- fy, one has 


me i 
sy 


that is, the logarithmic derivative is the sum of logarithmic derivatives. Now let us 
show that this result also holds for infinite products. 


F'’ 
FF 


i=1 
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Theorem 11.7. Let U be a domain of C, f, € H(U), n = 1,2,... such that 
yr [1 = fn(Z)| is uniformly convergent on compact sets of U, and define F(z) = 


Ten, fx(Z). Then the equality 


FQ) _ Sa AK@) 
F@)  & falz) 


holds, uniformly on compact sets of U. 


Proof. Fix acompact set K C U; the hypothesis implies that f,(z) > 1 uniformly 
on K, and so 


1 
ll— f,(z)| < ms for each z € K, n > no(K). 


Therefore, | f,(z)| => 5; for z € K, ifn > no = No(K). Hence, the terms of the 


series ae, Jn , for n big enough, are holomorphic functions on a neighborhood of K. 


Let, as ee 
no 


F(2) =|] A@G) 


n=1 


with G(z) = []p041 fn(z). We then have 
E -y4 In, 


and, thus, it is enough to prove that the equality ¢ = pe any i holds uniformly 
on K. 
Consider the partial products 


notl 


Giz) = [| A® 


no +1 


converging uniformly to G on K, when / — oo. Since G(z) # Oif z € K, there 


isa dé > Osuch that 1/5 > |G(z)| => 6 if z € K, and, by the uniform convergence, 


one has $ > |G;(z)| = & if z € K, for / big enough. On the other hand, the fact 


that G; — G’ uniformly on K and the inequalities 


oo Gi(z)|__ |Gi(z)G"(z) — G(z)G;(z)| 
G(z)_ _Gi(z) |G(z)||Gi(z)| 
glGreNiiG" (z) — G)(z)| + |G; (z)||Gi(z) — G(z)| 
(5/2)? 
<c -(|G'(z) — G)(z)| + |G(z) — G(z)|).__ c constant, 
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G; : . : 
show that G > ¢ uniformly on K, when / — oo. Finally observing that 
Gr _ yonotl Si : 
Gr = Uenot1 i> the theorem is proved. O 


11.2 The Weierstrass factorization theorem 


We want to construct an entire function with zero set some prescribed set of points 
Zn € C and given multiplicities, m, € N. The zero set A = {z,: n € N} is any 
closed set of isolated points (therefore, |Z,| — oo when n —> oo, if A is not finite) 
and the sequence of multiplicities (m,) is arbitrary. Without loss of generality, 
suppose Zy, # 0. 


Of course, if A = {z1,..., Zn} is a finite set, just take the polynomial 
N 2 \mna 
P= 1-—- — . 
@=T](1-Z) 


In general it is quite natural to consider an infinite product of the type 


[oe] 


eae 


n=1 nt 


whenever it satisfies the hypotheses of Theorem 11.6. Considering that the factor 
(1 - x) is repeated m, times, we find that the suitable condition is the convergence 


of the series 
[o-e) 
em 


n=1 


Z 
Zn 
uniformly on every disc of the plane, or equivalently 
Sm 
» 7 < +00. 
n=1 |Zn| 


For instance, the product | Ae (1 = 3) provides an entire function vanishing once 


at each point z, = n2,n = 1,2,.... In general, the previous condition does not 
hold (for example, if z,, = 1) and we need to introduce some factors A,(z), without 
zeros, correcting the infinite product so that 


[oe] 


F()=T] (1 = zy" Ane (11.3) 


n=1 ut 


is uniformly convergent on compact sets. Since the factors A, (z) cannot have zeros, 
we look for them in the form A,(z) = exp(—B,(z)). To search for the functions 
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By, observe that by Theorem 11.7 the logarithmic derivative of F will be 


F(z) _ pa mn On(2)) with On = By, 


F(z) a Z—Zy 


Accordingly, the functions 0, = B/, should be correction terms, so that the previous 
series represents a meromorphic function with simple poles at the points z, and 
residues My. 

This observation establishes a link with Mittag-Leffler’s theorem. In the proof 
of Theorem 10.9, it has been shown that the most natural choice of correction terms 
Q,, is to take a partial sum of the expansion of =e in power series on the disc 


Z 


D(0, |Zn|). So they will be written as 
An zk 
On(2) = —1n D) - 
k=0 7” 
Notice now that equality Q, = B/, holds taking 
An+1 k 
1/z 
k=1 
Therefore, define 
An+1 1 5 k 
An(z) = exp {mn p» -(=) 


and look for conditions that numbers 1, should satisfy so that the hypotheses of 
Theorem 11.5 hold. Write p, = 1 + A, and define 


P 
E,(z) = (1 —z)exp >) ; 


k= 


= 


which are the so-called Weierstrass elementary factors. So 
= ZN en = Zz 
F(z) = 1——) A,(z2)= ze), 
@)=[] (1-5) “ane = T] enn (S 


Now we need an estimate of | Log E,(z)|. Except for an integer multiple of 277, 
one has 


P zk oO zk 
Log E,(z) = Log(1 — z) 4 ba Eo > rs if |z| < 1. 
k=1 k=p+1 
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If |z| < 4 the quantity above is bounded in absolute value by 


ee pt1 
eee yy eS BEM hy |zjPt! < 272. 
ie a are p+11-|z| pt+l 


Given r > 0, assuming |z| < r and considering only points z, with |z,| > 2r, we 


have ey 
>» ¥ Pn 
"\Zn Pot+1 [Zn | 


n>no(r) |Zn|=2r 


for some 19(r) depending on r. Thus we have proved the following result in which 


the series 
Mn r Pnt+1 
( ) (11.4) 
Pn + 1\{|Znl 


|Zn|=2r 


has a main role. 


Theorem 11.8 (Weierstrass). If the series (11.4) converges for all r > 0, then the 
infinite product Se Ee ( 2) defines an entire function vanishing exactly at the 


Pn 


points Z, € C with quliplictes Mn € N. 
There is always a suitable choice of Pn € IN, for example py = nmy. One can 
take Py = p, independently of n, if 


as Pasa 


Example 11.9. Take z, = n and my, = 1 forn € Z. The simplest entire function 
vanishing at integer points with multiplicity 1 is 


F(z)=z I] Cee 


n#0 


which will be computed explicitly next. At the same points, if one wants now 
My = |n|, one needs to take p = 2 to obtain 


reo=TII{(-J)oo(E+36))] 
“T(- a (5) 


an entire function with F(0) = 1 and a zero of order |n| at each point n € Z, 
n #0. O 
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In the same way that Mittag-Leffler’s theorem implies a result about the decom- 
position of a meromorphic function into simple functions, Weierstrass’ theorem 
leads to the factorization of an entire function. 


Theorem 11.10. Every entire function with a zero of multiplicity k at the origin 
and zeros of multiplicity my, > 0 at the points z, € C can be factorized as 


F(z) = z* I Ene (= -) exp ete), 


where the numbers pn € IN make the series (11.4) convergent for each r > 0, and 
g is an entire function. 


By means of the logarithmic derivative one can obtain factorization of several 
entire functions from the examples of Subsection 10.3.1. 


Example 11.11. Consider the function F(z) = sin wz that has simple zeros at the 
integer points. Since >> + < +00, one can take py, = 1 in Theorem 11.10 to 


obtain 
ie _ 2 \ezin 
sinaz =Z I] (1 =e exp g(z). 
n#40 
Taking the logarithmic derivative and using the expansion of 2 cot zz of Exam- 
ple 10.13, we get g’(z) = 0 and so g is constant. Since lim,_,9 "22 = m, we 


must have e& 2) = 7, and so 
sin Zz = 1Z I] (1 — =) el 
. : 
n#0 
Also gathering the terms in and —n, 


[o.) 72 
sinnz = xz] (1-5). O 
n 


n=1 


Example 11.12. The simplest entire function vanishing at the negative integers is 


[oe] 


F()=T] (1 m eo 


n=1 
Comparing with the example above yields 


BO en ee 


The function F(z — 1) vanishes at the negative integers and also at zero, so that 


F(z—1) = zF(z)expg(z), 
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for some entire function g. Taking logarithmic derivative, one has 


[o,e) [oe] 


Se Oe 


n=1 n=1 


which implies g’(z) = 0 and, therefore, g is a constant that will be called y. Thus, 
F(z —1) = zF(z)e” and the function H(z) = F(z)e”’ satisfies H(z — 1) = 
ZH(z). Setting z = 1 in F(z — 1) = zF(z)e” one obtains 


[oe] 


1 1 
1 = F(0) =e” a —lean 
(0) =e’F(1), e IT(1+5)e 
n=1 
which means ; ; 
y = lim (1 tfo-+---4 Log). 
n->0o 2 n 
This constant y is called Euler’s constant. The function F(z) = HG) is mero- 
morphic on C with simple poles at points 0,—1,—2,..., satisfying the equation 


T(z+1) = zI(z) and [(1) = 1. In particular, one has P(n) = (n— 1)! ifn € N. 
From the equality 
ev? 


r@=— [1 (i+ 2) e 
n=1 


we get 


T(Z)rd—-z)= ae 


and, taking z = ri) = ./x. Hence, one has 


1 
2? 
n 
e v2 zZ\-l1 , 
T(z) = ~~ lim (1 -) ek 
( ) Zz lim |] sd k 
k=1 
! Zyl 
n! see n?n! 


Or ae os li = ii 5 
noo z(z +1)" (Z +n) n-+00 2(z + 1) (z +N) 


The function I" is called Euler’s T function. At points z €¢ C with Rez > 0 we 
claim that 


re)= | err sl dt. 
0 


To see this, let G(z) denote the function defined by the integral above. Integrating 
by parts one may easily check that G also satisfies the equation G(z + 1) = zG(z). 
To show G(z) = I'(z) if Rez > 0, it is enough to prove, for z = s,0 < s < 1, the 
equality 
. G(s)s(s + 1)---(s +20) . Gis+n+1) 
lim = lim ———— = 


n—>oo nin! n—>oo n> n! 


1 O<s<l. 
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From the definition of G and breaking the integral into two pieces, from 0 to n and 
from n to +00, it turns out that 


CO n CO 

G(s +n+1) = ogi S nf t"e ‘dt +n f ee dk 
0 0 n 

n +00 

er tak +n° | Ve at. 


n 


Go+n+ zn | 


0 


Integrating by parts, one has f° 1? tle~tdt = n"*1e™ + f°(n + 1)t"e ‘dt and 
fo rte tdt =—n™*1e™ + fon + Dt"e*, which lead to 


[o,e) 


co 
Go+n+ien f Peder ar a fe ai, 
0 n 


[oe] n 


Pot dtee tn on a) te ‘dt. 
0 


Go+n+ nen f 


0 


These inequalities show the equivalence G(s +n + 1) ~ n* n! is true for n > ov, 
as claimed. O 


Example 11.13. Now an entire function will be constructed with simple zeros at 
points zx; € C of integer coordinates, zx; = k + li, k,l € Z. We are inter- 
: : 1 . : 
ested in finding a number p € WN such that ey imglett < +oo; according to 


Example 10.16, we may choose p = 2. Therefore, let us consider 


Zz Zz 1 Zz 2 
= a 
a) TT ( ar) leon >(—7) 


called Weierstrass’ o function. The logarithmic derivative of o is 


o/(z) 1 ( 1 1 2 ) 
o(z) eth m0) EE REGS 


that has a simple pole at each point z,;, k,/ € Z. O 


Next Weierstrass’ theorem for an arbitrary domain will be proved; in fact, the 
statement below prescribes poles as well as zeros. 


Theorem 11.14. Let U be a domain of C*, U # C%*, let A = {zn:n € N} bea 
discrete and closed subset of U, and let (my) a sequence of integers, my, # 0. Then 
there exists a function f meromorphic on U and a neighborhood V,, of Zn, so that 


f(z) = (2-2) "" en(Z), 2 E Va 


holds with gn holomorphic on Vy and gn(Zn) 4 O (hence, if my > 0, f has a 
zero of order my at the point Z, and if my, < 0, f has a pole of order |m,| at the 
point Zn). 
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Proof. Writing A = A, U A so that points z, € A, correspond to m, > 0, and 
points Zz, € Az, to my, < O, it is enough to consider the case m, > O for all n 
(because if f; has zeros of multiplicity m, at points of A, and f2 has zeros of 
multiplicity —m, at points of Az then f = i works). Applying, if necessary, a 
linear transformation we can assume oo € U but co ¢ A, so that C* \ U isa 
compact set of C; finally, we can also assume that A is infinite. For each point z,, 
let w, € C* \ U be such that d (z,,C* \ U) = |Z, — wy|. Since A cannot have 
accumulation points in U, we must have lim, |Z, — wy,| = 0. Now we mimic the 
proof of Theorem 11.8 with py, = nm, and write 


Z—Wnh Z— Wy 


f= I Ep, (2 = “n\n = I fulzy™ with fa(z) = Ep, (# = “*), 


Each factor f, is holomorphic on U, so we need to check that hypotheses of 
Theorem 11.5 are satisfied. If K is a compact set of U, there is an integer no(K) 

| < 4S, if z € K andn > no(K). 
Just before the statement of theorem 11.8 it has been shown that | Log E,(z)| is 


dominated by pit |z|?*! when |z| < 4, and so we obtain 


»., my| Log fn(z)| < > -(5] < +00. 


n>no(K) n>no(K) 


such that |Z — w,| > 2|Z, — w,y| or, 


L 


Corollary 11.15. Every meromorphic function on a domain U of the plane is the 
quotient of two holomorphic functions on U. 


Proof. Let f be meromorphic on U with poles z, of order m, and let F' be holo- 
morphic with zeros of multiplicities m, at the same points z,; then g = fF has 
only removable singularities; therefore, g € H(U) and f = . O 


Corollary 11.16. For each domain U there is a function f holomorphic on U that 
cannot be analytically continued to any point of the boundary of U, that is to say 
f cannot extend to a holomorphic function on U' if U’ is any domain containing 
U strictly. 


Proof. Consider a discrete and closed set A C U such that every point of dU is 
an accumulation point of A. For example, A may be constructed in the following 
way: let (Zn )°2., be a sequence containing the points of U with rational coordinates 
and put r, = d (zn,C \ U). Let Ky be an increasing sequence of compact sets 
with LI Ky, = U asin Lemma 1.15. For each n let wy, ¢ Kn, Wn € U, such that 
Zn — Wn| < ry and Wy # Wy ifn A m. Since wy ¢ Ky, A = (Wn: n € N} is 
discrete. If a ¢ dU and « > 0 there is a point z, with |a — z,| < 5; therefore, 
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Tm < 5 and |a — wal < |a— Zn| + |2n — Wal < 5 +1n X &. Thus, every point 
a € 0U is an accumulation point of A. 

Now take as f a function vanishing exactly at the points of A. We claim that 
there is no disc D(a, €) centered at a point a € 0U such that f extends analytically 
to a function g ¢ H(D(a,«)). Indeed, in this case, the zeros of g would have an 
accumulation point in D(a, €), hence g = 0 and, therefore, f = 0. O 


11.3 Interpolation by entire functions 


If z1,...,Z» are different points of C and a1,...,d, are arbitrary complex values, 
there is a unique polynomial P of degree less than or equal to n — 1 such that 
P(zj) = aj, 1 < j <n. Observe that this fact imposes n conditions on the 
polynomial, while the space of polynomials of degree less than or equal to n — 1 
has dimension precisely n. This statement may be proved writing 


P(z) = cy $eoz$++++en2" | 


and imposing the conditions 


— ; MAS : 
P(zj) = ¢1 + ¢€22; +++ nz} =4;, l<j<n. 
The matrix of this linear system in the unknowns cj, C2,..., C, has Vandermonde’s 
determinant 
2 n-1 
1 Zz) Zy ... 24 
1 z z2 zn-l 
2 2 
det = [ (zi -— 2;) #0. 
i<j 
2 n-1 
LZ Bye ee Ze 


Therefore, there is a unique solution for all data. The polynomial P is called the 
Lagrange interpolating polynomial. To exhibit P it is not necessary to solve the 
above system. Setting Q(z) = (2 — 21)(z — 22)... (Z — Zn), one has 


Q(z) 
a= ee O' (zi )\(z — Zi) 


Indeed the polynomials QO;(z) = PEER ICH = OGY Hei — z;) satisfy 


Q;(z;) = 4;;, their degree is less than or equal to n — 1 and, therefore, 


P(2j)) = > ai Qi) = > aidiy = gy. 


i=l i=1 
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Now we want to solve the same problem but with infinitely many points (Zp )?°_,, 


with no finite accumulation point. The data are arbitrary complex values (an )?°_, 
and we look for an entire function f (“polynomial of infinite degree”) such that 
Ff (Zn) = an, forn > 1. Let F be an entire function with a simple zero at each one 
of the points z,: F(zy,) = 0, F’(Zn) 4 0. Then the functions 


1 F(z) 
F' (Zn) (Z — Zn) 


are entire and Fn (Zm) = dn,m. If the series 


an F(z) 
f() = Yi aFals) = a 


converges uniformly on compact sets, as it happens when 


Fy(zZ) = 


[oe] 


> lan| Bini 
T ’ 
vat IF’ (Zn)||Zn| 


then f will be a solution of the problem. 


Example 11.17. Consider the interpolation problem f(n) = ay, n € Z. The 
most simple entire function F vanishing at integer points is F(z) = sin wz, with 
F’(n) = mcosan = x(—1)”. Hence, if the series 


a@) = ep 


neZ 


converges uniformly on compact sets (in the usual sense, after canceling a finite 
number of terms for z in a fixed compact set), then the function iF (z)h(z) solves 
the interpolation problem. The uniform convergence on compact sets of the series 
defining the function h holds if 


By Hdlder’s inequality, if o + ; = |, one has 


led (h(i) 


Since ee _,n ? converges if p > 1, it is enough to impose )° |ay|% < +00 
for some value of g, 1 < gq < oo. Observe that the series that defines h may 
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be uniformly convergent on compact sets without being absolutely convergent. In 
Example 10.13 it was shown that the series }> ee 


ne€Z z—n 
on compact sets, with sum a 


A 1 = 2z 
= | 1 a 3 
sinaz Zz dU ) z2—n2 


n=1 


is uniformly convergent 


Thus another way to ensure the uniform convergence on compact sets of the series 
defining h is imposing the condition )°,, <7 |an —Gn+1| < +00, according to Abel’s 
criterion (Theorem 2.14). 

Ultimately, then, in the vector space of all sequences (dy)nez that satisfy 
Menez lanl? < +00, 1 < q < +00, as well as in the one of all sequences with 
>), [dn — Gn+1| < +00, the operator 

1. a 
(Gn)nez > —sinz ))(-1)"—*— 
Ae me z—n 
n 


is an interpolating linear operator. O 


The convergence condition stated just before Example 11.17 does not hold in 
general, and therefore we need to modify the definition of the function f. Suppose, 
without loss of generality, that z, 4 0 forall” and F is like in Weierstrass’ theorem: 


F(e) = I E», (=) 


with 
aa pen 
n=l PalzZnl 
Then writing 
[o,e) 
an F(z) (z\% 
f@) = (=). 
dX F'(Zn) Z— Zn \Zn 


with q, suitable natural numbers, we will have a solution of the interpolation prob- 
lem. We need to choose g, such that 


lo.) 
lan| yas 

yy <+oo forallr>0 (11.5) 

n=1 


F'(Zn)| |Zn|¢7! 


and, to this end, it suffices to take gy /7 +00 satisfying 


1 
lan| I ae 
(ae Tznl ss C, C constant. 


Summarizing, one has the following result. 
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Theorem 11.18. If {z,: » © WN} is a closed and discrete set of C, that is, 
limy |Zn| = +00, and (an)°2_, is any sequence of complex numbers, then there 
is an entire function f such that 


Qj =a. fora —1,23454 


Example 11.19. In the interpolation problem f(n) = a,,n € Z, of Example 11.17 
where F(z) = sin zz, the condition that exponents g, must satisfy so that (11.5) 
holds is 

lan| 


By <cC?%, C constant. 
n 


If the sequence (dy )nez is bounded or, more generally, |a,| = O(|n|) when |n| > 
+oo, we may take any sequence g, /”7 +00, for instance, gy = |n|. Hence, 


(4n)nez +> ~ sin xz >> —* (—1)"an Gy" 


Z—-N nN 
neZ 


is an interpolating linear operator on the space of bounded sequences. In general, 
the choice of the sequence (q,) will depend on (a,) and one cannot exhibit an 
interpolating linear operator acting on all sequences. O 


We will show now that Theorem 11.18 may be improved prescribing also, at 
each point Z,, a finite number of derivatives. That is to say, suppose for eachn > 1, 
anumber ky, € WN and arbitrary values a, ie, Beets akn € C are given and one wants 
to find an entire function f such that 


f (Zn) ee fori =0,...,kn, n> 1. 


This problem can be solved combining Weierstrass’ theorem with Mittag-Leffler’s 
theorem. However, a different method based on the existence of solutions of the 
inhomogeneous Cauchy—Riemann equation will be used. This is a useful method to 
solve interpolation problems in other contexts. The idea is to solve first the problem 
with a function ¢ € C®(C) having small ap on the neighborhood of z,, and after 
that to correct the solution to get a holomorphic function. Consider the polynomials 


kn 1 
a ; 
dn(z) = Da — Zn)! 
i=0 
with 6 (z,) = ai, i =0,1,...,ky. Ife, > 0 are small enough numbers so that 


the discs D(Zy, €n) are pairwise disjoint, consider 


o(2) = Yoce(= 2) 
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where x is an even C®™ function on R with compact support contained on [—1, 1], 
with x(t) = 1 if |t| < 5. Then ¢ € C™(C) and (z) = ¢y(Z) on the disc 
D(Zn.€n/2); therefore, 6 (z,) = a‘. Let F be an entire function with zeros 
of multiplicity k, at the points z,. Let us look now for the solution f of the 
interpolation problem, under the form 


f=¢+uF 


with u to be determined; since we want f to be entire, that is, a f = 0, we must 
have 2 
Se : Z ap 

0=d0f =0¢+ Fou or du=——. 
Since @ = ¢y on D(Zn, €/2), one has ap = 0 on this disc and, therefore, ae is 
a well-defined C® function on C. Theorem 10.41 asserts that, indeed, there is a 
function u € C*(C) satisfying du = ee and consequently f is a solution of 
the problem. 


11.4 Zeros of holomorphic functions and the Poisson 
equation 


This section is devoted to establishing a link between two apparently independent 
topics. On the one hand, it is known (Corollary 10.42) that on each domain U Cc C 
the Poisson equation 

Au = p, 


where ju is a measure of locally finite mass in U, has a solution u € Li,,(U) in the 
weak sense; that is, for every function g € C2°(U), the equality 


[ vaca = | od 
U U 


holds. On the other hand, for every closed and discrete set {z,: n € NN} of U and 
every sequence of multiplicities (m,) there is a function f € H(U) with a zero of 
multiplicity m, at the point Z,, for each n. 


Proposition 11.20. Let f be a holomorphic function on the domain U, f 4 0 and 
let Z(f) = {Zn: n € WN} be the zero set of f (finite or countable) and (my) the 
sequence of the respective multiplicities. Then, the function u = Log | f | is locally 
integrable on U and one has, in the weak sense, 


Au = 2n Yo iind8zy: 


n 


where 5,,, is the measure with mass | at the point Z, (Dirac’s delta at the point Zy). 
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Observe that ~ = }°,, my6z,, is a measure of locally finite mass because each 
compact set of U contains only a finite number of points Z,. 


Proof. Fix a compact set K C U. Then z, ¢ K forn > no(K). So ina 
neighborhood V of K, we may write 


no 


f(2) = | [@-2)"*s() 
k=1 
with g holomorphic on U and g(z) # Oif z € V, and so 


no 


Log| f(z)| = } > my Log |z — zx| + Log |g(z) 
k=1 


, Ze. 


The function Log |g(z)| is harmonic on V (Corollary 4.31) and, thus, it is locally 
integrable. By Lemma 7.11 each function Log |z — z,| is also integrable on K and, 
consequently, /, | Log( f(z)|dm(z) < +00. 

Theorem 7.42 states that A Log |z — zg| = 27r6,, in the weak sense, whence 


no no 
A Log | f(z)| = So my2m8z, + ALog|g| = 2a Yo mdz 
k=1 k=1 
on V. O 


The interesting point in the proposition above is that the converse is also true, 
whenever the domain U is simply connected. 


Theorem 11.21. Let U be a simply connected domain, {Znj:n € IN} a closed and 
discrete set in U, (mn) a sequence of multiplicities, and consider the measure [L 
of locally finite mass, 4 = )~,, Mn5z,. Then every solution u € Li,.(U) of the 
Poisson equation Au = 214 may be written as u = Log | f |, with f holomorphic 
on U, vanishing exactly at the points Zy, with multiplicity my. 


Proof. Let u be a solution of Au = 2. By Weierstrass’ theorem, there is 
a function g € H(U) vanishing at points z, with multiplicities m, and, thus, 
A Log |g| = 2, by Proposition 11.20. Hence, 


A(u — Log |g|) = 0. 


By Weyl’s lemma, u—Log |g| is aharmonic function on U. If U is simply connected, 
according to Theorem 6.22 there is a function h € H(U), without zeros, such that 
u — Log|g| = Log |h|. Then one has u = Log|/f| with f = gh and f has the 
same zeros and multiplicities as g. O 
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Hence, in a simply connected domain, there is a one-to-one correspondence 
between solutions of the Poisson equation Au = 27 and holomorphic functions 
with “encoded zeros” by the measure fz. So every method for constructing holo- 
morphic functions with prescribed zeros and multiplicities leads to a way of solving 
the Poisson equation, and conversely. 

To justify what has been said above, apply Weierstrass’ theorem, according to 
which the function 


r= Fler(2)-Fi0-2)"=9 SHS) 


vanishes at points (z,) with multiplicities (m,), whenever 
yy < too 
n IZn [pat 


Rewrite everything — conclusion and hypothesis — in terms of Log|f| and the 
measure }l = ©, ™n6z,. We have 


[o,2) 


P k 
1 Z 
Log| f(2)| = Yom {Log|1- =| + > -Re(=) b= f xp. wyducw) 
n=1 oe a Zn Cc 
with > 
] k 
Kp(z,w) = Log || | ! > R(=) , peN. (11.6) 


Moreover, we can also write 


My 1 
ef ete, 
EPH ke foe 


The following result states the above conclusion for an arbitrary measure. 


Theorem 11.22. Let 2 be a measure on C of locally finite mass, vanishing on a 
neighborhood of the origin, with f,|w\|-?~'d|u|(w) < +00, for some p € N. 
Then the integral 


u(e) =f Kp(2.w)dutw). 


with the kernel Kp(z, w) given by (11.6), defines a function u € L}.(C) such that 
Au = 2rp in the weak sense. 


Proof. The identity 


P k k 
Zz 1/2Zz 1/2Zz . 
Log (1 =) +) -(=) =-) eae if |w| > |z], 


k=1 pt+l 
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implies, taking real parts, 


1 o~<s |2|* 1 iz} \?t? 4 
KGW s— = = (ZY ae. 
pt+1 |w| 


Consequently, one has 


pt+l1 
|Kp(z,w)| < - (=) if |w| > 2|z|. 
Pp w 


For r > 0 fixed, decompose the function u, on the disc D(0, r), into three parts: 


u(z)= f ; Ky(z,w)du(w) + f K,(z, w)du(w) 


w|>2r 


II 


/ Log |z — wldu(w) 
|w|<2r 


" I... (Lost ‘ 3 ~Re (:)') dyu(w) 


+f <a, Kole what) 


=u, +uU2+ 43. 


The integral defining wz is, in fact, extended to {w: ¢ < |w| < 2r}, e > 0, by 
the hypothesis on jz; the integrand is a harmonic function in z and bounded in w 
and, therefore, v2 is a harmonic function (jz has finite mass by hypothesis). On the 
domain {w: |w| > 2r > 2|z|} it has been shown that |K,(z, w)| = O(jw|-?~") 
and Kp(z, w) is harmonic for w € C\ {z}; as a consequence, 1/3 is also well defined 
and harmonic. Finally, u; is 27 times the logarithmic potential of j4)p(o,2r) and, 
by Theorem 7.42, Au = 27 on D(0, 2r). Since r > 0 is arbitrary, we conclude 
that Au = 27. O 


In the opposite direction, a method for solving the Poisson equation leads to 
a procedure to construct holomorphic functions with prescribed zeros. This will 
be shown, for a bounded simply connected domain, in Section 11.6. Since these 
domains are conformally equivalent to the unit disc, it will suffice to consider this 
particular domain. 


11.5. Jensen’s formula 481 
11.5 Jensen’s formula 


Formula (7.32) in Section 7.8 allows to solve the non-homogeneous Dirichlet prob- 
lem on a disc D(0, R). For u € C?(D(0, R)) one has 


2_),/2 
u(z) = al AOE aaa 
27R C(0,R) |w — z|2 (11.7) 


|w—z|R 
= g -———— Au(w)dm(w). 
Qn D(0,R) | R2 = wz| 


If f is holomorphic on a neighborhood of D(0, R), we will apply this formula 
to the function wu = Log|f(z)|. Especially interesting is the case in which f 
has zeros; then u = Log| f(z)| does not belong to C?(D(0, R)), however, it will 
be shown that the formula obtained by formally replacing u(z) with Log | f(z)| is 
correct. Since A Log | f(z)| = 27 ye 1Mn6z,, on es R), where Z1,..., ZN are 
the zeros of f in this disc with multiplicities m,,...,m™y (the number of zeros of 
f in D(O, R) is finite because f is holomorphic on a neighborhood of D(0, R)), 
formula (11.7) gives 


R? —|z |? 


Log | fl = = f cy nu LeSlfeniidstw) 


(11.8) 


[zi — lle 
eon a |z| < R. 
i=1 


In order to justify this formula, we first need to show that the function Log | f| is 
integrable on the circle C(0, R). If f has no zeros there, it is clear; if f(a) = 0 
with |a| = R and m is the multiplicity of a as a zero of f, then | f(w)| ~ |w—a|” 
and, therefore, Log | f(w)| ~ m Log |w —a|. Now, 


& 
} |Log |t||dt<+o00, ife>0, 
—é 

so that Log | f'| is integrable on C(0, R). 

To prove (11.8), observe that if z is one of the zeros Z;,22,...,Zy of f, then 
both terms in (11.8) are —oo. The interesting case is, then, when z # Z1,...,ZyN. 
Whether f has zeros in C(0, R) or not, there is always a 56 > 0 such that f has 
no zeros in {w: R—6 < |w| < R}. Consider the domain U = D(0, R—«) \ 
[ oe D(zj,e)UD(z, e)|, with e > 0 small enough, and apply the second Green’s 
identity (7.6) to U, taking u = Log| f(w)| (which is of class C? on U) and for v, 
Green’s function of D(0, R) with - at z, that is, 


give z|R 
Pees wz| 


v(w) = 
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2x12: Bx : 
a ae if |w| = R, which is the Poisson kernel of D(0, R). 


Both uw and v are harmonic on U and of class C? on U. One has, therefore, 


Joron-o 5H 3H) = Loe (aR aI 
C(0,R—-e) \ ON oN C(z,e) \ ON aN 


+f (uo v2 Jase. 
i=l C(z;,€) oN aN 


Since v(w) = Oif |w| = R, the limit of the left-hand side term, when ¢ — 0, is 


dv 1 —|z|? 
u—-ds(w —— Lo w 
= aN ve 2aR R) BlF( — 2/7 


Recall that 2% = 
aN 


ds(w). 


In order to deal with the limit of the first term in the right when ¢ — 0, observe 
that v is the difference of 5 Log |w — z| and a function without a pole at the point 
z, and u is regular. Then arguing as in the proof of Theorem 7.13 we get 


lim («= — 0») do(w = u(z) = Log|f(z)|. 
&>0 JC(z,e) aN aN 

Finally, for the last term we proceed in the same way, but interchanging the 
roles of wu and v. On the neighborhood of z;, v is regular and u is the difference of 
m; Log |z — z;| and a regular function. 

This yields 


0 
lim (« ype — vo) ds(w 
€>0 JC(z;,€) aN oN 


. ou 
= — lim v—sds(w) 
&>0 JC(z;,2) ON 


0 
= — lim v— (m; Log |z — z;|) ds(w) 
&>0 JC(z;,€) N 
|Z; —2|R 


= —27 mjv (zi) = —-MNj Log |R2 — 22] 
at 


Setting z = 0 in formula (11.8) we obtain the following result. 


Theorem 11.23 (Jensen’s formula). Let f be a holomorphic function on a neigh- 
borhood of the disc D(0, R), f(0) 4 0, and z,,...,2Zn the zeros of f in D(O, R) 
with multiplicities m,,...,my. Then one has 


1 20 ; N 
Log | f(0)| = =f Log | f(Re’’)|dt + Yomi Log Fil 


i=1 
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If f has a zero of multiplicity & at the origin, we can apply Theorem 11.23 to 
the function g(z) = @. which satisfies g(0) = Zo. to obtain 


(0 1 Qn ; ad 
Log o -=| Log |/(Re")|dt — k Log R + Ym: Log Ht 
0 


2m : 
i=1 
Example 11.24. Jensen’s formula with f(z) = z — a, |a| < 1,w # 0, gives 
1 20 . 
=| Log |e’? — a|dt = Log | f(0)| — Log |a| = 0. 
20 0 


Ifa = 0, trivially the integral is zero. Hence, if P is a polynomial with all its zeros 
inside the unit disc, the following holds: 


20 . 
/ Log |P(e"’)|dt = 0. O 
0 


Another interesting consequence of formula (11.8) comes from the fact that all 
the terms of the sum are negative (every Green’s function is negative). 


Corollary 11.25. If f is a holomorphic function on a neighborhood of the 
disc D(0, R), then the function Log | f (z)| is subharmonic on D(0, R), in the sense 
that 

20 R2 a [z/* 


pa Romp Loels(Redldt, lel < R. 


1 
Log|f@1 <5 | 


Assume f has no zeros on the circle C(0, R); then formula (11.8) shows that 
the values of | f| on this circle and the zeros of f determine | f(z)| for z € D(0, R). 
Now, it is known that every holomorphic function f is determined by | f'|, up to a 
constant with modulus 1; therefore, it seems natural to try to obtain the values of 
F(Z) ina straightforward manner. To this end consider the function 


(2) = FO) ne our 


which does not vanish and satisfies |g(z)| = | f(z)| if |zZ| = R. The function 
Log |g| is harmonic on a neighborhood of D(0, R) and (11.8) is written as 


I sar | 0, |z—wl? 


Log |g(z)| = 
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expressing Log |g| as the Poisson transform of its boundary values. Consider now 
the holomorphic function 


u ~ds(w) 


1 
h(z) = —, , Los le(w)| 


27R C(0,R W 


1 20 Ret +z . 
= : L Re')|dt. 
| r= og |g(Re"’)| 


If |w| = R, one has 


wt+z Re(wt+z)(w—Z) R*—|z/? 
Re = a ; 
w-Zz |w — z|? |w — z|? 


This means that the real part of h is Log |g| and, consequently, h(z) differs from a 
branch of log g(z) by an imaginary constant: 


1 20 R it ; 
log g(z) = ; / _ ue Log|f(Re"’)|dt tia, aeR. 
Jo Rei —z 


Hence, the following result has been proved. 


Theorem 11.26. Let f be a holomorphic function on a neighborhood of the disc 
D(O, R), without zeros in C(0, R). Then 


N —7,\yNi 20 it ; 
f2=Cc{I ak exp {5 | as == Log| /(Re! dr} 


pe (R2 — 2,2z)™i Reit—z 


where zj,i = 1,...,.N, are the zeros of f in D(O, R), mj, i = 1,..., N, their 
multiplicities and C a constant with |C| = 1. 


11.6 Growth of a holomorphic function and distribution of 
the zeros. The Blaschke condition 


As shown in Section 11.5, Jensen’s formula is a consequence of the equation 
ALog|f| = 27, with w = >°,,mn5z,,, satisfied by a holomorphic function 
f with zeros z, of multiplicities m, and, in fact, it establishes a quantitative link 
between | f| and ju. 

An interesting example in which this link is explicit appears when dealing with 
bounded holomorphic functions on the unit disc D. If f is bounded and holomorphic 
on D, with zeros z, of multiplicities m,, Jensen’s formula yields 


R 
3 my, Log — <C, for R <1, 


0<|Zn|<R [Zn 
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with C a constant independent from R. This means 


1 
> my, Log — <C, 
IZn| 


Zn#0 


which is equivalent to 


demn(l — |znl) < +00. 
n 


This condition is called Blaschke’s condition. Hence, if f is holomorphic and 
bounded on the unit disc or, more generally, if f ¢ H(D), f ¥ 0 and there is a 
constant C > 0 such that 


2a 
i; Log| f(Re")|dt <C, 0<R<1, 
0 


then the zeros of f satisfy the Blaschke condition. 
As seen above, Jensen’s formula is (11.7) for z = 0, 


: 1 |w| 
u(0) = =| u(Re'')dt + =| Log —Au(w)dm(w), 
20 0 20 D(0,R) R 
applied to u = Log|f|. For a function u € C?(D) with Au > 0 (or, more 
generally, with Au = j, in the weak sense, where ju is a positive measure), the 
condition 


20 . 
supe u(Re'')dt < +00, 
0 


that holds in particular if u is bounded, implies the Blaschke condition, written now 
as 


1 
1 Log —Au(w)dm(w) < +00. 
D |w| 


So this is a condition related to the Laplace equation, which can be formulated in 
any dimension. For example, on the unit ball B of R”, if w € C?(B) with Au > 0 
satisfies 


suppres fm Ry do(y) < +00, 


the Blaschke condition is 
[o — |x|)Au(x)dV(x) < +00. 
B 


Proposition 7.52 shows that the potential 


1 Z—W 
u(z) = ae f oe| | du(w) 


WZ 
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is well defined when jy is a positive measure satisfying the Blaschke condition 
fo —|w|?)du(w) < +00. 
D 


Then u is integrable on D and Au = jz inthe weak sense. Taking 4 = 27 9° my6z,,, 
the condition f,(1 —|w|?)dy(w) = 22 Y*,, mn(1 — |Zn|?) < +00 is the Blaschke 
condition for the points z, and the integers m,, and then uv must be of the form 
Log | f(z)| with f € H(D) vanishing at points z, with multiplicities m,. Moreover 
since u < 0, f will be bounded by 1. Since now 


1—ZyZ 


u(z) = > Mn Log 
n 
it is natural to consider the infinite product 


Tl (2 Zz =2n yr 
1— ZZ 


n 


with |A,| = 1 as a candidate for f(z). The choice of the 2, will be such that the 
series )in>no(r) my| Log (np) converges uniformly on each disc D(0,r), 
0 <r <1, or, equivalently, that 


Dm 


converges uniformly on each compact disc D(0,r). For |1 — ZnZ —AnZ + AnZn| to 
be dominated by 1 —|z,|, if Z, = ry Wy with |w,| = 1, rp = |Z,| A 0, the quantity 


—Zn 


Angas 


1 —PrpWnZ —AnZ +AnTnaWn 


must vanish when r, = 1, that is, Oe soul have 1 — Wyz —AnzZ + AnWyn = 0. 
Therefore, let us take A, = —Wy = a ot 1 if Zz, 4 0. With this choice, one has that 


[ee = ee Sa 1 He rae — \Zn| = (1 —|znl) 4 2in( a Ly 
(1 = [za|)(1 + 2) has absolute value less than or equal to (1 — |Z,|)(1 + |z|). 
Then the series 


- mMnll—An sh dominated by os Mn 
Zn#0 zZn#0 


(= |zn|)C + Iz) 
1—|2| 


’ 


is, indeed, uniformly convergent on each disc D(0, r). 
Summarizing, the following result has been proved. 
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Theorem 11.27. Let f be a bounded holomorphic function on the unit disc, f # 0. 
Then the zero set {Zn: n € \N} with multiplicities (my) of f satisfies the Blaschke 
condition 


Yo ma(1 = |zn|) < +00. 
n 


Conversely, given the points Zz, € D and the integers my, = 1,n € N, satisfying 
this condition, the infinite product 


_ ok Zn Zn —Z \™n 
aoe" Gea 


Zn#0 


converges uniformly on compact sets of D. The function B is holomorphic on D, 
satisfies |B(z)| < 1, z € D and vanishes exactly at the points Zn with multiplici- 
ties My. 


The infinite product defining B is called a Blaschke product (see Example 8.29). 


Example 11.28. The sequence (Zn )nen with z, = 1 — 1/n cannot be the zero set 
of a bounded function f € H(D) because 


Yd - la =o = +00. 


n n 


Instead, if z, = 1—1/n% witha € Randa > 1, then (Z,)yen is the sequence of 
zeros of a bounded function f holomorphic on D; more precisely, 


1l-n%z 


oo —~a oo 
=1 


1O=\\ ae = Ll 


n=1 


n®& —z- 


11.7 Entire functions of finite order 


Starting from an entire function f, Jensen’s formula can be applied to f on any 
disc centered at the origin. One may take advantage of this fact in order to analyze 
the relationship between the growth of f and the distribution of its zeros. 

Let f be an entire function with f(0) = 1. The growth of f is measured by 
the function 


M(r) = M;(r) = max{|f(z)|: |Z) =r}, r=. 


By the maximum modulus principle one has M(r) = max{| f(z)|: |z| < r} and, 
therefore, M(r) is an increasing function of r. Indeed, it is strictly increasing if f 
is not constant. To prove this let r; < rz and assume M(r,) = M(rz); then | f| 
would have a local maximum at a point of the disc D(0, rz) and, by the maximum 
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modulus principle, f would be constant on D(0,r2) and, therefore, on the whole 
of C. 

The growth of M(r) can be of different kinds. By Cauchy’s inequalities, if M(r) 
has a polynomial growth, that is, M(r) = O(r%) for some natural N, then f is 
a polynomial of degree less than or equal to N (Section 4.7, Exercise 11). Other 
kinds of growth may be quantified by means of the order of an entire function. 

In general, if g(r) > 0 is an increasing function of r, for r > 0, the order of 
is the number p > 0 defined by 


= Log g(r) 
p = lim sup ————_. 
r>+oo Logr 
This means that p is the infimum of the set of numbers A > 0 such that 
v(r) = O(r*),  r > +00. 


Definition 11.29. The order p = p(/) of an entire function f is the order of the 
function Log M(r), that is to say 


. Log Log M(r) 
p = lim sup ————_ 
6 beet 
Hence p is the infimum of the set of numbers A > 0 such that 
| f(z)| = O(exp(|z|*)), [Z| > 0. 


Example 11.30. Polynomials have order zero and the exponential function, f(z) = 
e”, has order 1. The order may be infinite; for example, f(z) = exp(exp(z)) has 
infinite order. 


Example 11.31. The function f(z) = sinz has order 1, because | sinz|?_ = 
sin? x + sh? y if z = x +iy, and so 


sh? r < M(r)? <1+sh’r, 


giving that M(r) behaves like e”. O 


Let (z,)°2, be the sequence of zeros of an entire function f with |z,| < 
|Zn41| and (7m,)°2., the respective multiplicities. The radial distribution of zeros 
of f is encoded by means of the counting function nz (r), which computes (with 
multiplicities) the number of zeros in each disc D(0, r): 


n(r) =anfz(r) = > mn, ifr >0. 
lZn|<r 


Hence, n(r) is an increasing step function, constant between |z,,| and |Z,+1| (if 
IZn| < |Zn+1|), jumping m, at the point |z,|. 
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The behavior of (r) when r increases controls the convergence or divergence 
of series of type )>,, mn W(|Zn|) with yw: (0,00) — (0, 00) differentiable and de- 
creasing. Actually, applying Fubini’s theorem, for r > 0 fixed one has 


YS mV end =f ma tiospaenonttat 


l2n|<r lZn|<r 
= #(n: l2nl <r W(lznl) = t3dt 
0) 
= fo on: |enl s mine y@jdr 119) 
0 


Z / my od + nH) 


w(r 
=| nw’ @ldt nw) 


(the notation #A is used to denote the number of elements of a finite set A). 
Taking w(x) = Log £ one gets the equality } 1), )<, ™n Log ial = is wars 
and Jensen’s formula can be written as 


r 2 
Log | f(0)| | Ou= = f Log | f(re!®)|d0. (11.10) 
0 Tw Jo 


Lemma 11.32. Let y: (0,00) — (0, co) be decreasing and differentiable. Then 

the series )°,, Mn W(|Zn|) is convergent if and only if the integral i. n(t)|w'(t)|dt 

is convergent and, in this case, n(r)w(r) os 0 and Y*, mn (\Zn|) = 
r—>-+oo 


Jo nw’ @ldt. 


Proof. The equality between the first and the last term of (11.9) proves that the 
integral is convergent if the series is, because n(r)W(r) > 0. If the integral is 
convergent, then 


niwir) sf nl @ldt —— 0. 


and the same equality proves the convergence of the series. O 


The exponent of convergence 4 of a sequence of points (Zn)?2_,, Zn A 0, with 
multiplicities (m,) is defined as 


w= inf {A>0: Ymalzn|4* < +00}. 


By Lemma 11.32, one has 


paint {A>0: f° ZO dt < +00}. 
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Lemma 11.33. The exponent of convergence | of a sequence of points (Zn), Zn 4 9, 


with multiplicities (mj), coincides with the order of the counting function n(r), 


~ 4: Logn(r) 
p = lim sup,_, 499 ieee 


Proof. Let us show first that po < ju. If 4 = +00 there is nothing to prove; if 
fe < +00 and A > yp, then Y mpl|zn|7* < +00 implying n(r) = O(r*) and, 
therefore, p < A. Since A is arbitrary, it turns out that p < ju. For the reverse 
inequality, if 6 < +oo and A > 4, the fact that n(r) = O(r*) shows that the 


integral 
(oe) 
t 
/ Oa 
o ¢t +1+¢ 


converges for ¢ > 0; thus one must have jz < A + ¢«, and since ¢ > 0 is arbitrary, it 
yields jz < 4. This holds for all A > p and, therefore,  < p. O 


Example 11.34. Let k € WN be fixed and take z, = n*,n € Z: the series 
¥* |zn|72 = Son7** converges exactly when kA > 1; therefore, the exponent of 
convergence of (z,) is 1/k. Taking now as (zy) the sequence of prime numbers, 
the prime number distribution theorem implies that the corresponding function n(r) 
behaves like r/ Logr, so that the order and the exponent of convergence are both 
equal to 1. For a geometric sequence z, = p” with p > 1, trivially }~ \z,|-4 = 
> po converges if and only if p* > 1 and the exponent of convergence isO. O 


Theorem 11.35 (Hadamard). If f is an entire function of order p and \u is the 
exponent of convergence of the zeros of f, then it is L < p. 


Proof. Assuming f(0) = 1, Jensen’s formula (11.10) gives 


20 
[ n(t) a= =f Log | f(re!®)|d0 < Log M(r). 
ea 2x Jo 


Since n(ft) is increasing, it turns out that 


n(r) 2). Oat <f * i) dt < Log Mer). 
r 0 


From this we obtain 


: Logn(r) ; Log Log M(er) 
jf. = lim sup ———— < lim sup ————_—_- 
r—>+00 ogr r—>+00 Logr 
LogLog M(r) _ 


r—>+0o0 Logr 
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Thus, if an entire function f has order p and zeros (z,) with multiplicities (m,), 
the following inequality holds: 


y Mn|Zn| ° © < +oo foranye > 0. 


n 


Let p be the entire part of p, p = [p]; since p+1 > p, the series )°,, mn|Zn|~?~! 
converges and one can consider the canonical product 


F(z) -T1#e"(2) (11.11) 


Theorem 11.36 (Hadamard). Every entire function f of finite order p can be 
factorized as 


f(z) = 2" exp(P(z)) F(Z), 


where m is the multiplicity of the origin as a zero of f, P is a polynomial of degree 
less than or equal to p and F is the canonical product (11.11). 


Proof. Replacing f by f/cmz™, where cm = "o) an) , we may assume that f(0) = 
1. Fix R > 0, suppose f(z) ¥ Oif |z| = R and | let Z1,...,Zn be the zeros of f 
with |z,| < R,n = 1,2,...,N. By Theorem 11.26 one has 


mn 20 it 
f@) = cH ee Pa | gears Low f(Re" lar}. 


Zyzymn 20 Rett — 


Consider now, with p = [p], the partial product 


Fete) =|] Em (=) =r [[@— 20 exp , Son 2). | 
ui n=1 My 


n=1 n=1k=1 
where Cp is constant. Consider as well the function hpr(z) = fe Ae , without zeros 
in D(0, R), and its logarithm, 
N N 
loghr(z) = dr ee Loe a+ -m D7 (2 a 


1 20 Rei! +2 ss 
= | Rat ; Losl f(Re \\dt, |z|<R, 


for some constant dp. 
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Differentiating p + | times the previous equality we get 


sptl 


\7 
(p+1) _ a Zn 
(log hr(z)) y a —3,z)P#1 


, Pry! ae 20 : 2Rel! 


n=1 


In terms of M(R) and n(R) = nz (R) it turns out that, for |z| =r < R, 


In(R 1 4rR 
(og hg (=)) P| < eg PO Log MR Gs 


When R — +00, the functions loghpr converge uniformly on compact sets of C 
to logh, where h = £ and, therefore, the derivatives converge as well. Since 
Log M(R) = O(R°*®) and n(R) = O(R°T®) for all ¢ > 0, letting R > +00 
we get that log h has derivative of order p + 1 identically zero and so it must be a 
polynomial of degree p. O 


Example 11.37. If p is an integer and P a polynomial of degree smaller than or 
equal to p, the function z” exp P(z) with m € N, has order p. If p is not an integer, 
the factor F in Theorem 11.36 with infinitely many terms must necessarily appear; 
otherwise the order of f would be the degree of P. Thus, if an entire function has 
non-integer order, it has necessarily infinitely many zeros. O 


Remark that Hadamard’s theorem implies that the canonical product F has also 
finite order. The aim now is to find what is exactly the order of a canonical product. 
Recall F is given by 


[oe] 


re flan(2) 


n=1 


where p is the smallest integer such that 


Err oe 


We need some estimates of functions Log | £p,(z)| more precise than the ones used 
in Section 11.2. 


Lemma 11.38. The Weierstrass elementary factors Ep(z) satisfy the following 


inequalities: 


a) Log|Ep(z)| < Cp rT , p > 0, z € Cand Cy constant. 


b) Log |Eo(z)| < Log(1 + 
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Proof. Part b) is evident. Recall now that for |z| < 1, one has 


CO zk 
Log Ep@)=- 2 = 
k=p+1 
It follows that 
ad k pti 
kK 1 bl 2 appt, 


LoglEp(@l< 


< 
a p+i1i1—-|z|~ p+1 


for |z| < 5. If |z| > 1, one has, trivially, 


P k 
LEp(l < (1+ leDexp > EE = (1+ [clexp(plel?) < expl(p + DIEII. 


k=1 
: ah 
Since ae is of the order of |z|?*! for |z| < s, of the order of |z|? for |z| > 1 
and it is bounded below and above for 4 < |z| < 1, these estimates prove a) for a 
constant Cp. O 


Proposition 11.39. [f >, mest < +00, then the canonical product F(z) = 
IL, Ep" (4) satisfies the estimate 


Zn 
" n(t) °° n(t) 
Log |F(z)| < Bye? f Hitt +e} mex]. 


, n(t) is the counting function of {Zn 1%n} and By is a constant. 


where r = |z 


Proof. If p = 0, using item (b) of Lemma 11.38 and Lemma 11.32, it turns out 


that - 
a °° n(t) 
Log |F(z)| < Mm, Lo 1+ )=rf 
BlF@S Dm s( [Zn o t(t+r) 


n=1 


which in turn is bounded above by 


ae °° n(t) 
i. ; dt 4 | 72 dt. 


If p > 0, item a) of Lemma 11.38 and Lemma 11.32, give 


perl 


"lenl?(r + [Znl) 


_— co. peti fo P : 
Cpr [ Faves T aan |e 


Separating the contributions of 0 < tf < r and of ¢ > r, the proof is finished. O 


Log |F(z)| < Cp Yim 
n 
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Theorem 11.40 (Borel). The order of a canonical product is equal to the exponent 
of convergence of its zeros. 


Proof. Let wz be the exponent of convergence of the zeros of the product F defined 
by (11.11); if wis not an integer, p = [tz] works, and for jz an integer, take p = u—1 
if the series )°,, mit converges, and p = jLifit diverges. Suppose first wu < p+1; 
if uw +e < p+, one has n(t) = O(t**) and Proposition 11.39 implies 


r oo 
Log|F(z)| < Bp r?{ou) +f ae es +rf aaa 
0 r 
= Bpr? O(r#t#-P) — O(r#*®), 


This shows p < pif p is the order of the product F'. Suppose now jz = p + 1, that 
is, the series }°,, alt converges. By Lemma 11.32, the convergence of this series 
is equivalent to the convergence of the integral 


ent),  f~ nit) 
[ ards = | opra et 


" n(t) °° n(t) 
[ pitt | rf Spizdt = Ol") 


and, by Proposition 11.39, we get 


This gives 


Log |F(z)| = O(7?*") = O(r"), 


from where p < p follows. Theorem 11.35 gives the opposite inequality, uw < p. 
0 


Combining Hadamard’s and Borel’s theorems the following result is obtained. 


Theorem 11.41. A sequence of points of the plane (Zn), Zn 4 0 with multiplicities 
(m,) is the sequence of zeros of an entire function of order less than or equal to p 
if and only if )>,, Mn|Zn|-P * < +00 for every € > 0. 


11.8 Ideals of the algebra of holomorphic functions 


One of the most interesting topics when dealing with an algebra is the knowledge 
of its ideals. A very natural and easy example is the algebra of the polynomials in 
one variable on an arbitrary field. Let us consider C[z] and let J be an ideal of this 
algebra. If we choose a polynomial P € J of minimal degree among all the non-zero 
polynomials of /, itis easy to see that every other polynomial H ¢€ J isa multiple of 
P,thatis, H = P-Q,with Q € C[z]. Actually, we need only divide H by P, which 
gives H = P-Q+ Rwithdeg(R) < deg(P) and R € I. So R = 0. Hence, the 
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ideal J is generated by P, thatis] = (P) = {H € C[z]|: H=P-O, Qe C{z]}, 
and considering now the zeros of P, namely Z;,22,...,Zy counted with their 
multiplicities m,,m2,..., my, it turns out that a polynomial 7 is in J if and only 
if H vanishes at each of the points z;,i = 1,..., N, with multiplicity greater than 
or equal to mj. 

A natural generalization of this example is the algebra of power series with 
complex coefficient or algebra of formal power series C[[z]]. It is easy to show that 
in this algebra, as well as in C[z], every ideal has just one generator. If now we 
consider power series with an infinite radius of convergence, we are dealing with 
the algebra of entire functions. The aim of this section is to study the ideals of 
the algebra of holomorphic functions on any domain of the complex plane. It will 
be shown that, in this case, we can only characterize the ideals that satisfy some 
restrictions. 

Fix, then, a domain U of the complex plane and consider the space of the 
holomorphic functions on U, H(U). It is clear that H(U) is a C-algebra, that 
is to say, a vector space on complex numbers that, in addition, has ring structure. 
Recall also that H(U ) as a subspace of C(U ) has a topology coming from a complete 
metric. The convergence corresponding to this topology is the uniform convergence 
on compact sets of U (see Subsection 9.1.3), and the operations of the algebra are 
continuous with respect to this topology. 

The easiest ideals in any algebra are principal ideals, that is, ideals with only 
one generator. Choose a function f €¢ H(U), f ¥ 0, and consider the principal 
ideal 


T=(f)=tg= fhihe HU)}. 


Let (z,) be the sequence of the zeros of f and denote by my, > 1 the multiplicity 
of z,. Clearly each function g € J vanishes at each point z, with a multiplicity 
m!, > my. Conversely, ifafunction g € H(U) vanishes at each z, with multiplicity 
m!, > mn, it follows that g € J. Actually, the function g/f is holomorphic 
on U \ {zy}, and around each point z, one has f(z) = (Zz — z,)’"" f(z) and 
g(z) = (z — Zn)" g1(z) with f,, g; holomorphic and non-vanishing. Therefore, 
se = (z—Z_)Mn—™n © is holomorphic at the point z,. Writing h = 4 ¢ H(U) 
we get the desired conclusion. It has been shown, then, that the principal ideal 
I = (f) is formed, exactly, by the functions of H(U) vanishing at each zero Z, of 
f with multiplicity greater than or equal to m,. In particular, applying Theorem 9.3, 
it follows: 


Proposition 11.42. If I is a principal ideal of H(U), then I is a closed set of 
AU). 


Start now from a set Z = {Zn;™n}nen Composed by a closed and discrete set 
of points {z,} of U and a sequence of integers m, > 1, and consider the set of 
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I(Z) = {g € HU): (Zn) = 8' (En) = = BO" En) = 0, 2 = 12,00}, 

(11.12) 

which vanish at each point Z, with multiplicity greater than or equal to my. It is 

clear that /(Z) is an ideal of H(U). Is it principal? The answer is yes and follows 

from Weierstrass’ theorem (Theorem 11.8). Actually, according to this theorem, 

there is afunction f € H(U) vanishing at each point z, with multiplicity m,. This 
means that f € J and, as said above, J = (f). 

From now on, a set of type Z = {Zy;1mn}nen With {z,} discrete and closed in 

U and m, = 1 integers, will be called a zero set in U. Then, the following result 

has been proved. 


Proposition 11.43. There is a one-to-one correspondence between principal ideals 
of H(U) and zero sets in U. The correspondence is obtained by associating to each 
zero set Z the ideal I(Z) defined by (11.12). 


Remark 11.1. In order for this proposition to be true, the empty set Z = {0; 0} 
must be accepted as a zero set as corresponding to the ideal generated by a function 
non-vanishing on U. It is clear this ideal is the whole algebra H(U). As usual, an 
ideal I of H(U) such that {0} 4 J # H(U) will be called a proper ideal; then 
principal proper ideals correspond to non-empty zero sets. 

As a next step in studying the ideals of H(U) one considers ideals with a finite 
number of generators. They can be written as 7 = (fi, fo,..., fn) = {g = 
ye hi fi: hi € H(U)}. One may ask: is the ideal J closed? Or even more: is 
the ideal J principal? The positive answer to these questions will be given below. 

Start by noting that J being principal means that there exists a function fo € 
H(U) such that fj € (fo),i = 1,...,n. If fo has some zero in U, then all functions 
fi, fo2;--.,; fn should vanish at the zeros of fo. Therefore, if fi,..., f; have no 
common zeros, fo cannot have zeros and one should have J = (fo) = H(U). The 
following result tells that, indeed, this is the case. 


Theorem 11.44. Let f{, fo,..., fn € H(U) be holomorphic functions with- 
out common zeros in U. Then there exist g1, 82,...,8n © H(U) such that 


a Fe Hlth is Us Fe fe) = AO. 


Proof. Let us proceed by induction on the number n of functions. The case n = 1 
is trivial, but the case n = 2 is needed in order to carry out the induction. 

Suppose fi, fo € H(U) such that f; and f> do not vanish simultaneously at 
any point of U. Define the functions 


fi hr 


Yi-i>s2 4? 92 -— Fea LIF? 
LAI? + | fal? Al? + | fal? 
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that are C® on U because | f;|? + | f2|? > 0 on U and in addition, satisfy the 
condition f1¢1 + f2¢2 = 1. The problem consists in replacing @1, g2 by two 
holomorphic functions g1, g2 so that this equality remains true. To this end look 
for a function y, C™ on U as well, such that defining 


Ss=twvh, g2=-VWhi, 


the functions g1, g2 work. The equation f|g1+ /2g2 = | is clearly satisfied and 
the question is to choose w so that g1, g2 © H(U). Imposing 0g; = dg2 = 0 
yields the equations 


491 + OWf2=0, dvr -dWf, = 0, 
or, _ 
w=-—:; Ivw= (11.13) 


An easy computation, beginning with the definition of @; and @2, gives 


1 flh-fh . I _ AA-AA 


fh WAP +A? A AI + 1A)? 


so that these two functions are of class C® on U. Furthermore, the relation f,@, + 
f2¢2 = 1 makes both equations of (11.13) to be the same and, finally, one needs 
to find y such that 


Theorem 10.41 ensures the existence of this function y, C™ on U, and this finishes 
the proof for the case n = 2. 

Let us suppose now that the theorem holds for — 1 functions and let f,, fo,..., 
Jn € HV) without common zeros. If /,,..., f,—1 donot have any common zeros, 
applying the induction hypothesis we are done. If not, let Z = {z,; mx} be the set 
of common zeros to fj,..., fr—1, Where mx is the minimum of the multiplicities 
of z, as a zero of each fj, i = 1,...,2 — 1. By Weierstrass’ theorem, there 
is a function f vanishing exactly at each point z, with multiplicity m,. Then 
Si/f..--, fn—1/f are holomorphic on U without common zeros. Therefore, by 
the induction hypothesis, one can find 41,...,4,-, € H(U) such that 


n—-1 
> fihi = f. 


i=1 


But f, does not have common zeros with f (because zeros of f are also zeros of 
ti,---> Jn—-1); therefore, by the case n = 2 there are functions g,, g € H(U) such 
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that fg + frgn = 1. That is, 


n—-1 


>> fitig) + faBn = 1, 


i=1 


and this ends the proof. El 


Corollary 11.45. Every ideal of H(U) with a finite number of generators is prin- 
cipal and, therefore, closed. 


Proof. Let I = (fi, fo,..-, fn) with ff ¢ H(U). If the functions f{,..., f, do 
not have common zeros, Theorem 11.44 gives ] = H(U) = (1). If the generators 
of J have common zeros, take a divisor f of fi,..., f, sothat fi/f,..., fn/f do 
not have common zeros, as in the last part of the proof of Theorem 11.44. Then 
there are functions, g1,...,%, € H(U) such that )~"_, fig; = f; thatis, f € 7 
and it is clear that every function g = )-/_, fihi € I must be divisible by f 
because g must vanish at the common zeros of f1,..., fn, which are the ones of f. 
O 


So far it has been shown that if J is an ideal with a finite number of generators, 
then J = I(Z) where Z is a zero set in U. Now it is natural to ask if this result 
holds in general, that is, if every ideal J of H(U) is associated to a zero set Z in U. 
In order for this to be possible, some restriction to J must be imposed. Actually, the 
ideal J must be closed because if the terms of a sequence of holomorphic functions 
on U, (fn), vanish on Z and f, — f, uniformly on compact sets of U, then f 
vanishes on Z too. We will show that this necessary condition is also sufficient in 
order that J be associated to a zero set in U. This implies, in particular, that if J is 
a closed proper ideal, then the set of common zeros of all the functions of J is not 
empty. In other words, the ideals without common zeros are to be excluded. What 
are these ideals? Before answering this, let us introduce a useful notation. 

If J is an ideal of H(U), define the set Z(/) of zeros of J in the following 
way: Z(1) = {Zn;Mn}nen, where {Z,} = Oper Z(f) is the discrete and closed 
set of U formed by points at which all functions of J vanish; moreover for each Z,, 
take m, = inf{m(f, Zn): f € 1}. We admit the possibility Z(/) = 9, that is, the 
functions of J do not vanish, simultaneously, at any point of U. 


Proposition 11.46. If I is an ideal of H(U) such that Z(1) = @, then I is dense 
in H(U). 


Proof. In order to see that J is dense we have to show that given f € H(U),a 
compact set K Cc U and « > 0, there is a function h € J such that sup{| f(z) — 
h(z)|: z € K} < e (see Subsection 9.1.3). We may assume that no connected 
component of U \ K is relatively compact in U (if there were components with 
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this property we would join them to K passing to a bigger compact set). Since 
Z(I) = @, we have 


ZINK =( \(Z(f)NK) =9. 
fel 


Now K being compact this is so for Z(f) MN K and we get that there must be a 
finite number of functions f\, fo,..., fr € I such that ()/_, Z(f;) N K = 9. 
That is, we can find an open set V C U, with K C V and fi, fo,..., fy without 
common zeros on V. Now we may apply Theorem 11.44 to conclude that there 
exist functions 21, 22,...,2n € H(V) with figi +---+ frgn = 1,onV (if V was 
not connected, we would apply the theorem to each connected component of V). 
Finally, a version of Runge’s theorem (Theorem 10.7) allows us to approximate each 
g; € H(V) bya function h; €¢ H(U) uniformly on K. Hence, h = -¥_, f+ fihi 
satisfies the required condition if the h; are quite close to the functions gj. Ey 


Corollary 11.47. If I is a closed proper ideal of H(U), then Z(1) 4 @. 


Example 11.48. Now one may show how a dense ideal in H(U) can be. Take a 
sequence of points (z,) of U converging to a point in the boundary of U. Defining 
I by 


Il ={f ¢ H(U): there is no(f) such that f(z,) = Oifn > no(f)}, 


then J is an ideal with Z(/) = @ and, therefore, it is dense. C 


Finally, one can prove that closed ideals of H(U) are associated to their zero 
sets. 


Theorem 11.49. Let I be a closed ideal of H(U). Then one has I = I(Z(1)). In 
particular, I is a principal ideal. 


Proof. It is clear that J C IJ(Z(/)). For the converse, let f be a generator of 
the principal ideal /(Z(/)) and write 7; = {g ¢ H(U): fg € I}. Clearly J, 
is an ideal and J C J;. Therefore, Z(J) D> Z(J,), but now let us show that 
Z(11) = @. Actually, if 79 € Z(/), there is a function fo € J such that Zo has 
the same multiplicity as a zero of fo as well as a zero of f. Therefore, Zo is not 
a zero of the holomorphic function g = A and g € 1;; hence, zo ¢ Z(/1). By 
Proposition 11.46, J; is a dense ideal in H(U). If Ty: H(U) — H(U) is the 
operator given by T¢(h) = fh, h € H(U), one has 


I(Z(1)) = Tp(H(U)) = Th) © TU) CT = 1, 


so that J = 1(Z(/)) = (f). O 
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Hence, Proposition 11.43 may be reformulated with the same statement but 
replacing principal ideals by closed ideals. 

In every ring it is interesting to find maximal ideals as well. Inthe case of H(U) it 
is easy now to determine the maximal ideals that are also closed. Observe that, since 
H(U) has dense ideals, it must also have dense maximal ideals. Now, if M Cc H(U) 
is a closed maximal ideal, one must have Z(M) # 9, by Proposition 11.46, and 
Z(M) must consist of a unique point with multiplicity 1, that is, Z(M) = {zo; 1}; 
otherwise M would not be maximal. Hence, M is generated by the function z — zo 
and it yields 

M = {h(z)\(z-—2Z9):he HUU)}, Zo €U. 


It is clear that every ideal of this kind is maximal and closed and, therefore, these 
ideals are in a one-to-one correspondence with the points of U. 


11.9 Exercises 


1. Let f be a holomorphic function on a neighborhood of the disc D(0, R) that 


has the zeros 21, Z2,...,Zy in D(0, R). Show the inequality 
—Zy Z—ZN : 
z)| < RY see “su z)|: |z| = Rif |z| < R, 
P@)| < RN] Bt ...] ES] supe fe: [el = RB it 


which improves Corollary 4.35 in the case U = D(0, R). 


2. Write Pn(z) = []p=, (1 - ae n € N,andleta, € C,n = 1,2,..., with 
YT lan| < +00. 


a) Prove that the infinite product []7_, (1 — &) and the series f(z) = 
ye 4k Pe (zZ) converge uniformly on compact sets of C. 


b) Compute 


2 
eae dz ify =C(0,n + 1/2) forn = 1,2,.... 


3. Define on the unit disc D the sequence of holomorphic functions 


z(1 —2z) 


A) = a 


i frac = fie fas ME Zecca 


Show that the infinite product []P—, inte). and the sequence (2” f,(Z)), 


converge uniformly on compact sets of D and calculate f(0) and f’(0) if 
F(Z) = limp 2” fr(Z). 


Hint: Use the inequalities | f,(z)| < 2 (SSE)”, zéeD,n>1. 
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4. Leta € C, |a| < 1. Prove that the function 


6(z) = []U +a?" e7)(1 +a"1e~*) 


n=1 


is entire and find its zeros. Show also that the equation 
0(z) = ae*0(z+2Loga), zeEC 


holds. 


Hint: Show that the function ete has two periods that are linearly 
independent. 


5. Let F be an entire function written as in Theorem 11.10 with py = p < 1, 
for all n, and g a polynomial of degree less than or equal to 1. Suppose that 
F(z) is real when z is real and the zeros of F are real. Prove that the zeros of 
F’ are also real and between each two consecutive zeros of F there is exactly 
one zero of F’. 


Hint: Show that the logarithmic derivative of F has imaginary part different 
from zero outside the real axis. 


6. Prove the following formulae for the derivative of the logarithmic derivative 
of function I: 


gq aw T -  T* 2zt 
rary ge enya | i Cr mI ay ae 


n=0 


am cot 7 w 
(z+w)2 
sides on Re w = 0 and Rew = n 4+ 1/2 and the horizontal ones on Im w = 


+M;; then let M,n — +00. 


Hint: Integrate w > 


on the boundary of the rectangle with vertical 


7. Prove Legendre’s formula 


922-1 
T'(2z) = 


T(z) F(z + 1/2). 
Tv 


8. Show the result about interpolation by an entire function and its derivatives, 
on page 476, using Weierstrass’ theorem (Theorem 11.8) and Mittag-Leffler’s 
theorem (Theorem 10.9). 


9. Let U be a bounded domain of C and A c 0U acountable set of points dense 
in dU. Let (Wy,)nen be a sequence containing each point of A infinitely many 
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10. 


11. 


12. 


13. 


14. 
15. 
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times. For eachn € N choosea point z, € U such that }>,, |Zn —Wn| < +00. 
Prove that the infinite product 


re) = [|= 


— WwW 
n=1 nt 


converges uniformly on compact sets of U and represents a function F' holo- 
morphic on U which cannot be analytically continued to any neighborhood 
of any point of dU. 


Let f be an entire function, {Z,; 71n}nen its zero setand M(r) = sup{| f(z)| : 
|z| = r}, r > 0. Assume for A > 0 that i EO ar < +00 and show 
that the series }°,, mn |Zn |-4 is convergent. 

Let f be holomorphic on the unit disc D satisfying 


1 2n ; 
suPyerar 5c |) Lost Lf (rel)|d8 = M < too. 


Prove the inequality 


1 
[fel sexp(Mo Ee), cep 
— |Z 


is satisfied. Let now f be holomorphic on D with | f(z)| > 1 for z € D; 
show that 


If@1<|fO@PO-F!, zeD. 


Deduce Weierstrass’ theorem from Mittag-Leffler’s theorem (Theorem 10.9): 


If z, € C, (zn) > co and my, € N,n = 1,2,..., then there exists an 
entire function vanishing exactly at the points z, with multiplicities m,, for 
ee 


Hint: Consider a meromorphic function / having a simple pole at each z, 
with residue m, and after that take f with f’/f = h. 


If B is a Blaschke product, show that 
a . 
tim f Log |B(re’®)| do = 0. 
r>olJ_yz 


Find all the entire functions f satisfying | f(z)| = 1 when |z| = 1. 


Prove that the order p( f ) of an entire function f has the following properties: 


i) If p( fi) < p(/2), then p( fi + fo) = p(/2). 


16. 


17. 


18. 


19. 


20. 
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ii) p(fi fo) < max{p( fi), p(/2)}- 
iii) If p(f) = p and P is a polynomial, then p( fP) = p. If f/P is entire, 
then p(f/P) = p. 
iv) p(f) = p(f’). 
If fi, f2 are entire functions so that f{ / fo is also entire, show that p(f1/f2) < 


max {p(f1), p(f2)$- 


Let f(z) = °>° cnz” be an entire function of order p. Prove the formula 


1. Log 1/|en| 
— = liminf ————— 
p n>oo =nLogn 


Hint: 


i) The inequality ¥/|c,| <n~% forn > no implies p < 1/a. 
ii) The inequality M(r) < e forr > ro implies %/|cn| < cn /@ Ff 
n > No, c constant. 


Let f be an entire function of order p, o being a fractional number. Prove: 


a) The exponent of convergence of the zeros of f is equal to p. 


b) The function f takes all the complex values infinitely many times. 


Let U be a simply connected domain, f ¢ H(U) andn € WN. Show that f 
has an n-th root holomorphic on U if and only if the multiplicity of each zero 
of f in U is divisible by n. 


Let U beadomain of the plane, fi,..., fr © H(U)andg = ged (fi,..., fn). 
Show that there exists a unit u in the ring H(U) and functions g2,..., gn € 
H(U) such that 


up = fit eefot-::+8ntn- 


Chapter 12 
The complex Fourier transform 


The Fourier representation in the real field exhibits, under suitable conditions, any 
function as an infinite linear combination of sines and cosines of all frequencies. 
In this chapter the extension of the Fourier transform to the complex field will be 
studied; it is obtained by replacing the real frequencies by a complex parameter. 

The complex Fourier transform identifies some subspaces of L?(R) with spaces 
of entire functions defined by growth conditions. The precise statement is given by 
the Paley—Wiener theorems. An important case is the one of bandlimited functions, 
which, according to the Shannon—Whittaker theorem, are determined by their sam- 
ples on a discrete set of points. This fact has a great interest in signal processing 
theory. 

The Laplace transform, which is a complex Fourier transform defined on the 
so-called causal functions, will be also studied in detail. The properties of this 
transformation make it very useful in applications. One of the more typical appli- 
cations is outlined, namely the one to the solution of linear differential equations 
with constant coefficients. 

The chapter ends by considering some discrete analogs of the Laplace transform, 
such as Dirichlet’s series, that are important in number theory, or the Z-transform, 
which has applications in finite difference equations. 


12.1 The complex extension of the Fourier transform. 
First Paley-Wiener theorem 


Let E be a measurable subset of R and f a measurable function on £ with real or 
complex values. As usual, we will write 


1/2 
If =f lfeplas: iflla=| f fees] 


and 


L'(E) ={f: E> RorC: f is measurable and || f||; < +00}, 
L?(E) ={f: E> RorC: f is measurable and || f ||2 < +00}. 


The space L!(£) with || - ||; and the space L?(E) with || - ||2 are Banach spaces. 
We will be usually interested in the case that F is the whole line, or a half-line or 
an interval. 
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The Fourier transform, f , of a function f of the space L!(R) is defined by 
means of the formula 


+00 


f®= fe 2dr, EER. 


The function 7 is continuous on R and vanishes at infinity, but is not necessarily 
integrable. If f is integrable on R, the inversion formula 


+oo | ; 
f(t) = f(é)e2"8'dt for almost allt € R (12.1) 
—oo 


holds. The inversion formula holds also under other hypotheses. 
If f ¢ L'(R) MN L?(R), then f € L?(R) and Parseval’s identity 


+00 7 +00 
[ lf @Pdé = [ Ifo) 2at (12.2) 


is satisfied. Then the Fourier transform of a function f € L?(R) can be defined in 
the following way: 


A +h . 
f© = tim / f(t) ett, 


h->+o0 J_h 


where the limit is taken in L?(R). Actually, the last integral is Ag ) with f(t) = 
F(t) 1(—n, +n (t) and we have 


nf = Wel =f LfePdr ——>0. 
h<|t|<k h,k—>+00 
The pointwise equality 
+h ; 
f@)= im, f(t)e27!*'dt — for almost every & € R, 


also holds, though this result is much deeper and more difficult to prove (Carleson’s 
theorem). 
With the above definition of a for f € L?(R), equality (12. 2) is true for every 


function f € L?(R). The same equality also holds replacing 7 by the function f 
defined by 


v +h : 
Fo = tim f f@erag, fe LQ), 


with the limit taken in L7(R) as well. 
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The transformations f t> ri and f te f are inverse to each other on a dense 
subspace of L?(R) (by the inversion formula) and we conclude that the Fourier 
transform is an isometry from L?(R) onto L?(R) (Parseval’s theorem). 

We will be interested in considering the complex Fourier transform, which 
consists in the formal substitution of the real frequency parameter £ by a complex 
frequency z. Hence we will write 


A +00 . 
f@sS f(t)e 7" dt (12.3) 
—0o 
whenever this integral makes sense. In this case, the function - (€) has a complex 
extension. 


Definition 12.1. For a > 0, we denote by H?(Bq) the space of holomorphic 
functions F on the strip Bg = {z € C: |Imz| < a}, satisfying 


+00 
Ff = sup / |F(x + iy)|?dx < +00. 

|y|<a J—o0 
Further, by L? we denote the subspace of L?(R) consisting of functions f €¢ L?(R) 
such that 

+00 
Ifa =f LPP ettelldt < +00. 
—oo 

Theorem 12.2 (First Paley—Wiener theorem). The complex Fourier transformation 
given by (12.3) establishes, for eacha > 0, a topological isomorphism between the 
spaces L? and H?(Bq); that is, f 7 = F isa linear isomorphism satisfying 
mf loa < ||Fllo < M || f lle, for some constants m, M not depending on a. 


Proof. Writing z = x + iy, one has for |y| < a, 


af +00 
f@ls fifo 


< (f. | f(t)|? eu) 


< +00, 


1/2 


+ 1/2 
(/ ee) etriomalgr) (12.4) 
—0o 


if f € L2. 
So F(z) = f(z) is well defined if | y| < a. Furthermore, if |y| < b < a, then 
sup |f(e™?| <|f@| er? 
xeR, |y|<b 


and the right-hand side function is integrable by (12.4). The same inequality (12.4) 
guarantees that the integral defining f(z) is continuous with respect to z, by the 
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continuity of an integral with respect to a parameter. Therefore, the function F is 
continuous on B, and using Morera’s theorem and Fubini’s theorem, it turns out 
that F is holomorphic on By. Notice that f € L? implies f € L(R), so that f 
is not only continuous, but also has a holomorphic extension to Bg. Writing 


+00 +00 
F(z) = f(t) e2Ritz dy = f(t) e2mty e2Titx Tt 


[e,2) 


one gets that for fixed y, with |y| < a, the function x 1 F(x + iy) is the Fourier 
transform of f(t) e277 & fy(t) and fy € L?(R) because f € L2. By Parseval’s 


theorem, one has 


+00 +oo0 +00 
/ [F(x + iy) Pax = / I@etdt < i Ife et*ltar, 


an inequality that gives || F'||2 < || f |l2,a and so F € H?(B,). 
Conversely, let F € H?(B,) and write F,(x) = F(x + iy). It is known that 
F(x) = f(x) with 


+h ; 
iy= tim [ Payer" dx on T7(R): 


Fix y, with |y| < a, and let Q be the rectangle with vertices +h, th + iy. By 
Cauchy’s theorem applied to the function F(z) e?”""7 and to 0Q, it turns out that 


+h ; +h ; ; 
/ F(x) e2Titx Jy -{ F(x a iy) e2tit(xtiy) yy 
—h —h 


y , ; y . ‘ 
= / FRI) ee las = i FCh+ is) oe??? Cr) ids = 0, 
0 0 
(12.5) 
Now it will be shown that there is a sequence of numbers h; — +00 such that the 


last two integrals of (12.5) have limit zero for every value t € R, when h = h; and 
j — o. For example, the first one is bounded by 


y y 1/2 y 1/2 
/ |F(h +is)|e 7" ds < (| [Fh + is)Pds) (| eqs) 
0 0 0 


and it is enough to check that there are values h; —> +00 such that 


vy 
/ |F(£h; +is)|?ds 0, if j > 00. 
0 
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Writing y(h) = f |F(h + is)|?ds, the hypothesis F € H?(B,) and Fubini’s 
theorem give 


+00 y +00 
[ eman= fof ra +isyPasan = yhFiB 
= 0 —oo 


co 


Therefore, the function g(h) + y(—A) is integrable and, consequently, 


J+1 
/ (y(h) + g(—h)) dh — > 0. 
j jJ—7+00 


Since ¢ is continuous, this last integral coincides with g(h;) + g(—h;) for some 
valuesh;, j <h; < j + 1. Since 


+h; 
{= tim f F(x) e?™'**dx on L?(R), 
Jo J-h; 


there exists a partial sequence (h;, ) of (h;) providing pointwise convergence a. e. 
in the above equality. Therefore, by (12.1) and (12.5) 


thx : i 
fO= tim f F(x +iy)e2™#Ot+ dy for a.e.t eR. 
hj, 
This means that for the function f, inverse Fourier transform of F’, the equality 
thig . 
Citi k= mes im f F(x + iy) e?™' dx 
—hj, 


holds. Hence the function e?”"” f(t) is the inverse transform of x +> F(x + iy), 
and Parseval’s theorem implies 


+oo +oo 
fo, eerorar= [Fe +iPax sIFR 


Letting now y — a, we obtain 


+oo0 
/ FOP edt < || FIZ. 
0 


and letting y > —a, 


0) 
: LF)? el ldt < |[FI2. o 


—oo 
The easiest example of a pair of functions f, F that satisfy the conditions of 
Theorem 12.2 is f(t) = e727"! and 


1 1 
mw 1+z2’ 


which restricted to R is the Poisson kernel. 


F(z)= 
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12.2 The Poisson formula 


One of the most important results in Harmonic Analysis is the Poisson formula 
stating the equality 


> f@) = FO), (12.6) 


neZ neZ 


under certain restrictions on f and its Fourier transform f , which must guarantee, 
in particular, that both members of the equation are well defined. In this section this 
formula will be proved, with methods of complex variables, when f and f =F 
satisfy some additional hypothesis. Concretely assume that F € H?(B,) and 


sup |F(x + iy)| < g(x) (12.7) 


ly|<a 


with y € L'(R) and g(x) > 0 when |x| > +00. Then F is integrable on R and 


+00 
f(t)= : F(x) e27! dx, (12.8) 


is a continuous function. 


Theorem 12.3. If F ¢ H?(Bq) satisfies (12.7) with 9 € L'(R) and g(x) > 0 
when |x| — +00, then the function f defined by (12.8) satisfies 


[f@)| = O(e77"!)_ for every b <a. 


Furthermore, one has 


+00 : 
F(z) = {Qe "dt, for |Ime| <4 
CO 


and 
oy fQ)= Pe y F(n) (Poisson formula). 


neZ |n|<N 
Proof. First, as in Theorem 12.2 we will show that the function f is given by 
+00 ; 
Tay = aad | F(x +iy)e?™"dx, |y| <a (12.9) 
—o0o 
(hypothesis (12.7) implies that x > F(x + iy) is integrable for each y). With the 


same notations of Theorem 12.2, it is enough to prove that the integral 


/ |F(h + is)|e 2" ds 
: 
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has limit zero when  — +00, for each value of t, where / is either the interval 
[0, y] or [y,0]. This is clear because it is dominated by g(h) f, e~?7%ds. If 
b < a and we take y = b whent > 0 or y = —b whent < 0 in (12.9) we 
obtain | f(t)| = O(e727°'"!), So f € L'(R) and the inversion formula shows that 
F(x) = f (x); alternatively we give now a proof of this fact using arguments of 
complex variable. 

For t > 0 we use (12.9) with y = b > 0, b < a, obtaining 


, oo +00 
/ f(t) eT 2itx gy = : sau | F(s + ib) enieas| e 2x gy 
0 0 - 


[oe] 


which, by Fubini’s theorem, equals 


+00 love) ; ; 1 +00 F(s + ib) 
. —2mit(x—s—ib) = 
[. Foe+ ib} f ° at| Oni [. s+tib—x a 


Similarly, for t < 0 (12.9) is used with y = —b to find 


0 +00 =. * 
i fe rmng: = [ FEA) 9, 


Qni Joo S—ib—x 


Consider the rectangle QO, with vertices +h +ib. By the Cauchy integral formula, 


one has i e 
ros 2), 22 
2ni Jag, 2—X 


dz, if|x| <A. 


Using (12.7) it is easy to see that the integrals on both vertical sides of Q;, converge 
to zero when h — +00, so that 


1 too F(s —ib) 1 +o F(s + ib) 
f ds f : ds 
2mi Joo S—ib—x 2mi Jing SHtID—X 
+00 
= fit) eT 2Hitx dy 


—oo 


F(x) = 


Thus, f (z) and F(z) are two holomorphic functions on Bg that are equal for 
z = x €R. By the analytic continuation principle, it follows that a (z) = F(z), 
Ze Bg. 

Next the Poisson formula will be proved. Consider G(z) = F(z)/(e?7'7 — 1), 
which is meromorphic on Bg with simple poles at the integer points n € Z and 
residue (27i)~!F(n). Apply the residue theorem to the function G and to the 
rectangle Oy with vertices +(N + 1/2) +ib, with N integer and b > 0. It yields 


py Fin) = [ a 


|n|<N On 
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On a vertical segment z = +(N 4+ 1/2) +is,—b < s < b, the quantity 


e2tiz _ fp = eo 2ms et2ni(N +1/2) “1-14 g 2) 
has modulus greater than 1; the contribution of this segment to the integral is, 
therefore, controlled by g(4(N + 1/2))2b and goes to zero when N — +00. On 
the other hand, if z = s + ib, one has e27!2 = 2715 e+27b co that | e27!2 — 1| 
is bounded below and the integrals on the horizontal sides of Ow are convergent 
when N — +00, F(s + ib) being integrable. The conclusion is that the limit 


F(z) F(z) 
vin, LFO= | amet | ae ie 
|n|<N Bt L2 


exists, where L;, L2 are the lines L; = {z: Imz = —b}, Lo = {z: Imz = Db} 
travelled from the left to the right. For z € L; one has z = s — ib and e?7!7 = 
e27 92718 has modulus e278 > 1 so that 


[oe] 


1 _ ,—2miz —2minz 
e2miz _ | 


n=0 


with uniform convergence for z € Ly. Forz € Ly, z = s +ib and e277 = 
e 27 o2mis has modulus e~27" < 1, and so 


1 oni 
i y e77'"Z niformly for z € Lo. 
e2niz =] 

n=0 


The uniform convergence and the fact that F(s + ib) is integrable in the variable s 
allows us to integrate term by term both series yielding 


-1 lee) 
li F _ F 2minz F 2minz 
yim, y (n) y [ (z)e dz+ y / (z)e dz, 
|n|<N 1 n=0° 2 


n=—o0 


which equals )7 <7 f(n), by (12.9). O 


It is worth noticing that the Poisson formula holds under more general hypothe- 
ses than the ones presented here (see Exercise 11 of Section 12.8). 

Observe that if F satisfies condition (12.7), then the same condition holds for 
each function F(x + h), h being any fixed number. Writing, as before, F = f, 
then F(x + h) is the Fourier transform of f(t) = e~27!**. Hence, one has 


F(n te h) = > f(a) e2nink 


showing that f(—n) is the n-th Fourier coefficient of the 1-periodic function 


Y, Fn +h). 
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II 


Example 12.4. When F is the Poisson kernel, F(z) = + ao then f(t) 


—2zn\|t 
1 Dy I = », eo 2H ln eo 2minh 
1 1+(n+h)2 , 


e | and 


neZ neZ 
which is equivalent to 
: > : =2 > e-2™" cos 2nnh O 
1 1+(n+h) , 
neZ n=0 


Example 12.5. If F(z) = e-*2" then f(t) = e-*t and, therefore, taking F(z) = 


Be ges 
a— 1/2 e-™ e27ibz with a,b € R, a > 0, one gets f(t) = e~74+)”. So the 


equality 
= 2 = en os 
> e ma(n+b) = oa 1/26 uC e 2ninb 
neZ neZz 
follows. O 
The theta function is 
= 2 
4 eae 
neZ 


It is important in analytic number theory. When b = 0, the equality of Example 12.5 
gives the functional relation 


oa) =r 7 b(1/t), t>O0. 


12.3 Bandlimited functions. Second Paley—Wiener theorem 


If the function f € L?(R) has compact support, it is clear that the complex Fourier 
transform 


A +00 i 
fo= / fe? at 


A 


is defined for every z € C and is an entire function. More generally, f(z) is an 
entire function whenever 


+00 
i |f@| e277" dt <+o0, forally ER. 
—0o 


In this section we will characterize the functions fa for f € L?(R) with compact 
support. If F(x) = f(x), then F(x) = f(—x) and so the following definition is 
appropriate. 
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Definition 12.6. A function F € L?(R) is said to be bandlimited if F has compact 
support. 


As said above every bandlimited function F € L?(R) has an entire extension. 
Let J be the smallest interval containing the support of F ; if 2t denotes the length 
of , some translation of F has support contained in (—t, T), so that forsomea € R, 
the function e?”!4* F(x) can be written 


4 
er ttax Fx) _— f(t) gt ge: 
—T 


with f € L?(—t,r). Without loss of generality, assume a = 0. First we will 
characterize the entire functions F of type 


+T 
F@)= fQjer' dd, felrera, 72>. (12.10) 


—T 


Theorem 12.7. An entire function F can be written as in (12.10) if and only if it 
satisfies 


+00 
/ |F(x +iy)/?dx <Cet™?!, yeR (12.11) 
—oo 
with C a constant. 


Proof. If F is given by (12.10), x +» F(x + iy) is the Fourier transform of 
f(t) e?" and Parseval’s theorem gives 


+oo +t +t 
/ IF@ + iy) Pax = i fet dt < eft! / howe 


Conversely, if F is entire and satisfies (12.11), then F € H?(Bz) for all a > 0, 
and according to Theorem 12.2 one gets F = f with 


+00 1 too 
/ | f(t)|2 e474!ldt < — sup / Fetiwrdce ce", 
= m = 


ly|<a lee) 


C, aconstant. Hence, 


+00 
/ | f(t) |? ettalltl—t) yy < rae 
—oo 


for alla > 0. Letting a + +00, in this inequality we get f(t) = 0a.e. if |t| > T. 
So, F = f with f € L?(—-1,1). O 


The aim now is to describe the space of entire functions for which condition 
(12.11) holds in an alternative and more useful way. 
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Definition 12.8. For t > 0, the Paley—Wiener space PW, is the set of entire 
functions F satisfying 


+00 


FG) = O(e""!) and FIR= f [FG)Pax < +00. 


It will be shown that this space is the same as the one defined by condition 
(12.11). A result of Phragmen—Lindel6df, related to the maximum modulus princi- 
ple, will be needed. 


Theorem 12.9 (Phragmen—Lindel6f). Let F be a holomorphic function on a cir- 
cular sector Sy of angle m/a, with a > 0, and continuous on Sy. Suppose that 


|F(z)| = O(exp|z|*), z € Sy with B <a, 


and |F(z)| < M foraconstant M > 0, ifz € 0Sq. Then one has |F(z)| < M for 
allz € Sq. 


Proof. Without loss of generality, suppose that Sy is the sector {z: | Argz| < 
wt/2a}. Take B < y < q@ and using the principal branch of z” consider the 
holomorphic function g(z) = F(z) exp(—ez’) with e > 0. If z = re?®, then 
|g(z)| = |F(z)| exp(-er” cos y@); moreover, if |@| < m/2a, one has |y@| < 2/2 
and there exists 6 > 0 such that cos y@ > 6; therefore, 


|g(z)| < C exp(r? — Ser”), C constant, 


so that |g(z)| tends to zero when |z| — +00. This yields that |g(z)| has a global 
maximum that, by the maximum principle, must be reached on the boundary of Sq. 
But for z € 0Sq one has 


le = |F(z)] exp ( — er” cosy ) <|F(2)| <M. 


In conclusion, |g(z)| < M if z € Sy, and letting e > Owe get |F(z)| <M. O 


Corollary 12.10. a) Let F be an entire function such that there are constants C, 
M with |F(z)| < C et?! forz € C, t > Oand|F(x)| < M forx € R. Then one 
has |F(x + iy)| < Met, forx,y ER. 

b) Let F be an entire function such that there are constants C, M with | F(z)| < 
C etl! for z €C, t > Oand 


+00 
/ |F(x)|Pdx < M?, 1<p<+o0. 


co 


Then 
+00 
/ |F(x +iy)|?dx <M? e™! forx,y eR. 
—0oO 
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Proof. In order to prove item a) assume y > 0; let g(z) = F(z) e@+9?, ¢ > 
0, so that |g(x)| = |F(x)| < M and |g(iy)| = |FG@y)lexp(-(@ + ®)y) S 
C exp(—ey) — O when y > +00. Applying the Phragmen—Lindelof theo- 
rem separately to the first and the second quadrants, one obtains |g(z)| < M if 
y = Imz > 0, that is, 


|F(z)| < M exp((t + €)y). 


Letting « + 0 ends the proof of a) for y > 0. For y < 0, we argue analogously. 
For b) we must prove that g being a function of C,(R) with 


+00 1 1 
[ weottax = 1, S42 = 1, 
—oo P 4 
one has 


+00 
i |F(x + iy)|g(x)dx| < Me™! 


Considering the entire function 


G(z) = [~ F(z+t)g(t)dt, zeéEC, 


[o,2) 


we have to check the inequality |G(iy)| < M e7!?!. Now, 


+00 
|G(z)| =| |F(z +t)||e@|dt < cf 4 ip@oyar a0 el, 
—oo 


C’ constant, and, by Hélder’s inequality, 


pes 1/p +00 I/q 
CORaGh IF + ira) ({ joc tar) 


+00 1/p 
<(f_ lr +oqat) = IF Ig <M. 


co 


By item a), already proved, we obtain |G(z)| < M et! as claimed. O 


Theorem 12.11 (Second Paley-Wiener theorem). Let F be an entire function and 
t > 0. Then the following conditions are equivalent: 


a) F satisfies condition (12.11). 
b) F € PW,. 
c) Fir € L?(R) and |F(z)| = O( e277 21), 
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Consequently, the complex Fourier transform establishes an isometry between the 
spaces L?(—t,t) and P W,. 


Proof. \f F satisfies condition (12.11), F can be written as in (12.10) and by 
Parseval’s theorem one has 


+t ve 
2ntImz 2nt|Imz| 
Fels [fe ™ dese [. POI 2.19) 


< (22)? || flne7™rin 7. 


Hence, a) > c). The implication c) > b) is trivial. Finally, if F ¢€ PW,, F satisfies 
the hypotheses of part b) of Corollary 12.10 with 27t instead of t and p = 2, so 
that (12.11) holds. 

Now the last statement is a consequence of Theorem 12.7. O 


The space PW, is a relevant space in signal processing. The reason is that 
bandlimited functions correspond to several signals that are important in the appli- 
cations of Fourier analysis; for example acoustic signals that fall inside the range 
of perception of the ear. The Fourier representation 


+00 
F(x) = i F(G) "ak 


exhibits that every signal of finite energy, described by a function F € L?(R) is the 
superposition of the oscillations e?7'** = cos 2axé +i sin2axé with amplitude 
F(€). Bandlimited functions are those in which only frequencies & with |é| < t 
for at > 0 take part. This is the case of acoustic signals, where only frequencies 
under a certain threshold are perceptible. 

So far it has been proved that every bandlimited function has an entire extension 
and when multiplied by e?7'47 for some a € R it belongs to the space PW,. 
Now the properties of these functions will be analyzed in more detail. The aim 
is the Shannon—Whittaker theorem, which is the theoretical basis of digitalization 
processes. 

A fundamental result of Fourier will be used. It will be formulated in the 
context of Hilbert space. The space L?(—t, tT), t > 0, is a Hilbert space with the 
(correlation) scalar product 


+7 on 
(£8) =(f8)n2-nn = J $O)EO)dx 


and norm || f || = (ff). Naturally, L?(—r, r) is identified with the space of 
functions defined on R, 2t-periodic and that are square integrable on one period. 
The most characteristic of these functions are the 2t-periodic cosine and sine, 
cos “x, sin"*x,n € Z. The result of Fourier states that “every 2t-periodic 
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function is the superposition of the 2t-periodic sine and cosine”. We use complex 


exponentials e+ *’ = cos “x +i sin “x and the notion of orthonormal basis to 


formulate Fourier’s result. The complex exponentials are normalized: 


1 nit : 


et™, neZ, 
V2T 


so that ||ey||2 = 1. Then Fourier’s result reads as follows. 


en(x) = 


Theorem 12.12 (Fourier). The family of functions {e,: n € Z} is an orthonormal 
basis of the space L?(—t, T). 


Recall this means that the functions ey satisfy (@n,@m) = 6nm,n,m € Z and 
foreach f € L*(—1,r), one has 


= lim (fee, in L*C1,2). 
In particular, 


2 


’ 


+00 
WAZ = lim I DO (Kendenls = tim > (fendi? = oi fen) 


|n|<N |n|<N 


which is Parseval’s theorem in the periodic case. When {e,: n € Z} is an orthonor- 
mal basis, we write symbolically 


+00 
f~Dithenden 


and the series on the right-hand side is called Fourier series of f. The proof of 
Theorem 12.12 can be found in [6], p. 140. 

Under hypotheses of regularity of the function f , the convergence of the Fourier 
series of f to f is with respect to more precise norms, e.g. to the uniform one. In 
some cases it is pointwise for every value of x: 


f(x) = , tim 2. UiesenG). 


Carleson’s deep theorem states that the above holds at almost every point of (—T, T) 
if f € L?(—t, Tr). Here only Fourier’s statement in the form of Theorem 12.12 will 
be needed. Observe that this result can be also formulated in terms of the functions 
sine and cosine: the normalized 2t-periodic functions 


1 1 nw 1 . nx 
; cos xX, 
Jr Vt T sft T 


are an orthonormal basis of L?(—r, rT). 
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Being aware of the equalities 


(f.en)en(x) = = ( 7 feye"*ax) Z on™, Rez 


it is usual to write the Fourier series as 
+00 

S a 

in ) fuee™. 
—Co 


Now 
+T 


fy=s [| foye Pax, 


is the so-called n-th Fourier coefficient of f . Parseval’s theorem is written 


["ireorar= ["|D fene’* 


According to Theorem 12.11, the complex Fourier transform 


dae De Peole 


+t 
f = F(z) — f (x) oe 2TIXZ dy 


—T 


is an isometry between L?(—t, t) and PW,, that is, writing F = a and G = ¢ 
for f,g € L?(-t,T), one has 


+t —— +00 es 
fE@dx = (f.8) 22-00 = (FG) 22@ = i F(x)G@)dx. 


—T 
Since {e,, n € Z} is an orthonormal basis of L?(—t,r), the entire functions 


{én, n € Z} will be an orthonormal basis of PW,. We may write down these 
functions explicitly: 


~ I id NI yj (—2mixz 1 me 2nix(4¢—z) 
én(Z) = oe ete dx = oe e 20-7) dx 
—T =F. 


1 1 ae 


~ Oni (2-2) V2 


Je sin x(n — 21z) 
= ¢ —_____¥_—., 


m(n — 2tz) 


2nix(4¢-z) 


e 


xX=—-T 
Definition 12.13. The sine cardinal function is the entire function 


. sin 7Z 
sinc Z = ‘ 
UZ 
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Thus, one has é,(z) = 21 sinc(n —2tz). Moreover if f = F, the correlation 
(f, én) is written 


(fen) = = * =F (2 


— (x)e— t dx = —=F 
AV 2t —T vf V 2t 
Hence, for every function F €¢€ PW, one has 


F(z)= qn ae (— -) sinc(n —2tz) on L?(R). 


Now, inequality (12.12) has as a consequence that the convergence in L?(R) implies 
the uniform convergence on each horizontal strip and so for F € P W,, the equality 


F(iZ)= = F (— =) sinc(n — 2tZ) 


holds uniformly on each horizontal strip {z: |Imz| < a}, a > 0. Parseval’s 
theorem reads now 


nee pees n \|2 
[_. FooPax = urea == |r YI - 


The fact that {e,, n € Z} is an orthonormal basis of L?(—t, rT) also means that 
f= don Anen with ¥*,, |An|? < +00 is the general expression of a function 
f € L?(-1,1). In other words, 


+00 +00 

F(iz)= > An sinc(n — 2tz), > |An|? < +oo 
n=—oCo —oo 

is the general expression of a function F € PW,. Summarizing, we get the 

following result, which in communication theory is known as Shannon—Whittaker’s 

theorem. 


Theorem 12.14 (Shannon—Whittaker). Every function F bandlimited to (—t,t) 
(that is, F € L*(R) and spt(F) C (—t, T)) is completely determined by its values 


at the points ar 7 1 © Z, by means of cardinal series 


F(izZ)= > F (— -) sinc(n — 2tz), 


which is uniformly convergent on each horizontal strip {z: |Imz| < a}, a > 0. 
The values F (% =) determine F ina stable way, that is, 


[- |F(x)/? = > IF (~)) if F € PWe. 
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Conversely, given a sequence of numbers (An)nez with >, |An|?_ < +00, the series 


+00 
F(izZ)= oy An Sinc(n — 272) 


defines a function F € P W,, satisfying F(n) = An for eachn € Z. 


A sequence (ay )nez of real numbers is called a sampling sequence for the space 
PW, if there are constants m, M > 0 such that 


+00 
m||FIlZ < >> |F@n)? < MI|FIlZ, foreach F € PW,. 
—oo 
This means, as before, that the values {F (a,): n € Z} determine F ina stable way. 
A sequence (dy)nez is called an interpolating sequence for the space PW, if for 
every sequence (Ay )nez with >, |An|? < +00 there is a function F € PW, such 
that F(dn) = An, n € Z. 
Hence, Shannon—Whittaker’s theorem asserts that the regularly spaced sequence 
(an = #), ey 18 simultaneously sampling and interpolating for the space P W,. 
The quantity x is called Nyquist frequency. It can be shown that if fu < x, the 
sequence (Un)nez With 4» = njvis sampling but not interpolating, and for uw > x, 
it is interpolating but not sampling. 
This section ends with a reproducing formula for functions in the space P W,. 


Theorem 12.15. [f F ¢ PW,, one has 


+00 
F(z) = 2c f F(x) sine 2t(z — x)dt. 


[oe] 


Proof. If F = f one has 


+t 
FZ)= SOO Rae =F eal ae, 
—t 
where e,(x) = e?7'*?; therefore, F(z) = (F, €z)12(g)- Computing é; it turns out 
that 
+T xX=+T 
é;(w) _ / e2tixZ—w) dy _ : a e2mix(Z—w) 
_ 2ni(Z — w) oe 
sin 27 t(Z — w) 
mu(Z—w) 

and so 


sin 27t(z — x) 


dx. 


LJ 


F(z) = / = F(x)é;(x)dx = / ‘iis F(x) 


00 = u(z —x) 
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It is interesting to remark that the previous properties of functions in the space 
PW, can be obtained directly without using the representation (12.10). For example 
(assuming T = +) to obtain the convergence of the series }*,, |F(n)|? when F € 
PW, we may use the mean value property on the discs with center n and radius 
+ to bound this sum by the integral of |F'|? on the union of these discs. Since 
this union is inside the strip {z: |Imz]| < 1}, inequality (12.11) implies that this 
last integral is finite. A similar argument gives that F(x) — 0 when x — +00. 
Let us prove now directly the Shannon—Whittaker formula (Theorem 12.14); since 
sin z(n — z) = (—1)"*! sin z, we have to set the equality 


+00 


nD ene (12.13) 


sin 1Z m(z —n) 


a formula that will be proved with the same methods used in Section 10.3. Observe 
first that the convergence of the series )°,, | F (1) |? and Schwarz’s inequality imply 
that the series of the right-hand side term of (12.13) converges uniformly on compact 
sets and defines, therefore, a meromorphic function on the whole plane, with poles 
at the points n € Z and residues (—1)” F'(n)/z, the same as those of F(z)/ sin 2z. 
Hence the difference between both terms of (12.13) is an entire function h. Let us 
show that / is constant in a similar way as in Example 10.12, checking first that 
both terms of (12.13), and so h, are bounded on the boundary of the square Oy 
centered at the origin and with side 2N + 1 by a constant independent from NV. 
For the right-hand side term this fact has been already proved in Example 10.12, 
and for the function F(z)/ sin z it comes from |F(z)| = O(e7!”!) and the fact 
that | sin 2z|? = sin? 2x + sinh? sry is bounded below by ce?!” on the boundary 
of Own, with c a constant independent from N. So h is constant. To see that this 
constant is zero take z = m+ 5 in both terms of (12.13) and let us check that they 
have limit zero when m — +00. This has been shown before for F(m + 1/2) 
while for the series 


ss cy —_ 2 


I 
pa wn) 


the convergence to zero when m — +00 is a consequence of )*,, | F(n)|? < +00. 


12.4 The Laplace transform 


12.4.1 The Laplace transform of locally integrable functions 


In this section the Laplace transform will be analyzed. It is an integral transforma- 
tion defined on functions vanishing at almost all points of the half-line (—oo, 0). 
These are called causal functions and correspond to signals depending only on 
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time (positive values of the parameter). Throughout this subsection as well as in 
Section 12.5 it will be assumed that 


f: [0, +00) — C 


is a measurable function such that 
R 
/ | f(t)|dt <+oo, forevery R>O. 
0 
Definition 12.16. The Laplace transform of f, £ f, is defined by 


£fe)= | 


for complex values of z for which the limit above exists. 


[oe] 


R 
—tZ — li —Zt d 
ee” f(t)dt lim, f e 7 f(t)dt 


So formally, the Laplace transform of f is the function Fs (52) whenever f 


vanishes on (—oo, 0) and f denotes the complex Fourier transform. We can also 
write : 

f(§) = £f (26). 
Note that £ is applied only to causal functions and that it is defined for complex 
arguments of the variable. This makes £ having some additional properties and 
some advantages with respect to the Fourier transform. For example, the transform 
f may not exist, but £ f does exist. 


Example 12.17. Consider f(t) = 1, ¢ => 0. Then 


H ogi J 
/ e 7 f(t)dt =--e | =-(1—e *), 20. 
0 Zz pay, 2 
If Rez > 0, one has | e~*?7| = e~®®*7 —> 0 when R — +00. Hence, £ f(z) is 
defined if Re z > 0 and has value 1/z. Instead, f(&) is not defined. O 
Example 12.18. Consider f(t) = e® for t > 0, witha € C. Then 
oe) (oe) 1 
ziney= fo ete pendr = fo ear = ——. 
0 0 Z—aQa 
_ igs = 
for Rez > Rew. If f(t) = coset = 5(e"™ + e**), then 
1 1 1 Zz 
L£ = ( + ) = i for Ri > |I 
(NE) 2\e-Te: 244i Zz? + a? a ae 
and if f(t) = sinat = +(e’ — e~!*), one obtains 
1 1 1 a 
(ME) 2 oa a z* + a? lt ae 
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Example 12.19. If f = 10,7), T > 0, it turns out that 


t=T 


£L(f)\(2) = [ edt = lel, = “(1 ~ eT), oO 


Examples 12.17 and 12.18 show an interesting feature of the Laplace trans- 
form. They deal with functions that are neither in L!(0, 00) nor in L?(0, 00) so 
that in principle they do not have a well-defined Fourier transform. However, 
the corresponding Laplace transforms are defined on a half plane and even make 
sense on the boundary of this domain. It has been already observed that formally 
f (€) = £f (27 ié), andso £ f(27i€) should bea Fourier transform. For example, 
when f = 1 on [0, +00), one has £ f(z) = + and formally 


f= Lf(2xié) = 


2nwiké- 
If f(t) = sint on [0, +00), then £ f(z) = aa and 
1 1 


f= 


(Qnié)2+1  1—47262° 
This extension of the Fourier transform by means of the Laplace transform can be 
rigorously done using the theory of distributions. 

Another advantage of the Laplace transform is that it includes the values of f 
and of the derivatives of f at the origin, in the formulation of the differentiation 
and integration rules for £ f. This will be shown later on, when the applications 
of the Laplace transform are considered. 

Of course, it may happen that £ f(z) is not defined for any value of z, for 
example, if f(t) = exp(t?). We say that the function f has exponential growth if 
there is a real constant a such that 


If] = O(e), 1 >0. 


Then one has 


+06 +00 ad 
/ | f(t)| mal eis = | | f(t)| e Rez ay < cf ef(a-Rez) gy 
0 0 ' 


so that the left-hand side integral is absolutely convergent, so convergent, whence 
L£ f(z) is defined for Rez > a. 

The first question to be considered is to find the domain of convergence of the 
Laplace transform of f, that is, the region 


C(f) ={z€C: L(f)(Z) is convergent}. 


As it will be seen, there is a parallelism with power series for which, as it is known, 
the domain of convergence is given by the radius of convergence of the series. 
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Lemma 12.20. Suppose that £( f)(Zo) converges. Then £( f )(Z) converges uni- 
formly on the whole sector Sg = {z: |Arg(z — Zo)| < B} if B < 1/2. That is, for 
every € > 0 there is anumber Ro = Ro(eé, B) such that for R > Ro, one has 


R 
ere) -{ e" fdr] <e, ze Sp. 
0 
Proof. Write, for R; < Ro, 
Ro Ro 
[Oo trodes f° te et pena 
Ri Ri 
and consider 


t 
0 


+00 
g(t) = / e-%0 f(s)\ds = £(f)(z0) — / e970 f(s)ds. 


Then integration by parts gives, 
Ro t=R> Ro 
[ eo F(t)dt = —et@-20) g (7) ea (z- zo) [ e' 2-20) g(r) dt 
1 1 


(this equality can be directly proved by Fubini’s theorem). Given ¢ > 0, let Ro be 
such that |g(t)| < e iff > Ro. Ifz € Sg and R; > Ro, then 


is “ f(di| <2 | i eg (14 : ) 
| Zz vA os 
Ri . aiaad . Re(z — Zo) — cos B 


and, by Cauchy’s criterion, the result is obtained. O 


Definition 12.21. The abscissa of convergence of the Laplace transform £(f) is 
the number a+ defined as 


af = inf{a € R: there exists z ¢ C with Rez = a and £(f)(z) converges}. 


Lemma 12.20 implies that C(/) contains the half plane {z: Rez > ay} and 
that C(f) is contained in {z: Rez > af} if ag is finite. If C(f) = @ one has 
af = +00 and af = —oo implies C(f) = C. 

As for power series, in general nothing can be said about the behavior of £ f(z) 
for Rez = ay. 


Example 12.22. When f(t) = 1, ¢ > 0 or, more generally, f coincides on 
(0, +00) with a polynomial, one has ay = 0 and £(f)(z) does not converge if 
Rez = 0. If f is integrable on (0, +00), 


+00 
/ Lf (@)ldt < +00, 
0) 
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then 


+00 +00 +00 
/ Lf) |e [dt = / Ife tat < I If@ldt, Rez >0 
0 0 0) 


so that C(f) contains {z: Rez > 0}. For example, the Laplace transform of 


fj)= a has abscissa of convergence equal to 0 and £(f)(z) converges if and 


only if Rez > 0. 


Remark that wy < 0 whenever f € L?(0,00) with 1 < p < +00, because for 
Rez > 0, 


+00 +00 1/p +00 1/q 
i Lf@let®*2dt < ( / reo|rat) ( / ewtdr) tetas 
0) 0) 0 


if 1 < p < +ooand 5 + 7 = 1, and 


+00 +00 
i: Ife t®zdt < / If@ldt if p =1, 
0 0 


+00 


+00 
/ [FGle ar IF oo f etRezq¢ if p = +00. 
0 0 
One can also introduce the notion of abscissa of absolute convergence: 
Bp =inf (BER: fo? |f(OleFtdt < too}. 


It is easy to prove that £(f)(z) converges absolutely if Rez > By and that it 
does not if Rez < fr. Clearly, af < By, but as well as an integral may be 
convergent without being absolutely convergent, it may happen thatay < Br. This 
fact establishes a difference to power series, for which both notions coincide. When 
f € L?(0,+00), 1 < p < +00, it has already been noticed that By < 0. 

Hence, if -oo < a¢ < +00, the set {z: Rez > ay} is the biggest open set 
on which £(/) is defined. It is the analog of the disc of convergence of a power 
series. 


Proposition 12.23. [fas < +00, then £(f) is a holomorphic function on the half 
plane {z: Rez > af}. 


Proof. Let 
n 
F,(z) =| e7 f(t)dt, zeEC,neNn. 
0 
By Lemma 12.20, the sequence (F;,) converges uniformly on every compact set of 


{z: Rez > ay}. Since each F;, is an entire function, it follows from Theorem 9.3 
that £(f) is holomorphic on {z: Rez > af}. O 
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The analogous result to Theorem 2.31 is the following one. 


Proposition 12.24. Suppose af < +00 and consider the functions f(t) = FG) 
fork € N. Then the abscissa of convergence of £( fx) is less than or equal to a 
and one has 


L(fk)(Z) = (-1)* £(f)™(), if Rez > af. 
Proof. This equality is obtained by differentiating formally k times the equality 


defining £(f)(z). In order to prove it rigorously observe that, with the notations 
of Proposition 12.23, Theorem 9.3 implies 


£(f)(z) = lim F(z) = lim / "Cay e' f(t)dt 
n—-oo n—-oo 0 


uniformly on compact sets of {z: Rez > a¢}. This already shows that the abscissa 
of convergence of £( f;) is less than or equal to wy and finishes the proof. O 


Example 12.25. Taking f(t) = 1, ¢ = 0, in Proposition 12.24 and using Ex- 
ample 12.17 which gives £(1) = i, for Rez > 0, one obtains that the Laplace 
transform of a polynomial P(t) = )“2_9 axt* is 


"ka 
£L(P)(z) = ara 


k=0 


The analog of Abel’s theorem (Theorem 2.20) for the Laplace transform is the 
following result: 


Proposition 12.26. Suppose ag < +00 and £(f)(Zo) converges at the point 
Zo € C with Re Zo = ay. Then one has 


Jim £(/)(@) = LAG) 


14 


for z approaching Zo inside a sector {z: | Arg(z — Zo)| < B}, B < 3. 


Proof. It is an immediate consequence of Lemma 12.20, because i e'? f(t)dt 
is an entire function for each R < +00. O 


As a consequence of Lemma 12.20 we get that £ f(z) vanishes at infinity. 


Proposition 12.27. [fay < +00, one has lim|z|-+ +00 £ f(z) = 0 for z converging 
to oo inside a sector {z: | Arg(z — Zo)| < B} with B < 5 and Rezo = ay. 
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Proof. \t has been proved that the equality 


R 
£ f(z) = lim, | e 7 f(t)dt 


holds uniformly on the circular sector. Hence, we just need to show that for fixed 
R this integral converges to zero when Re z — +00 and this is a consequence of 
the estimate 


R R 
| e 7 f(t) dt </ e REZ) F(t) dt 
0 0 


and the dominated convergence theorem. O 


Example 12.28. Consider f(t) = sna Since tf(t) = sinat has as Laplace 
transform Zags (Example 12.18), Proposition 12.24 shows that £ f(z) has as 
derivative the function “See Hence £ f(x) = — arctan + +k and since it must 
converge to zero when x — +00, Proposition 12.27 yields k = = Itis well known 


that the integral 
°° sinat 
/ dt 
0 t 


is convergent but not absolutely convergent, that is, 0 €¢ C(f). By Proposi- 
tion 12.26, it turns out that 


© sinat . ; IT x 1 
i ; dt = £f(0) = lim, £f(x) = lim (4 arctan) = 5, O 


Let }?cnz”" be a power series with }° |c,| < +00. Then the radius of con- 
vergence R satisfies R > 1 and f(z) = )0,, ¢nz” is continuous on D(0, R). The 
analog of this fact for the Laplace transform is the following proposition. 


Proposition 12.29. If f € L'(0,00), then By < 0 and £ f(z) is continuous on 
{z: Rez > O}. 


Proof. It has already been observed that By < 0. Since 


IFO Ne 71 =| fleT*? < | FOL, 


the statement is a consequence of the dominated convergence theorem. O 


Next the uniqueness theorem for the Laplace transform will be proved. 


Theorem 12.30. The Laplace transformation is one-to-one; more generally, if 
af < +00, Ag < +ooand £ f(z) = £g(z) for Rez big enough, then f(t) = g(t) 
fora.e.t > 0. 
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Proof. Working with h = f — g, we need to show that £A(z) = 0 for Rez large 


enough entails h(t) = 0 for a.e. t > 0. Obviously, by the principle of analytic 
continuation, we have £h(z) = 0 for Rez > ap, that is, 


(oe) 
/ e h(t)dt =0, Rez>ap. 
0 
The idea is simply to specify z at the points of the kinda, +n,n = 1,2,..., which 
implies 
(oe) 
i e '% e @ha)dt=0, n=1,2,..., 
0 
next to make the change of variable x = e~', dx = —e~‘dt, which yields 


1 
[tn (tog) xthdx = 0, ‘os ae ee 
0 


and then to use the density of the polynomials in the space L!(0, 1). However, since 
the integrals that appear need not be absolutely convergent, we have to integrate by 
parts before. So, introduce, for Zo fixed with Re Zp > a, the function 


g(t) =f e *°h(s)ds 


and integrate by parts to obtain 


II 


R R 
i e *7h(s)ds / e 52-20) e-820h(5)ds 
0 0 


(12.14) 


II 


R 
e ®@-20) o( R) +(z- zo) [ e 52-20) g(s)ds, 
0 


The function g is continuous on [0, +00); furthermore, lim;—+00 g(t) exists and 
equals £A(Zo) = 0 and equality (12.14) implies 


Lh(z) = (z- z0) [ e 52-20) g(s)ds. 
0 


Therefore, this last integral is zero if Rez > ReZo. Specifying at z = Zp +n, 
n= 1,2,..., we find 
oe) 
} e *"g(s)\ds =0 
0 


and writing x = e*, 


1 
/ x"g(—Logx)dx =0, n=0,1,2,.... 
0 
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Now G(x) = g (—Log x) is a continuous function on [0, 1] and so we can conclude 
that G = 0. Therefore, g(t) = 0 for all t > 0 and so A(t) = 0 for a.e. t > 0, 
because g(t) is absolutely continuous with derivative e~‘7°h(t) a.e. O 


Next we analyze which explicit inversion formulae can be found to express f 
in terms of £ f. It is clear this is a question deeply related with the inversion of the 
Fourier transform. For x > af, 


+00 


+00 
L£f(x +iy) = [ gt Pdr = | a fie dt 


formally equals g,. (3), where g,(t) = e ™ f(t). Therefore one has 
+00 ; 
MFO =s)= f aQerr"tag 
—oo 
i! bi, y ity 
= ¢, (— d 
2 Joo ay Ge ales 
1 +00 


£ f(x + iy)e dy. 


II 


2m Jo 
So, independently of the value of x, x > ay, we get 
1 1 x+iT 
fO=sof  £f@eltaz= tim fe feyettdz 
2041 Jregax T>+00 201 Jy_iT 


This formal inversion formula holds if £ f satisfies some additional hypotheses, 
as in the case of the Fourier transform. A result of this kind is the following one, 
analogous to Theorem 12.3. 


Theorem 12.31. Assume By < +00 and for B > By, 


sup|£ f(x +iy)| < e(—) 


x>B 


with g € L'(R) and g(y) — 0 when |y| > +00. Then f(t) equals for almost 
every t > 0 the continuous function 


1 +00 ; 1 
en | L f(x +iyye'%dy = — L£ f(z) edz 
T J—oo 


20i JRez=x 


independently of the value of x, x > B. 
Fort <Oone has fp,,-, £ f(z) edz = 0. 
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Proof. Asin the proof of Theorem 12.3, Cauchy’s theorem and the hypothesis imply 
that the function 


gl) =< L f(z) edz 


2m Re z=x 
is independent from x, x > B and continuous on R. Letting x — +00 in the 
estimate 


efx +00 tk +oo 
els f lefe+inidys =f eoray 


we get g(t) = Oift < 0. Now the equality £g(z) = £ f(z) if Rez > B will be 
proved; then the uniqueness theorem gives f = g a.e. Fixing z with Rez > B, we 
choose x with Rez > x > B such that 


+00 +00 1 
£3(z) =a g(t)e dt =) (= / £flw)e"dw) e 7 dt. 
0 0 201 Rew=x 


The double integral is absolutely convergent and we may interchange the order 
of integration to obtain 


— 1 Ss t(w—z) 
L£e(z) = on L f(w) (| e at) dw 
1 Lf) | 


271 JRew=x W-Z 


Now, applying Cauchy’s formula to the square Q z with vertices x +iR, R+iR 
with R > x big enough such that z is in its interior, one has 


1 x+iR £ f(w) 


dwt+h+In+]s, 
Oni x-iR W-Z 


L£f(z) = 


where J, and / correspond to the horizontal sides and /3 to the vertical side 
{w: Rew = R}of Op. The following estimates hold: 


< Cg(R) eee 0, C constant, 
—>-+00 


ie.0D Wn = 


+00 
Is] < at g(y)dy ——> 0 
d(z,0QR) J—co R>+00 


and, letting R — +0, we find 
1 L f(w) 
Oni Rew=x W-Z 


which implies £ f = Lg. O 


L£ f(z) = dw, 
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The hypothesis on the growth of £ f in Theorem 12.31 holds, for example, if 
|£ f(z)| = O(|z|~), taking o(y) = (6? + y?)~!. Note that it has been proved 
that every function F holomorphic on a half plane {z: Rez > 6} and satisfying 
the conditions of Theorem 12.31 is the Laplace transform of a function f with 
Br < +00. For example, if F is a rational function vanishing at infinity, F(z) 
is the sum of terms of type C(z — w)~! with C, a € C and other terms of order 
O(|z|~*). Consequently F is the Laplace transform of some function. 


Example 12.32. Let us compute £7! F for F(z) = RaerTey We use the inversion 
formula of Theorem 12.31, that is, we will compute the integral 


1 X+100 etZ 


(O=s ao 2 = 


Qmi Jing 22-3242 


1 x+iT ef? 
= lim — / —— 
T>+00 2mi Jy-j7r 272-3242 


by residues, with x big enough. The poles are z = 1 andz = 2, F(z) isholomorphic 
for Rez > 2, and so we take, x > 2. For big T consider the closed path Cr of 
Figure 12.1. On the circular part of Cr,z =x+R e!? with 7 <0< aE and 


Figure 12.1 
etT cos tx 
tz; _ tx : 
|F(z)e'7|=e 232 4) <C 72" for T big enough and C constant, 


so that in the limit, when 7 — +00, the contribution of this part is zero. Moreover, 


etZ efZ 
Res (=. 7 = 1) =—e’', Res (=. Zz =2) =e?! 
z2—3z4+2 z2—3z4+2 
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Consequently, f(t) = e?’— e’. Wecanreach the same conclusion by decomposing 
F into simple fractions 
1 
= ae a 
and recalling that e%’ has 1/z — a as its Laplace transform. O 


F(z)= 


It has been observed that every rational function vanishing at infinity is the 
Laplace transform of a function f. To find f we can decompose the rational 
function as a sum of simple fractions and remark that by Proposition 12.24, the 


tk 


function 7; e*' has as Laplace transform the function The functions 


1 
(z—a)k+1° 
f having as Laplace transforms rational functions vanishing at infinity are, in 
consequence, the linear combinations of functions tk e withk € N,a Ee C, 


that is, 


N 
SO =D) Pit et" 
i=1 
with a; € C and P; polynomial functions. These functions are called exponential 
polynomials. 


12.4.2 The Laplace transform of square integrable functions 


The behavior of the Laplace transform on the space L7(0, +00) is particularly 
simple, as it is the case with the Fourier transform on L?(R). In this subsection the 
corresponding version of Plancherel’s theorem will be stated. 


Definition 12.33. The Hardy space H?(I1) on the half plane TI = {z: Rez > 0} 
is the set of functions F € H(I1) satisfying 


+00 
FS = sup | |F(x +iy)|?dy < +00. 
x>0J—oo 


Theorem 12.34. The Laplace transform, F = £f, is a bijection between 
L?(0, +00) and H?(I1) that satisfies, in addition, 


+00 
on i Lf@P2dt = FIR. 


Proof. It has been observed before that ay < 0 if f € L?(0,00), so that £f is 
defined on I. We also know that £ f(x +iy) = & (#4) with g,(t) = e™* f(0). 
Therefore, by Parseval’s identity, one has 


[8x (E)/Pdé 


[o,2) 


/ - Je fx +iyyPay = 2x f 


+00 


= / 6-21 (Ny 2dt < 2m / howe 
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implying F = £f € H?(I1) and || F||5 < 2z||f\|3. Conversely, let now F € 


H?(I1) be given. Using Cauchy’s theorem and an argument analogous to the one 
in the proof of Theorem 12.2, we get that the limit 


| 


1 x+iT 1 T ; 
lim — F(z)edz = e* lim =| F(x tiyye’d 
T>+00 Imi i @) fia Oe 


= eh, (t) 


is independent from x, where 27h, (2zt) is the inverse Fourier transform of the 
function y > F(x + iy). By Plancherel’s theorem, then 


+oo0 +00 
on / lay (Pat = if [F(x + iy) Pay < JF IB. 
—oo —oo 


Writing f(t) = e’h(t) = eh, (t), we get 
+00 . 2 +00 4 1 4 
[ eceirorar= fo WnsPae s FB 
—oo —0o IT 


Letting x — +00 we obtain f(t) = 0.a.e. on (—oo, 0), and letting x > OT it 
follows that f € L?(0, +00) and 


an f Lf) < FIZ. 


Since f € L?(0, +00), we have h, € L'(R). Now, taking the Fourier transform of 
the function 27h, (27) yields 


+00 
F(x +iy) = / 2nh,.(2nt) e 7" dt 


—oo 


_ [ ” helt) edt = / ” e- F(d, 


that is, F is the Laplace transform of f. O 


12.5 Applications of the Laplace transform 


The applications of the transformation f t+ £/f are based on its properties with 
respect to operations between causal functions. The most important are given here. 
Recall that f: [0,+0c0) — C is assumed to be measurable satisfying 


[® \f@ldt < +00, for all R > 0. 


Pl. £(t” f(t) = (-I)"(Lf)M() if ne N. 
1 


This is Proposition 12.24. For example, the function —— corresponds by the 


nt n ,at 
——aH corresponds tot”e™". 


Laplace transformation to the function e®’ , and = 
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LFA) =12Lf (2), for r > 0. 


P3. Assume that f is of class C! on (0, +00) and right continuous at zero. If 


P4. 


PS. 


afr < +00, then a¢ < +00 too and for Re z big enough one has 
L(P)(z) = z£(f)(Z) — FO). 
Proof. Integrating by parts yields, for R > 0, 
R R 
/ e'? f'(t)dt = e® f(R) — f(0) + 2 f e'? f(t)dt 
0 0 
and thus it suffices to prove that ay, < +00 implies e~®? f(R) > 0 when 


R — +00, for Rez > 0 big enough. By hypothesis, lim, i e* f'(t)dt 
exists for some value of x, for which we write 


g(t) = ; e-* f"(s)ds. 


Then 
R 
eR £(R) =e? f(0) +e? / f(t 
0 
R 


— pz Lp Rz Xt I(t) d 
e* f(0)+e [ eng (t)dt 


R 
= eR? £(Q) + eG g(R) — ee f e*' g(t)dt. 
0 


Since g is bounded, the equality above implies 


le fk x 2" |fO)+ce "4c ce FO). C constant, 


and the right-hand term converges to zero when R > +o0,ifRez>x. O 


If f is of class C” on (0, +00) and the right derivatives f(0+) fori = 
0,...,” — | exist, and moreover afin) < +00, then 


L(f™)(z) = 2" £(f)(z) — 2" fO) — 2"? f'(0) — + — fF" PO). 
Under the hypotheses of P3, one has 
fO) = lim | x£(f)(2). 


Actually, apply Proposition 12.27. 
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Analogously, under the hypotheses of P4, one has 
f'O) = lim x? L(f)(x) — xf (0) = lim x@L(f)(x) — FO), 
X—>+00 xX—>+00 


FOO = lim x1 LP) @)—x* FO—x*1 f'O-----xf MO. 


The meaning of these equalities is that the asymptotic expansion of £ f(x) 
when x — +00 is 


, ” (k) 
re a ee a) eee ae 


T T T 
x x2 x3 xk+1 


L£ f(x) = 


If £ f(z) is holomorphic at infinity, then this series, in the variable z, is the 
expansion around the point at infinity of £ f(z). 


P6. Let f be continuous and define g(t) = J f(s)ds. Then 


1 
£g(z) = Lf). 
This is a consequence of P3. 
P7. Assume the function g(t) = Ae is also integrable on each interval [0, R] 
with R > 0. and, in addition, ag < +00. Then (£g)'(z) = —£ f(z). 
This assertion is a consequence of P1. 


For example, consider the function g(t) = SS with a, B real pa- 
rameters. Then £g(z) has as derivative 


Z Z 
z* + B? z2+q2 


and it vanishes at infinity. Hence, for x € R, one has 


"= t t 1 x? + a? 
L = dt=-L 
a(x) [ (az aR) 9 Pe. p? 
and, by analytic continuation, it turns out that £g(z) = 5 Log 2 sta". Also 


z+ B2 
0 € C(g), and, by Proposition 12.29, 


- t— t 
/ ee sug dt = £g(0) = lim Lg(x) = Log a 
0 t x2>0+ B 


P8. If A > O and interpreting that the translated function tT, f(t) = f(t —A) has 
value 0 fort <A, then £( f(t —A)(z) = e747 £ f(z). 
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P9. If Zo € C(f) and z — Zo € C(f), then 


£ f(z — 20) = £(e™ f(t))(z). 


P10. If f is A-periodic, then ag < 0 and for Rez > 0 one has 


A 
L(f)(Z) = —= | e 7 f(t)dt. 


Actually, if g denotes the function that equals f on (0, A) and vanishes outside 
this interval, we can write f(t) = )°?-. g(t — nA) and applying P8, it turns 
out that 


£ f(z) = D5 eo £g(z) = (1- e #7) Lg (z). 


n=0 
The convolution of two causal functions f, g is defined as 
t 
(feat) =f fGyee-s)ds. 


Observe that it is the usual convolution of f and g if these functions are 
considered to be extended by zero to (—oo, 0). 


Pll. Assume Be < +00 and Bg < +00. Then Brag < max(By, Bg) and, if 


Rez > max(Bry, Bg), one has 


L(f * g)(z) = L(f)(z)- £(g)(Z). 
Indeed, let x > By, Bg such that 


+00 
ee / e* (f+ le()P)dt < too. 
0 


Then 


+00 
: ef # g)(e)|dt 


: oes ( i LOI lee — 5) as) dt 


+00 +00 
Ho) ( [ ise-9 edt) a 


i 
= [ 1 (5) ( / ee —9)] evar) ds 
I 


7 enrol . Isle dr) ds <P. 


IA 
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Therefore, By»g < max(By, Bg), and repeating the computation above with- 
out absolute values, the equality of P.11 is found. 


Once the list of properties of the Laplace transform is stated, we proceed to its 
main applications. 


A typical application of the Laplace transform is the solution of ordinary linear 
differential equations with constant coefficients. As known, the solution of the 
equation 

P(D)f =¢g (12.15) 


with g(t) a given function and P(D) = D” + a,_1D" !}+-+-+a,D 4+ ao, 
D = 7, 40,41,.--,dn—1 € R, is completely determined by the initial conditions 
at a point fo: 

f(t) = be, k=0,...,n-1, (12.16) 


with bo, b1,..., b,—1 constants. 

Since the problem is invariant under translations, we may assume that fo = 0. 
In order to find the solution f(t) for t > 0 the Laplace transform will be used. For 
t < O just remark that f(t) = f(—1) satisfies the equation 


P(D) f(t) = &(t) = g(t) 


with P = )“/_, a;(—1)'D’. It is convenient to extend a little bit the concept of 
solution. So, g will be assumed to be continuous on (0, +00), except for a set of 
isolated points at each of which g has a jump. A generalized solution f is then a 
function of class C”~! on (0, +00), being of class C” on the set of points where 
g is continuous and satisfying P(D) f = g on this set. The initial conditions are 
interpreted as 

f(O+) = be, k=0,...,n—-1. 


As it will be shown, the use of the transformation £ has two advantages: first the 
data g and bo, ..., b,—1 are simultaneously handled, and afterwards the problem is 
reduced to an algebraic equation. The idea is to first find £ f and then look for f 
with the inversion theorem, so that the equation becomes a problem about functions 
of the complex variable z. 

Suppose f is a solution of the problem (12.15) and (12.16). Write F = £f 
and G = £g, which is a data. Due to rule P4, 


L£(P(D) f) = P(Z) F(Z) — bo pn-1(Z) — +++ — bn-1 po(Z), 
where P(z) =z” + ee ajz' and px(z) are the polynomials 


po(z)=1;) pe(z) = 2" +aqyze 1 +--+ an~, K=1,...,0-1. 
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Therefore, 


_ G(z) + bo Pn-1(Z) + +++ + bn-1 PolZ) 

P(z) 
Now we must invert the Laplace transform. Observe, first, that we have the decom- 
position 


F(z) 


bo Pn-1 +++: + bn-1 Po 


G 
F=F,+ fF, with F; = Pp and Fy, = 


P 
This decomposition corresponds to f = f{ + fo, where f; is the solution of 
P(D) fi = g with vanishing initial values and fo is the solution of P(D) f2 = 0 
with initial values i = by, kk = 0,...,n — 1. The solution F> is rational and 


vanishes at infinity, and so f2 is an exponential polynomial. 

The function + is rational and vanishes at infinity and so there is an exponential 
polynomial h with £h = a From £ f; = Fi = g = £(h) L(g), using P11 and 
the uniqueness theorem, we obtain f, = g « h, that is, 


f= [ h(t—s)f(s)ds, t>0. 


When g is continuous, the next result follows from the existence and uniqueness 
theorem of solutions for ordinary differential equations. Here an independent proof 
is given, without assuming the continuity of g. 


Theorem 12.35. The problem 
P(D) f = (D" + an-1D" | +++» +a1D + a0) f = 8, 


f®(0) = by, k =0,...,n — 1, has a unique generalized solution given by 


fi) = filt) + A) = i = Deaf. 


Here fy is the exponential polynomial satisfying 


L f2(Z) = 


1 n-1 
P@ du bk Pn—1-k(Z) 


with px(z) = 2* + an—yz*7! + +++ + an_x (po(z) = 1) and h is the exponential 
polynomial such that £h = +S: 


Proof. The previous considerations prove that if there is a solution, then it is the 
one given in the statement. To prove that it is indeed a solution, it is enough 
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to check the initial conditions f (0) = hy, k = 0,...,n — 1, because then 
L£(P(D) f) = L(g) by construction and P(D) f = g. Check first that 


APO =0, k=0,...,.2-1. 
By property P5 and observing that P(z) = z” +---, we deduce 
hO) =--- =H") =0, AMO) =1. 


It is clear that f1(0) = 0 and, differentiating successively, it follows that 
t 
fw =i h®(t—s)g(s)ds, ff) =0, k=0,....n-1 
0 


(since h™ (0) = 0,k = 0,...,n—1, these equalities hold even at the points where 
g has a jump). 

Next we need to prove that A) = by fork = 0,1,...,n—1. The function 
foot has order z~!~* when z > oo and itis therefore clear that £ fo(z) ~ Po 


Now, in the equality 


Zz >> bk Pn—1-k (Z) — bo P(z) 
P(z) 


ZL fo(z) — bo = 


the numerator starts with b;z”~! and in consequence it is of the order of ag and so 
on. O 


In many practical cases, to find the solution f there is no need to compute / and 
h * g separately. For example, if g is an exponential polynomial, then G = £g 
is a rational function vanishing at infinity, so this holds for Fy = g as well, 
and we may straightforwardly compute f; by decomposing into simple fractions. 
This procedure can also be applied if g is a linear combination of translations of 
exponential polynomials in the sense of P8. This is shown in the first of the following 


examples. 


Example 12.36. Let us solve the equation 


1 if t 1 
POI D SA BISON 
0 ift>1 


with the initial value f(0) = 1. 
In this case one has 


L(f' +2f) = £ (191) = a- e 7). 
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But £(f’)(z) = —f(0) + z£(f)(z) and, hence, 


-1+@+ DEN) =~ 1-e%), 


and so , Le 
—e 
i) = £2” B(249): eed) 


Decomposing into simple fractions 


1 =5( 1 ) 
ziz+2) 2\z 242 


we get 


#0N@) = 5(2 + 35) -3°"(S-s43). 


Recall that aA is the transform of e®’. Applying P8 one finds 


1 1 
fO= 50+ eo) —-su(l-e), 
that is, f(t) = 5(1 + e~*") if 0 <¢ < Land 


1 1 


f= (1 + e 7") 5M e2G-D) = - (e778 4 ce 2E-D) itt > 1. 


2 


Observe that f is continuous but not differentiable at the point 1, because g = 10,1] 


is not continuous at this point. 


O 


Example 12.37. Let us solve the equation f’(t) —2f’(t) + 5f(t) = g(t) with 
f(O) = 1, f’(0) = 0, where g is the 2L-periodic function with value 1 on [0, L] 


and 0 on [L, 21]. 
By P10, we have 


fe edt 1 1- eH? 1 


0 
1— e-2Lz 7 1— e2kz  z(1 + e272)’ 


L£g(z) = 


Hence, we must have 


PE(f)—2-2GL(P)— 1) + 5LI@) = a 
£f(z)\(2? -2z2+5)=27z-2 re aot 
ZZ 1 


2) z2—I%z+5 (22—27+5)z(1+ e-#7) 


Fi. 
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Decompose into simple fractions: 


1 ( 1 1 ) 142i 
= ’ a= l, 

z*-274+5 4i\z-a 2z-@ 

z—2 + 

z*—274+5 


zZ— 


The rational function 5 = m7 is the transform of 


y= 


€ | t) ee | (; =) e = Re] (1+ 5) "| 
BA pe 2 


2 39 1 
e’ Re[(1 + 5) e7'4] — e' cos2t — 5 e’ sin 2t. 


fr(t) 


The rational function Fos is the transform of 
h(t) = 4 (ex —e")= ze sin 2t 
4i 2 


and, as shown, is the transform of g. Hence, we obtain 


1 
z(1+e—£2) 


t 


fit) = (g *h)(t) = al g(t —s)e* sin2sds. 
0 


The solution is then f = fi + fo. O 


Next we focus on the problem 
P(D)f=g, f™(O)=0, k=0,...,n—1. (12.17) 


As we know, it has a unique solution given by 


ft) = [ h(t —s)g(s)ds, 


where h is an exponential polynomial with h“ (0) = 0, k = 0,...,n — 1, so that 
f isC”! and 


£0 = [He -He0ords, k=0,...,.n—1. 


On the set of points where g is continuous, f is of class C” since h®™ (0) = 1 and 
we have 


f(t) = g(t / h (1 —s)g(s)ds. 
0 
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The function h is the Green’s function of the problem. It is also called an impulse 
response because, when formally replacing g by the impulse 6 (Dirac delta at the 
origin), we get f = h. The function $ which is the Laplace transform of h, 
Lh = $ is called the transfer function. 

These notions apply to all linear operators 7, transforming causal functions g 
into causal functions f = Tg that, moreover, are invariant under translations in 
the sense that 


f =Tg and A>0 imply 1 f = T(r). 


These operators are usually called filters. 

The problem P(D) f = g, f(0) = 0,k = 0,...,n —1, is invariant under 
translations. It may be proved under general hypotheses that to every operator 
invariant under translations T corresponds an impulse response / such that 


t 
Tg=gxh,  thatis, Tg(t) | h(t —s)g(s)ds. 
0 


As said, h may be interpreted as h = T(6). The intuitive idea is that every function 
g is an (infinite) linear combination of translations of the Dirac delta at the origin 6: 


g= [ e098. = [ sorns. 


So by linearity and invariancy by translations, we get 


Tg = f sours = f s(oyehas, 


which means 
t 
Tg(t) = / g(s)h(t —s)ds. 
0 


A filter T is called stable if Tg is bounded whenever g is bounded. For the problem 
(12.17) it is easy to decide when the corresponding operator T = P(D) is stable. 


Theorem 12.38. [f the transfer function of a filter is a function R, rational and 
vanishing at infinity, then the filter is stable if and only if all the poles of R have 
negative real part. 


Proof. Let us prove first that the condition is necessary. Taking g(t) = e’’” fora 
fixed real number w, which is a bounded function, then 7g = f must be bounded. 
Now, since Tg = g «xh, h being the impulse response and £h = R the transfer 
function, we obtain £ f(z) = £Lg(z)R(z) = R@ Let a1,...,Qy be the poles 


z—iw- 
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of R with multiplicities m,,...,my,. If aj # iw, j = 1,...,n, we have the 
decomposition in simple fractions: 


R ° n 
£f@) = +R, 
j=l 


where R; is the principal part of R at the point aj. Then £~'(R;) can be written 
as P;(t) e®/’, where P; is a polynomial of degree m; — 1, and we find 


n 
f(t) = Raw + 7 POM. 
j=l 
This expression is bounded if and only if Rea; < 0 and if the poles a; with 
Rea; = 0 have multiplicity m; = 1. Now, if a; = iwo and we take w = wo, 
then iwo is a pole of order greater than or equal to 2 of £ f(z) and f(t) would 
contain an unbounded term. Therefore, Rea; < 0, 7 = 1,2,...,, is a necessary 
condition. 
To prove that the condition is sufficient, we use the equality 


Te(t) = fO= [ h(t —s)g(s)d(s) 


with £h = R, assuming that g is bounded. The function / will be written as 


h(t) = D> Q;(t) 


j=l 


with Q; polynomials and a ,...,@p the poles of R. If Rea; < —e with e > 0 for 
j = 1,...,n, and N is the maximum of the degrees of the polynomials Q;, we 
have 


t [ee] 
IfOlS Iello [ |n(t)|ds <C Iells f tN edt < +00, 


with C constant. O 


Note that the methods based on the Laplace transform to solve ordinary differ- 
ential equations do not require the function £ f(z) to be defined for complex values. 
One could define £ f(x) only for real x and the uniqueness theorem, stating that 
L£ f(x) = £g(x) implies f = g, would have the same proof as Theorem 12.30. 
However, if we want to have inversion formulae, it is necessary to consider complex 
arguments. 
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12.6 Dirichlet series 


Dirichlet series are a special type of series of holomorphic functions very important 
in analytic number theory. The most well-known example is the series defining the 
Riemann € function, 


Definition 12.39. A Dirichlet series is a function series of type 


[oe] 


) Cn ev Anz 


n=1 
with c, € C and Ay € R satisfying An < An+i,n € N, and limp++o0An = +00. 


When A, = n, the previous series is a power series in w = e 7. When 
An = Logn, the series is written as 


is) 


so 


n=1 


= 


and it is called a special Dirichlet series. 
The Dirichlet series are a discrete analog of the Laplace transform, and there is 
a parallelism between both theories. 


Proposition 12.40. If the Dirichlet series pene err converges at the point 
zo € C, then it converges at every point z with Rez > ReZo. Moreover, the 
convergence is uniform on the whole circular sector Sg = {z: | Arg(z—Zo)| < B}, 


B < 2/2. 


Proof. Without loss of generality, we may suppose 79 = 0 and A, > 0. Hence 
> en is convergent and we have to show that )* cp e4nZ ig convergent for Rez > 0, 
uniformly on the sector {z: | Argz| < 6B}, B < 2/2. Applying Abel’s criterion 
(Theorem 2.14), we must check that 


Jean — eT n-17| <Cg, if|Argz| < 6 < w/2, for aconstant Cz. 
n 


Now, if z = x + iy, one has 


eo hnz — 


—Ayn—-1x —Anx 
—e —é 
An-1 a ) 
< ae UO 


lzI 
x 


and then the series above is dominated by 
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Proposition 12.40 implies: 


Theorem 12.41. For every Dirichlet series °°, cne~*"? there is a real number 
a such that the series converges if Re z > a and diverges if Rez < a. The function 
D(z) = Yon e~*"? is holomorphic on the half plane {z € C: Rez > at. 


The number a is called the abscissa of convergence of the series. 

There is also an abscissa of absolute convergence dq defined by the property 
that the series is absolutely convergent for Re z > ag and not absolutely convergent 
for Rez < ag. Trivially one has ag > a, but it could happen that a < aq; then the 
set {z: a < Rez < ag} is called strip of conditional convergence. 

For example, for the series 


[oe] 


(-1)"t? 1 1 1 
” nz =1 az | 32 4Z ae 


n=1 


one has @g = 1 anda = 0. 
Of course, the derivative of the function D(z) of Theorem 12.41 can be also 
represented by a Dirichlet series, 


D'(z) = — So cndn ez, if Rez >a. 


Theorem 12.42 (Uniqueness theorem). If D(z) = )> cne~*"? and D(z) = 0 for 
Rez > a, where a is the abscissa of convergence of the Dirichlet series, then 
Cn = 0 forn = 0,1,2,.... More generally, if D(z) has infinitely many zeros in a 
sector Sg = {z: | Argz| < B} with B < 1/2, then cn = 0 for every n € IN and 
D(z) is identically zero. 


Proof. We can write 


CO 
D(z) e417 =c, + Pe (a a Oe 


n=2 


The series of the right-hand side term is uniformly convergent on the sector Sg = 
{z: | Argz| < B} and each term has limit zero when z — oo in this sector. This 
means that 
_ ‘ A 1Z 
cq= Jim, D(z)je*!”. 
zESg 


Similarly cz = limz—o9 (D(z) — ¢1 e417) e427 and so on. Now if D(w,) = 0 
for infinitely many wy in the sector Sg, we have cy = 0 for each n. O 
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Many of the properties of the Laplace transforms can be transferred to Dirichlet 
series by means of the following observation. Start writing 


n 


eT Anz 


e7Anz 


Now the function + equals £(1)(z) and the function 
writing H = 10,400) (called Heaviside function), one has 


equals £(t,,,1)(z). So 


a 


PO) _ Sen £(H— an) = L(V) 


with 


fO= Vien. 


Anst 


Hence, the equation D(z) = z£(f)(z) holds. 


12.7 The Z -transform 


The Z-transform is another discrete version of the Laplace transform which is 
suitable for the solution of finite difference equations. These equations correspond 
to ordinary differential equations in a discrete context. The idea behind the Z- 
transform is the same as for power series or Laurent series, although traditionally a 
slightly different language is used. 


Definition 12.43. The Z-transform of a sequence c = (Cn)°2.9 of complex numbers 
is the function 


CO 
OCS). tz 
n=0 
defined for the complex values of z for which the series converges. 


So it is a power series in w = 4. More generally, one can consider the Z- 
transform of a sequence (Cn)nez indexed by n € Z, which will be a Laurent series 
inw= 1. 

If p = p(c) = limsupy-5o9 [en|!/”, the series °° 9 cn w” has radius of con- 
vergence R = 1/p. This series converges absolutely if |w| < R and diverges if 
|w| > R. This means that C(z) converges absolutely if |z| > p and diverges if 
|z| < ¢. 

Example 12.44. Ifc, = 4, constants herCej=455 7252" = Az for |z| > 1. 


Ifc, = 1 then C(z) = 04, = exp (4) for |z| > 0. C 


nl? Z 
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A way for interpreting the Z-transform is to consider it as a discrete version of 
the Laplace transform. The integral 


ef@= | f(tje dt 


is approximated by the Riemann sums 
[o,e) co 
by frre = > cn (e7) " =C(e™) withc, =tf(nt), tT > 0. 
n=0 n=0 


The function z +> e*” transforms a half plane {z: Rez > a} into the exterior of a 
disc. 

The properties of the Z-transform are analogous to the properties of the Laplace 
transform given in Section 12.5 and will not be specified here. Only one, corre- 
sponding to P.11, will be stressed. Accordingly, let a = (dn), b = (bn) be two 
sequences with p(a) < +00, p(b) < +00, and let (c,,) be the convolution of those 
two sequences, given by 


n 
a ee n=0,1,2,.... 
k=0 


Then p(c) < max(p(a), p(b)) and the Z-transform C(z) satisfies C(z) = A(z) B(z), 
where A(z) and B(z) are, respectively, the Z-transforms of a and b. 

The Z-transform is a very useful tool to solve difference equations. They are 
equations of the kind 


P q 
So anti — Se: n=0,1,2,... 
j=0 j=0 


with initial values yj; = yj, 7 = 0,1,...,p —1, where y; are given constants. 
The numbers a; for j = 0,1,...,p, Bj; for 7 = 0,1,...,q and the sequence 


X = (Xn)P2 9 are the data, and the sequence y = (y,)P2., is the unknown. 
Adopting the notation t;(c) = (Cn+;)729 when c = (cn)?2 9 the equation 


above is written: 
P q 
> ayy) = >) Bye @). 
j=0 j=0 


In order to find y, we apply the Z-transform and use that the Z-transform of 1; (c) 


is the function 
j-l 


(cw-¥5) 


1=0 
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if C(z) is the Z-transform of c = (cy). We obtain, then, for the Z-transforms 
X(z), Y(z) of x = (xn), y = (yn) the equation 


P =1 q j-1 
Yaz! (¥@)- 3 T) = Bi (X@)- OS) 
j=0 1=0 j=0 1=0 


from which Y(z) can be isolated. The solution is finally obtained expanding Y(z) 
at the point at infinity. 


Example 12.45. Consider the equation 3y, + 2¥nj41 = Xn — Xn4+2, = O with 
yo = 1. We have 


3Y(z) + 22(¥(z) —1) = X(z) — 2? (x@) i (xo " *)) 


and from here, 


x x: x x. 
(xo 4 ieee be) (x24 ae pe) $22 


Y(z) = 


2z+3 
The expansion of 5-73 13 at infinity, which holds if |z| > 3,1 is 
1 1 ae (—1)"3” = (—1)"3" 
2z+3° az(i+Z ~ 27 CE mr Cs ue 


This gives 


Cys? oe 
= t a 


qn = 2i 


(Xn-j —Xn-j42), n>. O 


As done in Section 12.5 for the equation P(D) f = g, consider now the case 
of all initial values being zero, that is, y; = 0, 7 = 0,..., p —1. Suppose also that 
q = Oand Bo = 1. Then y depends linearly on x and the transform Y(z) is written 
in terms of X(z) as 


1 
Y(z) = =< oe (z). 
2 =9 %j2/ 
The function FG)’ with P(z) = a 9 @j2/, is called the transfer function. The 


sequence h = (hn). whose Z-transform is Fay allows us to find the solution of 
the finite difference equation by means of the convolution 


n 
Yn = )> Anke. 
k=0 
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When the impulse is x = (x,) = (1,0,0,...,0,...), then y = A, and for this 
reason the sequence / is called impulse response. 

As in the continuous case, a convolution y = h * x is the general expression 
of a discrete filter, that is, a linear transformation taking causal sequences (xn)?° 5 
into causal sequences (yy)? and invariant under translations. The filter is called 
stable if it transforms bounded sequences into bounded sequences. 


Theorem 12.46. A filter with rational transfer function R is stable if and only if all 
the poles of R have absolute value less than 1. 


Proof. If all the poles of R have modulus less than 1, the expansion at infinity of R, 


Re) =", 


n>=0 


is absolutely convergent for |z| = | and, therefore, }°,,. |tn| = C < +00. Soif 
there is a constant D > 0 such that |x,| < D,n =0,1,2,..., then 


n 
[yal < 5 Wn-xl [xx] < CD 
k=0 


and the filter is stable. We show now that the condition is necessary. Suppose that 
whenever |x,| < D,n = 0,1,2,..., the sequence (y,) is bounded. Note that 
for |yn| < D’,n = 0,1,2,..., then Y(z), the Z-transform of (y,), is defined on 
{z : |z| > 1} and satisfies 


[oe) oe) 

lynl — ny l ,_ (2! 

Y@l<> 7a D'y wee D nea for |z| > 1. (12.18) 
n=0 n=0 


Since Y(z) = R(z)X(z), it is clear that R cannot have poles with modulus 
greater than 1. Suppose now that A is a pole of R with |A| = 1. Write 
F(Z) 
R(z) = Gay’ m= 1 


with F analytic on a neighborhood of A and F(A) # 0. Taking as x the bounded 


sequence given by x, = A”, one has X(z) = )-92. 47 = =4 and 
ZF(z) 
Y(z) = R(z)X(z) _ (2—Ayntt 


Since m > 1, this equality implies that Y(z) does not satisfy (12.18) for any constant 
D’ and, then, it cannot be bounded. Hence, all the poles of R have modulus less 
than 1. O 
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12.8 Exercises 


1. Let F be abounded holomorphic function ona strip U = {z: a < |Imz| < b}, 
a,b €R. Fora < y <b, write 


M(y) = sup{|F(x +iy)|: x € R}. 


Show that Log M(y) is a convex function of Log y, that is, fora <<c <y < 
d <b, one has 
M(y)*~* < Me)? May. 


Hint: First consider the case M(c) = M(d) = Lusing the function F (z)/(1+ 
é(z —ia)). For the general case, take 


Z—C 


g(z) = M(c)@=« M(d) ae 


and apply the particular case to F’/g. 
2. Let F be a holomorphic function on the annulus C(0, R2, R1) and let 
M(r) = sup{|F(z)|: |zZ) =r}, Ro<r< Rj. 
Prove that Log M(r) is a convex function of Log r. 


3. Prove that Phragmen—Lindel6f’s theorem (Theorem 12.9) also holds if F 
satisfies the estimate |F(z)| = O(e®!7'") for every ¢ > 0, z € Sy and 
|F(z)| < M,ifz € ASy. 


4. Let F be an entire function satisfying |F(z)| = O(et#!"), z € C and 
|F(x)| = O(e~2l=I*), x €R, fora, b > 0, constants. Show that 


s aay. 2, 
[F(x +iy)| = Oe 72) 
with some constants c, d depending on a, b. 


5. Let F be an entire function satisfying the estimates of the hypothesis in 
Exercise 4 of this section. Prove that the Fourier transform of F(x) is an 
entire function satisfying the same estimates. 


6. Let F be a holomorphic function on a neighborhood of a regular polygon 
with n sides, L1, L2,..., Lyn, centered at the origin. Let M; = sup{|F(z)| : 
zéL;}, i = 1,2,...,n. Show the inequality 


|F(O)| < (Mi Mp-+-M,)*. 
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7. Let F be an entire function of exponential type t > 0, that is, satisfying 


10. 


|F(z)| < Cet!#l, z € C, for C constant. Assume that F belongs to the 
spaces L?(R), corresponding to two non-parallel lines, for p fixed with 1 < 
Pp < +00. Prove that F is identically zero. Show also that every entire 
function of exponential type that is bounded on two non-parallel lines is 
constant. 


. Let F be an entire function of exponential type t (Exercise 7 of this section) 


that, in addition, satisfies the condition 


+00 
j |F(x)|? dx <+oo, 1<p<o. 


co 


Show there is a constant A(t, p) such that 


+00 +00 
i |F’(x)|? dx < A(t, vf |F(x)|? dx. 


Find the best value of the constant A(t, 2) using the second Paley—Wiener 
theorem. 


. The Bernstein space B; is the space of entire functions of exponential type 


t (Exercise 7 of this section) that are bounded on the real axis R. Show 
Bernstein’s inequality 


sup{|F’(x)|: x € R} < tsup{|F(x)|: x eR}, if F e By. 


Hint: First prove it for F given by 


F(z) = / 7 ate f(t) dt 


p 
with f integrable and 27p = T, using the equality 
yr 


oo 
Qnite = = ia aE e2mint \t| < 1 
oo en : 1° ~ 2 


In the general case, consider F;(z) = F( z) sms éZ 


Let F be a function bandlimited to (—5. 3). Instead of the corresponding 
Nyquist frequency (equal to 1, see page 520), consider a frequency p < 1. 


Find a formula expressing F(z) in terms of the values F (np), n € Z, of type 


F(z) =) Fnp)y ~ np). 


neZ 


552 


11. 


12. 


13. 
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with ¢ rapidly decreasing to infinity (lim) x|— 99 |x|” lo (x)| = 0, forn,k = 

0,1,2,...). 

Hint: Witht = 7 , consider the 2t-periodic Fourier expansion of F, multiply 
11 


it by a function in C2° with value 1 on [—5, 5] and support inside [—r, t] and 


argue as in the proof of Shannon—Whittaker’s theorem. 


Let f € L'(R) and consider the 1-periodic function 
F(x) = 0 f@ +h). 
keZ 


Show that the 1-th Fourier coefficient of F’, 
1 
F(n) = / Pje-ae 
0 


is f (n). Therefore, the Poisson formula 
Df +kh = Yi fe” 
keZ neZ 


holds if the Fourier series of F is pointwise convergent; for example when F 
is continuous with bounded variation. Show that this is the case when / is, 
in addition, absolutely continuous, that is, 


f(x) = / g(t) dt 


with g integrable. 


Find conditions on f in order that the equality 


+00 
Lsrm=] — feyax 


neZ 


holds. Show that this equality is true if f is the restriction to R of an entire 
function of exponential type t with t < 1 (Exercise 7 of this section) and 
integrable on R. 


Let us consider the Dirichlet series 
ees 
cess /n(Log n)? 


Prove that a = —oo and B = +00, where a is the abscissa of convergence 
and f the abscissa of absolute convergence. 


14. 


15. 


16. 


17. 
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Let °°, cn e+”? be a Dirichlet series with coefficients A, satisfying the 


condition a 


— 0, for n — oo. Show that 


n 

; Log |c 

a=p= fuego al, 

n—-oo An 
with a and £ equal, respectively, to the abscissas of convergence and of 
absolute convergence of the series. 
This formula is analogous to the one giving the radius of convergence of a 
power series. 


Prove Parseval’s formula for the Dirichlet series 7°. , cne~*”7: if x > a, 
Se lege te =. lim . |D(x + it)|? dt, 

a4 N>0o2N J_n 

where D(z) = >> Cne*”? and a is the abscissa of convergence of the series. 


The aim of this exercise is to introduce the Mellin transform, corresponding 
to the Fourier transform in the multiplicative group Rt, equipped with the 
measure du = dt/t. If f is integrable with respect to du, the Mellin 
transform is defined as 


oo . 
alee / fF FG) ae. 
0 
With the change of variables t = e?7* it becomes essentially the complex 
Fourier transform. 


a) State Parseval’s formula for the Mellin transform. 


b) Show that f*g* = (f&g)*, where f&g denotes the convolution as- 
sociated to the multiplicative group R*, that is, 


(f&g)(x) = [ ees 


c) State the inversion formula for the Mellin transform. 


Use the Laplace transform to solve the following problems: 


a) f"(t) -2f'0) + 2f =e; fO) =9, f’0) = 2. 
b) fH) +tf'O + FO = 9; FO) = 1, f’O) = 0. 


c) f’(t) + 2f'(t) + 2f(t) = 6(t — 1); f(O) = 1, f’(0) = 1 (6 denotes 
the Dirac delta at the origin). 
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18. Let f be a continuous function on (0,+00) and k locally integrable on 
(0, +00). Solve the Volterra equation in the unknown function ®: 


P(t) + [xc —s)®(s)ds = f(t), t>O0, 


using the Laplace transform. 
19. Solve the following finite difference equations: 


a) Yn — Ynt1 = Xn + Xn42, Yo = 1; 


b) Yn + 2¥n41 + Ynt2 = Xn — Xn41, Yo = lo y1 = 9; 


C) Vn — Yn41 — 4Vn4+2 + 49n43 = Xn + Xnt+1, Yo = 1 = 9, Yo = 1. 


20. Find which of the following linear systems are stable: 


a) Yn — Yn+1 — 4Ynt2 + 4¥n+3 = Xn — Xn413 

b) Yn — Yn41 + 3Ynt2 + SYnt3 = Xn — Xn413 

C) Yn — Yn+1 — 4¥n+2 —4Yn43 = Xn 

d) 2¥n + nti = Xn + 2Xn413 

€) 6¥n — 20¥n+1 + 6¥n4+2 + 10¥n4+3 = Xn + Xn41- 
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logarithmic derivative, 177 
logarithmic potential, 255 


maximal ideal, 500 

maximum principle, 156, 263 

maximum principle for subharmonic 
functions, 404 

mean value property, 140, 250 

meromorphic function, 165, 183, 425 

method of residues, 434 

Mittag-Leffler’s theorem, 425 

modulus, 2 

Montel’s theorem, 392 

Morera’s theorem, 143 

multiplicity of a pole, 165 

multiplicity of a zero, 149 


n-connected domain, 15 

Neumann’s problem, 238, 264, 278, 
314, 349 

newtonian potential, 238, 255 

newtonian vector field, 238 

non-homogeneous Cauchy—Riemann 
equations, 436, 441 

non-homogeneous Dirichlet problem, 
295 

non-homogenous Neumann’s 
problem, 300 

normal exterior vector field, 34, 114 

normal family, 393 

n-th primitive root, 6 

n-th root, 5 

n-th roots of unity, 6 

Nyquist frequency, 520 


1-manifold, 29 

open mapping theorem, 155 

open set with regular boundary, 114 
orbits, 89 


order of a pole, 165 

order of a zero, 149 

order of an entire function, 488 

orientable regular k-manifold with 
boundary, 113 

orientation, 20 

oriented angles, 4 


Paley—Wiener space, 514 

Parseval’s identity, 505 

Parseval’s theorem, 506 

path, 18 

Peano curves, 17 

perfect fluid, 242 

Perron’s method, 320, 403 
Phragmen-Lindel6f theorem, 514 
piecewise analytic boundary, 332 
piecewise of class C!, 18 

point at infinity, 12 

Poisson formula, 509, 552 

Poisson kernel, 265, 508 

Poisson transform, 271 

Poisson’s equation, 239, 279, 294, 477 
polar representation, 5 

pole, 165 

pole at infinity, 181 

polygon, 360 

polynomial, 39, 417, 494 

positive orientation, 34, 35 

potential function, 93, 375 

potential vector, 125 

power series, 52 

principal argument, 4 

principal branch of the square root, 6 
principal ideal, 495 

principal part, 172 

principle of analytic continuation, 151 


quaternions, 7 


radius of convergence, 53 
rational functions, 41, 419 


real analytic function, 77 

real part, | 

rectifiable curve, 21 

reflection principle with respect 
to circles, 342 

region, 14 

regular curve, 18 

regular hypersurfaces with boundary, 
113 

regular part, 172 

regular path, 18 

regular point, 407 

regular submanifold with boundary, 
111 

removable singularity, 164 

residue, 174 

residue of the logarithmic derivative, 
L¥¥ 

residue theorem, 175, 219 

Riemann ¢ function, 544 

Riemann sphere, 13 

Riesz decomposition formula, 257 

Riesz potential, 255, 281 

Rouché’s theorem, 186 

Runge’s theorem, 418, 420 


sampling sequence, 520 

scalar product, 8 

Schwarz’s lemma, 345 

Schwarz’s reflection principle , 151 
Schwarz—Christoffel formula, 361 
second Green’s function, 267 
second Paley-Wiener theorem, 515 
Shannon—Whittaker’s theorem, 519 
similarities, 12 

simple curve, 18 

simple layer potential, 258 

simply connected domain, 15, 210 
sine cardinal, 518 

solenoidal vector field, 124, 307 
source, 375 

special Dirichlet series, 544 
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stable filter, 542, 549 

star-like domain, 93 

stationary vector field, 89 

Steiner’s circles, 353 

stereographic projection, 13 

Stokes’ theorem for 1-forms, 121 

Stolz angle, 57 

stream function, 375 

stream lines, 375 

subharmonic function, 133, 261, 403 

submanifold with boundary, 29 

summable family, 47 

support, 137, 281 

Sura-Bura’s theorem, 420 

surface, 113 

symmetric domain, 151 

symmetry, 341 

symmetry principle, 341 

symmetry principle for harmonic 
functions, 304 

symmetry principle for holomorphic 
functions, 332 


theorem of SchGenflies, 30 

theta function, 512 

transfer function, 542, 548 
transitive group, 343 

transverse Mercator projection, 371 
trigonometric functions, 45 


uniform convergence on compact sets, 


384 
uniformly bounded sequence, 388 
unit disc, 12 
upper limit, 52 


variation of the argument, 25 
vector field, 89 
vorticity, 242 


weak solution, 288, 439 
Weierstrass M -test, 49 

Weierstrass elementary factors, 467 
Weierstrass’ o function, 471 
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Weyl’s lemma, 290 Z-transform, 546 
winding number, 25 


